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FKEFACE. 



The method of Limits is generally allowed to 
be the best and most natural basis upon which to 
found the principles of the Differential Calculus; in 
the following pages this method is exclusively adopted, 
no use whatever being made of series in the demon- 
stration of fundamental propositions. The following 
is an outline of the work, which is by no means 
offered to the reader as a complete treatise on the 
subject, but merely as an exposition of its more pro- 
minent and useful principles. 

In Chap. I, certain terms, afterwards to be used, 
are defined and explained. In Chap. II the nature 
of a Limiting Value is fully set forth, and the im- 
portant distinction (which ought never to be over- 
looked) between an actual and a limiting value is 
pointed out and illustrated hy examples. Chap. Ill 
contains a set of Lemmas, which arc necessary in 
order to render the use made of limiting values in 
the Differential Calculus perfectly legitimate ; and 
here I have endeavoured to confine myself to what 
seems really essential. In Chap. IV certain important 
limiting values are obtained. Chap. V contains the 
Eule.s for Differentiation, in the demonstration of 
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which Lagrange's Junctional notation is employed, as 
being tlie simplest to begin with. In Chap. VI the 

Differential notation of Leibnitz is explained, -^ is 

defined as the quote of the differentials dy and dx, 
which however are not supposed to be infinitesimals, 
but simply two arbitrary quantities in a certain ratio. 
In the case of partial differential coefficients, some 

modification of the common differential notation ~r- > 

dx 

-^, is clearly necessary: I have employed the suffix 

notation d^u, d,jU, as being frequently employed, thoxigh 
not exactly in this manner. I should have much pre- 
ferred the notation (/^m, dyU to denote partial differen- 
tials^ and -—' -~- to denote partial differential co~ 

^cients. Chap. VII relates to successive differentia- 
tion, and the change of the independant variable. 
Chap. VIII contains certain very important Lemmas 
upon which the use and application of the Differen- 
tial Calculus in a great measure depends. Chap, IX 
contains the theory of Series, based upon one of the 
preceding Lemmas, vrithout assuming that fix + h) 
can be developed in the form 

and here I have endeavoured to shew what the real 
nature of a series is, and to prove rigorously the prin- 
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ciple of Indeterminate Coefficients. Chapters X and 
XI relate to Vanishing Fractions, and Maxima and 
Minima, and contain some useful simplifications of the 
common methods. The very insufficient and trouble- 
some criterion usually employed in distinguishing the 
maxima and minima of functions of two variables is 
not introduced. Chap. XII relates to Tangents, Nor- 
mals, kc, the Curvature of CurveSj and the properties 
of the Evolute ; and here tbfe arrangement usually 
adopted is somewhat departed from, and what seems 
a more natural course pursued, in order to avoid cer- 
tain difficulties, which I have observed very often im- 
pede the student on his first reading of the subject. 
In Chap. XIII the useful Polar formula and the 
differentials of Areas, Volumes, &c., are deduced. 
Chap. XIV relates to Asymptotes. Chap. XV con- 
tains a very simple method of tracing curves. Chap. 
XVI relates to singular points. Chap. XVII con- 
tains the general Theory of Contacts and Ultimate 
Intersections: no use is made of series in explaining 
the different orders of contact. The remaining chap- 
ters are occupied with Elimination by differentiation, 
Lagrange's Theorem, the properties of the Cycloid, 
&c., &e. The Appendix contains Examples worked 
out. 

It was my intention to have added a few more 
chapters, and among the rest, one on the origin and 
progress of the Differential Calculus, and another on 
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VI TREFACE. 

the Infinitesimal method ; but from various circum- 
stances I found it impossible to send the work to the 
press at the time originally promised to my bookseller, 
without omitting these concluding chapters. I mention 
this to account for the absence of allusions to the 
History of the Differential Calculus, which were all 
reserved for the final chapter, and the small number 
of Examples in the Appendix. 

Professor Peacock's excellent collection of Examples, 
which have been of such service to the Mathematical 
Student, is now out of print ; but Mr Gregory's work 
lately published will supply its place, which contains, 
not only a great number of well-selected and valuable 
examples, but also many important explanations and 
theorems not to be met with in any elementary trea- 
tise. In a subject of so much importance as the 
present, the student ought not to confine his atten- 
tion to one book or system : for a very valuable treatise 
bn this subject he is referred to that published by the 
Society for the Diffusion of Useful Knowledge. 

In the general plan of this work, and in several 
particulars, I have deviated from some of the methods 
often made use of, partly in attempting to put the sub- 
ject in a simpler and clearer point of view, and partly 
in avoiding certain steps of reasoning which appear to 
be defective. One of these is the fallacy of estab- 
lishing premises on a certain implied condition, and 
drawing a conclusion from them by a direct violation 
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of that condition. An example of tliis is to be found 
in a proof often given of the principle of indetermi- 
nate coefficients, in which the factor x is divided out 
of the equation 

lix + Cx"'rD£'-\- &c. ... =0, 

which of course tacitly assumes the condition that x 

is not zero; in this manner is obtained the equation 

S+Cx + nx^+ &c. ... =0; 

and then by putting x = 0, contrary to the implied 
condition, the conclusion -B = is arrived at. Another 
example of this kind of reasoning is given in the first 
note, page 6. 

The assumption, that ,/(a: + //) can be expanded in 
a series of the form A + Bh" + C/^^ &c. . . . seems to 
me to be a serious defect in the common method of 
establishing Taylor's Series, and thereupon the principles 
of the Differential Calculus. This assumption is usually 
justified by arguing, that if we find definite values for 
A, B, C, &c. it shews that the assumption is correct. 
Now this argument may be stated thus : 

"If the assumption ih^t f{x + k) = A -^-Bh" ^- C¥ 
+ &c. be true, then A, B, C, &c., must have definite 
values. But we can in general obtain definite values 
for A, B, C, &c. . . . {e. g. by the method of indeter- 
minate coefiicicnts.) Therefore tho assumption is true." 

This is clearly a falacious argument, for to warrant 
the conclusion the first premise should have been this: 
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" If the assumption he not true, definite values can- 
not be obtained for A, Ji, C, &e." 

These defective steps of reasoning and others which 
might be mentioned, are objectionable, not because they 
lea.d to erroneous conclusions, but because they ought 
not to be found in a subject like the present, in which 
every thing should be eomforraable to the strictest rules 
of logical deduction. M. Cauchy has done much to- 
wards the improvement and perfection of the Differ- 
ential Calculus, and his writings on this, like those on 
the more abstruse branches of mathematics, are most 
valuable. In one or two places the methods I have 
employed in the following pages are apparently similar 
to those of M. Cauchy, but in reality they are essen- 
tially diiferent: so far as I am aware I am indebted 
to him only for article 48. 



CAlIBRipOK, 

October, 1842. 



The leider 13 leq^uested to niil>t the folloivint coiTettion ivliich is of 
imi, imi>ortaiite 



1 loot of lUfie 7- instu.a if (2) read (0). 
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DIFFERENTIAL CALCULUS. 



CHAPTER I. 



BEMABKB. VAKIABLES AND CONSTANTS. FUNCTIONS, 
CONTINUOUS AND DISCONTINUOUS. ILLUSORY FUNCTION'S. 



1. At the commencement of a treatise upon any science. The nature 
the reader naturally expects to find some bi-ief statement of ferential 
the nature and object of that science; but in the present ^^"jj^^jij'g 
instance it is impossible to make such a statement, unless esnlained 
the meaning of certain terms, necessary to be used, be pre- 
viously explained: for the Differential Calculus, from the very 

first, involves notions which must be new to one who is ac- 
quainted with no more than tlie common elements of Algebra 
pnd Analytic Geometry ; and in the following pages we must 
suppose the reader to have advanced only so far in the study 
of mathematics. 

We shall therefore make a few preliminary remarks, and 
explain certain fundamental notions, before we state what the 
Difi^erential Calculus is. 

2. Jnp quantity capable of variation is called a Vari- Variables 
o6te. ."mf"" 

Jny quantity which cannot vary, or, if it can, is sup- 
posed not to vary, is called a Constant. 

Thus in the general equation to a right lipe, namely, 
y = mx + c, if we suppose the line never to change its position. 
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2 VARIABLEa ANn OONSTANTS. 

m and c are constants, and a and y are variables; but if we 
suppose that the line may change its position, m and c are 
variables as well as ai and y, for they are then capable of 
variation. 

It is usual to take the first letters of the alphabet a, h, 
C...&C. to denote constants, and the last letters. ..«, v, w, a?, 
J/, X to denote variables ; but in many cases this distinction 
cannot be conveniently maintained, inasmuch as quantities 
which in one case we consider variable must often, in another, 
be considered constant, and vice versa. 

Variables are often called. Arbitrary quantities, Indeter- 
minate quantities, Unassigned quantities. 

Condnuous 3. J variable to which we map give in succession any 
continuous number of different values, which differ from each other as 
lilile as we please, is called a Continuous Variable ; other- 
wise it is said to be Discontinuous, 

Thus if I be taken to lepiehent the length of any line 
which may be of anj magnitude we please, then a? is a con- 
tinuous variable but if t be taken to represent any integer, 
then it is a discontinuous variable; for in the former case 
we may give to v m succession any number of different values 
which differ from each other as little as we please ; whereas in 
the latter case, though we maj give a- any number of different 
values, we cannot make them diff'er from each other as little as 
we please. The distinction between a continuous and a dis- 
continuous variable may be briefly expressed by saying, that 
one admits ot gradual change, but the other does not. 

A Function 4. The result obtained by performing a certain opera- 
defined- ,. . . .. ■ i? . j ^ , 

The Tunc- tton or Set of operations upon a variable x, ts sata to be 

taiion ex°" ^ Certain function of x. 

The words "n certain function of" are, for the sake 

of brevity, denoted by the letter f written before a?. Thus 

the equation y=/(*) simply means, that y is "a certain 

function of'' «, i. e. that y is the result of performing a certain 

operation or set of operations upon /v. The letter /, which we 

shall call the Functional Letter, is, as it were, the represen- 
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F0NCTI0K8. 




, , J, .. >j meet the curve at P, and ; 

finding the length MP < 

5. From the definition here given of a function we may a funcUon 
see that / (x) is not necessarily a quantity which changes when "j^essariiy 
a? changes; for a set of operations performed upon w may ^g^'-'"''* 
sometimes lead to a result which is the same for all values changes 
of a,: This will appear from the following example. ranable^ 

Let JPB (fig. 2) he a semicircle whose radius is a, C its 
center; take any arc AP = .v, with P as center, and some 
given line c as radius, describe a circle cutting AB at the 
point Q: then we may say that AQ. is a function of x and 
denote it by /(-r) ; / will therefore represent the operations 
of measuring en along AP, describing a circle with radius c 
and center P, so finding Q, and therefore finally AQ. 

Now in general AQ or f{ai) will be different for different 
values of ai\ but if we take c = a, then the circle described with 
P as center and c(= a) as radius will always cut AB at the 
center C, and therefore we shall have AQ = AC or /(it) = a, 
whatever be the value of -v. Hence / (j;) in this case does not 
vary when .v varies. 

Thus it appears, according to our definition of a function, 
that /(a?) is not necessarily a quantity which changes when x 
changes; and this remark is important, as will appear hereafter, 

6. When we have occasion to consider several different 
functions at the same time, we employ different functional 
letters, in order to distinguish between them. The letters 
commonly used, in addition to /, are F, <p, ^|', %, and some- 
times these letters with dashes, thus/', F' , <p', ^//', y^ °^ /"> 
F", &C...&C. Thus we might put/(,p) to represent x", ^ (»> 
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to represent log sin .v, v|/' (w) to represent y in the 



7. The result of performing a certain operation or set 
of operations upon several variables a?, y, », &c, is, in like 
manner, said to be a certain function of w, y, x, &c., and is 
represented similarly by the notation /(«, y, x,...). Thus 
a^-t-y^+ St", a; log (y + »), are the results of performing certain 
operations upon x, y, m, and are accordingly said to be certain 
functions of x, y, z, and we denote them by functional letters 
written before ic, y, si, thus, viz. 



= f('^> y> ^) ^l"g(j/ + ^) = <p 0^, 



..) 



Geomeiri- 8, We may evidently draw the curve BPQ (fig. 1) in 

senS^of such a manner that y shall be any function we please of (X ; and 

a function. t},ys ]jy Qjeans of a curve we may denote any functioiij and as 

it were represent it to the eye, which is often a very good 

method of illustrating general theorems respecting functions. 

Functions 9. In a function of several variables fioe, y, x.,.) it may 

antaodof happen that the variables w, y, is. ..are connected with each 

antw?- other in some manner, so that we cannot change one without 

ables. at the same time changing the others. Or it may happen that 

x, y, iN...are not at all connected with each other, so that we 

may assign to each of them any value we please independently 

of the rest. In the former case/(.^, y, x...) is said to be a 

function of several mutually dependant variables, and in the 

latter case f{x, y, z) is said to be a function of several inde- 

f variables. 



10. A quantity y is said to be an explicit function of 
another, m, when we can state the precise operations by which 
J/ may be deduced from x ; if not, y is said to be an implicit 
function of a>. Thus if we are given the equation 

y^- Sa^y + x^= O, 

we know that there must be a certain set of operations by 
which y may be deduced from x, but what these operations 
are we cannot precisely state; in such a case y is called an 
implicit function of w. 
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D DISCONTINUOUS. & 

11. The functions which commonly occur in mathematical ^g^/^^^l^ij 
investigations are of such a nature, that they always suffer a commonly 
gradual and not a sudden change, so to speak, when the math ema- 
variable is gradually altered in value. Functions of this kind J'oQt^uoua. 
are called Continuous Functions. By saying that a function 

f(07) always receives a gradual change when w is gradually 
varied, we mean this ; that if w he changed into x', and there- 
fore /(*) into/(aT'), then /{.v) ~f{x) may be made as small 
as we please by taking w' ~ x' * small enough, whatever be the 
value of 37. That this is true for all ordinary functions, such 
as x', a", log X, sin x, &c..,.&c. and all ordinary combinations 
of these functions, such as («* + log sin x)% «'' sin x, &c...&c. 
does not require to be proved, for it is quite evident. Jll 
ordinary functions therefore are continuous functions. 

12. Functions which sometimes suffer a sudden change oisconti- 
when the variable is gradually altered in value, are called f"„"t'|,ns_ 
Discontinuous Functions. Thus, if we draw a broken curve 

as in (fig. 3) the ordinate will be a discontinuous function of 
the abscissa: for it is evident that the ordinate will suffer a 
sudden change at the points P, Q, R, S, supposing the ab- 
scissa to be gradually varied. 

13. We shall never have occasion to consider discontinu- 
ous functions in the following pages, and therefore we shall 
always suppose that the functions we make use of are con- 
tinuous. 

Hence, if /(a?) be any function of x we make use of, and Assump- 

if a? be changed into x', and therefore /(a?) into /(«'); we we shall 

shall always assume that fix') ~f{x) may be made as smaU^",fJ^ 

as we please bv takins x' ~ x small enough whatever be the >;«sp«oring 
^ -' = =■ functions. 

value or x. 

14. A function f (x) is said to become Illusory when fAe An illusory 
operations represented by f cease to give cmy definite result ; defined. 
which may happen in certain cases, as we shall shew. 

quantitiea from the lesser; .i' ~3: is lliereibre Ihe absolute ilifFerence betB'eeii .c' and x 
without rcgaril to sign. 
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= - , the operations represented by / 

cease to give any definite result when a? = 1 ; for then /(^) 
1 _ I 

•r -, which is not a definite result, 
. - . 

s shewn in the note*;y(,t;) therefore becomes illusory when 



*-"'2- , 16, Again, if /(*') = (l + «)-, the operations represented 

+ ^)'_ by / cease to give a definite result when iC = ; for then 

(l+a?)' assumes the form 1", which is not a definite result, 

as is shewn in the note-f-; /{*) therefore becomes illusory, in 

this case, when x = 0. 

C^'^oft "^^' -Again, if ABC (fig, 4) be an ellipse marked with the 

intersecting usual letters, PG the line bisecting the angle SPH, and 



-iloesnot ' '^^^^ n'^ ""' " defiaitc quantity appeals thus, g- accCFrding tg the strict 

represent definition of a quotient, is tliat quantity whicli multiplied by gives : now any 
any definite 

quantity, quantity wlialevet multiplied by gives ; therefore jt- is any quantity whatever; 

It may he said, however, that though |j , considered absolutely, is not a definite 
quantity, nevertheless -j — = becomes J when iF=l ; for ■ ^ j ■ ■ = . , and -■ -j-= i 
when ij; = l, and therefore — f - . = j when x = \. 

To this we may answer, that -_. ia proved to be equal to -— -; by dividing its 
numerator and denominator by x — 1 ; but we may not perforiti this division when 
X— 1 = 0, since there is no rule of Algebra which enables us to divide the numerator 
and denominator of a fraction by zero without altering its value ; hence the equation 
-J— j = j holds only on the express condition that x does not = 1 ; and therefore 
we may not draw any conclusion from this e^iuation which requires us to suppose 
that x actually = 1 : consequently, we cannot assert that „^ , = | when j; = 1 be- 



becomes 1 ; therefore 
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ILLUSORY FUNCTIONS. 



CM (e ai) the abscissa of P ; then if we assume f(x) •= CG, 'ines be- 
the operations vepresented by / cease to give a definite result incident, 
when .v = «. For / represents the operations of drawing MP 
perpendicular to CM, so determining the point P, and the 
lines SP-, HP, and then drawing PG to bisect i SPH, and so 
finding G, and therefore CG. Now when x = a, P coincides 
with A, and tlierefore the line PG with CA, and therefore PG 
cannot be said to intersect AC in one point more than another; 
therefore CG is not a definite quantity, and therefore the ope- 
rations denoted by / cease to give a definite result when x = a. 
Hence f(x) becomes illusory when ,v= a. 

17. Again, if P (fig. 5) be a point on a curve PQ, RPQ Ex. 4. 
aright line drawn through P and any other point ^ on the right line 
curve, meeting the axis of x {JX) in the point R : then if we Jp^j^J^^j,',"" 
assume arc PQ = s, and aPRX =<p(s), the operations repre- ^utve.when 
sented by (p cease to give a definite result when s = 0. For ate made fo 
^ represents the operations of measuring PQ = s, drawing '^'""'^' '^' 
RPQ through Pand Q, and so finding the angle PRX: now 

when s = 0, Q coincides with P, and any line whatever drawn 
through P passes also through Q; therefore the line QPR 
does not occupy a definite position, nor is ^PRX a. definite 
angle, when Q coincides with P; and therefore the operations 
represented by / cease to give a definite result when s = 0. 
Hence <p (s) becomes illusory when 5 = 0. 

18. From these examples it is evident that a function 
may become illusory when re receives a particular value, the 
operations represented by the functional letter ceasing to give 
any definite result. 

In each of these examples we may easily see that, if x Functions 
differ ever so little from that value which makes /(ai) illusory, jusoryVnlj 
the operations represented by / do lead to a definite result. ^°'j i'ol»'^ 
It is therefore only for isolated values of x that /(a?) becomes the van- 
illusory : and this will be found to be true in all cases where 
functions become illusory. 
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CHAPTER II. 



THE DiaTINCTION BETWEEN AN ACTUAL AND A LIMtTIHG VALUE 
EXPLAINED. A TANGENT DEFINED. THE NATURE 01' TUE 
DlFrERENTlAL CALCULUS STATED. 



Thedis- 19- TiiE Examples brought forward in the preceding 

beiween an chapter, for the purpose of shewing that a function raay 
"■^'nal become illusory when the variable receives a particular value, 
value and a -l . r i ■ i i - - ■ 

limiting lead US to make a very important though simple distinctionj 

"^ "*■ namely, the distinction between an Actual Value and a Limit- 
ing Value of a function. 

An Actual Value of a function f(x) is the result ob- 
tained by giving x some particular value, and "performing 
v/pon it the operations represented by f. 

A Limiting Value of a function f(x) is that quantity 
from which we may make f (x) diffbr as little as we please, 
by making x app^roach nearer and nearer in magnitude to 
some particular value without actually becoming equal to it. 

Thatthe 20. An actual and a limiting value thus defined seem 

value"ikie8 at first sight to be the same thing ; and indeed, as long as the 
beadefinite operations represented by / lead to a definite result, they are 
quantity identical, as we shall prove presently; it is only when the 
actual function becomes illusory that the distinction between them is 
Bhawnby'' ^^> *"*i ^* consists in this, that the actual value ceases to be 
esampies. ^ definite quantity, whereas the limiting value does not. This 
we shall shew in the case of the examples just alluded to. 

Es. I. 21. Let us consider the first example, namely 

■—■„'"• /M = f!^f, („cM). 

We have seen that the operations here denoted by / give no 
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definite result when x = !> or, in other words, that the actual 
value ceases to be a definite quantity when a? = 1. 

But not so the limiting value ; for we may divide the 
numerator and denominator of /(a?) by « — I, and so arrive at 

the equation f{x) = — — , except when ai actually = 1 ; now 

by making w approach nearer and nearer in magnitude to 1, 
without actually becoming equal to it, we may evidently make 

differ as little as we please from A, and therefore the 

same may be said of f(ai), since it ceases to be equivalent to 

only when ai actually = l : -^ is therefore a quantity 

from which we may make /(a?) differ as little as we please, by 
making x approach nearer and nearer in magnitude to 1, with- 
out actually becoming equal to it. 

And it is easy to see that there is no other quantity but 

i from which we may make , and therefore /(a?), differ 

as little as we please by making x approach nearer and nearer 
to 1, Hence it appears that ^, and no other quantity but ^, 
is the limiting value of /(a') when at approaches 1. We see 
therefore in this case that when the actual value ceases to be a 
definite quantity the limiting value does not. 

23. We are not yet sufficiently advanced to shew that the Ek. 3. 
same is true in the case of the second example (15) ; so we ^"I'-q"'^'' 
shall pass on to the third example (l6). lines which 

We have seen that the operations here represented by yncidcHt. 
cease to give a definite result when a; = a, i. e. the actual value 
of f(se) ceases to be a definite quantity when ai = a. But not 
so the limiting value ; for since PG bisects L HPS we have 
HG HP UB+CG a + e.v „ ^ . ^ . 

sG-sp- - w:rcG ' i^^ <"? ^°°'° '■«"°°" ■• 

and .-. CG or f(.v) = e'^x *, except w actually = a. 
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10 ACTUAL AND LIMITlNa VALUES. 

Now ^w may be made to differ from e°a as little as we 
please by making ae approach nearer and nearer in magnitude 
to a; therefore, as in the first example, e'fl, and no other quan- 
tity but e^a, is the limiting value of fip) when m approaches 
a. Hence in this case when the actual value ceases to be a 
definite quantity the limiting value does not. 

23. Lastly, let lis consider the fourth example (see 17). 

We have seen that tJie operations here represented by 
. cease to give a definite result when s = ; i. e. the actual value 
of 0(«) ceases to be a definite quantity when s = 0. But not 
so the limiting value ; for let AM (= as) MP (= y) be the co- 
ordinates of the point P (fig. 6), JN(=<v') iVQ (=.»,') the 
co-ordinates of the point Q, draw OP pai'allel to MN, and let 
y=f(,v) be the equation to the curve: then we evidently 
have 

OP m -!S .v - w 

and this equation is true, no matter how near w' may be to x, 
provided ,v' be not actually equal to x, for then the triangle 

OPQ ceases to exist, and tan P^^ and < ^ ^, ■' V--: cease to 
or - X 



Now for simplicity let us suppose the curve to be a para- 
bola having the axis of y for its axis, and its equation being 

accordingly y = — ; then 

w' — X im x' — ai im . ' 

except when x = w. 

Hence it is evident that, except when of actually = re^ 
we have 

(s) = z PRX = tan-' ^-^-^ . 

Now the second member of this equation may be made to 
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differ from tan'' — as little as we please by making x 
approach w, or, what is the same thing, by making s approach 
zero; hence (as in the first example) tan"' — — , and no other 

quantity, is the limiting value of /(s) when s approaches 
zero. 

In a similar manner we might shew, in the case of other 
curves, that /(s) has a definite limiting value when s ap- 



It appears therefore in this case, that when the actual value 
ceases to be a definite quantity the limiting value does not. 

S*. This last example leads us to the best and most What a 
accurate conception of what a tangent is. For draw the ^ curve 

line SPT making the angle tan~' -— with the axis of x ; then 

by what has been proved z PTX is the limiting value of 
£ PRX when Q_ approaches P ; i. e. z PRX may be made 
to differ from lPTX as bttle as we please by making Q 
approach P without actually coming up to it ; or what is 
the same thing, Z QPS may be made as small as we please 
by making Q approach P without actually coming up to it. 

Now this being the case, it is natural to say that the line 
SPT jUst touches the curve at the point P, or that it is the 
tangent to the curve at P. Hence we define a tangent in the 
following manner. 

25. If SPT he that line to which the secant RPQ may DefiDUi. 
be made to approach nearer anil nearer so as to make with it gjniJ'^" 
an angle as small as we please, by making Q approach P 
without actually coming up to it ; then SPT is said to be the 
line touching the curve at the point P, or the tangent at P. 
Or to speak more briefly ; If SPT be the limiting position of 
the secant RPQ when Q approaches P, it is said to be the 
tangent at P*. 

■ This definition of a taiigenl seems lo me io be the only aeciiratu one that 
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Diffr*''tial ^^' '^^^ example we have just been considering, will 
Calculus is enable us now to state generally the nature and object of 
emei. l^he Differential Calculus. 

We have seen, that to determine the position of the tangent 
at any point of a curve, as above defined, we have only to find 

when aj' approaches x; it 

appears therefore that we may arrive at a general method of 
drawing tangents to curves by means of this limiting value, if 
we can find it in all cases. 

But this is a very small part of the use which may be 
made of this important limiting value; for there are very 
few branches of exact science which are not largely indebted 
to its assistance for the progress they have made. Indeed, 
without it, some of the most interesting applications of mathe- 
matics to the explanation of natural phsenomena could never 
have been effected. 

Now the Differential Calculus is that branch of mathe- 
matics whose object is, in the first place, to determine a set of 

rules whereby the limiting value of ; when x' 

approaches w may be found with facility in all cases ; and, 
in the second place, to explain some of the principal uses 
which may be made of this limiting value in pure mathe- 
matics. 

The origin of the name Differential Calculus we shall 
presently explain. 

trary flexure, contact at a cusp. It cettamly U not correct to define the tangent STP 
to be the position which the line QPR aasumes when Q coincides with P, for we 
have seen that the line QPR has no definite position when Q coincides with P. 
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CHAPTER III. 



LEMMAS RESPECT! 



27- In the preceding Chapter it was our object to shew 
that there is a reai distinction between an actual and a limiting 
value in certain cases, and to state briefly the nature of the 
Differential Calculus. We now proceed to prove certain 
Iieramas, and to obtain certain limiting values which we shall 
find useful hereafter. But we must make a few remarks pre- 
viously. 

28. When a quantity may be continually diminished, so The ithrase 
as to become less than any specified quantity, however small, ad libi- 
without becoming actually zero, we shall say that it may be pinned."' 
"diminished ad Hbiiutn." We shall find this phrase con- 
venient and perhaps less likely to be misunderstood than the 

words "diminish indefinitely,'''' which are generally used in 
the same sense, 

29. Employing this phrase, we may state the assumption 
made in (|3) as follows: viz. 

Bp continually diminishing x' ~ x, when it has once ^^^^^^g 
become sufficiently small^ we may diminish f (x') ~ f (s) ad in Art, 13, 
libitum; f(x) being any function, and x any value of Me somewhat 
variable. And more generally by continually diminishing *™^''* ^• 
x' ~ X, j' " y, z' - a ,,, when they have once become suffi- 
ciently small, we may diminish f (x'y'z'..,) ~ f (xyz...) ad 
libitum; f(xyz.,.) denoting any function of several variables, 
and X, y, z... any values of these variables. 

Of course we here suppose that /(a;) {or /(a;,j/,!B...) if 
there be more than one variable! is not illusory- 
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14 DEFINITION OP A, LIMITING VALUE. 

30. And tlie definition of a limiting value in (19) may 
be stated tlius : 

If by continually diminishing x - a, when it has once 
become sufficiently small^ we may diminish f (x) ~ A ad 
diffe^iJnt". libitum; then A h said to be the limiting value of f(x), 
when X approaches a. 

It is clear that the assumption and definitiou thus stated 
are equivalent to what they were before, only that they are 
more exactly expressed and better adapted to the use we shall 
have to make of them hereafter, 

/(i)-J 31. It ij important to notice, that in this definition of a 

general di- limiting value we do not assert that f(a:) ~ A must dimmish 
"~o until when ai ~ ra is diminished, for all values of a? ~ a, but only when 
teoome7esB '^ ~ ** ^^^ ^^^^ become sufficiently small. There are many 
than a eer- cases in which f(io) ~ A increases as ,r ~ a diminishes, and con- 
tinues to increase until x ~ a has become less than a certain 
value, after which it continually diminishes with a; - a. 

To avoid circumlocution, instead of saying, " By diminish- 
ing w - a, when once it has become sufiiciently small, we di- 
minish /(«) ~ A ad libitum^ we shall simply say, " By 
sufficiently diminishing a? - a we diminish /(.*) ~ A ad libi- 
ttmi." 

K may be a 32. It is also important to observe, that it is not essentia! 

ousvari- " to our conception of a limiting value, as above defined, that .v 

should be a continuous variable (see 3) ; all that is necessary 

is this, that it be possible to diminish x ~- a ad libitum, that is, 

~a ad to make it less than any specified quantity however small, 

without actually making it zero. 

Thus if we suppose .v = a -\ — , where n is always an 

integer, and therefore x not a continuous variable, we may 
conceive the existence of a limiting value of f(ai) when ip ap- 
proaches a (which it does when n approaches infinity), just as 
well as if a? varied continuously : for by increasing tt, though 

)t be an integer, we may diminish — or x ~ a, ad libitum; 



diminish 
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LEMMA9 nESPEcrrriTG i.imitinb values. J.0 

which is all that is supposed necessary so far as x ~ a is con- 
cerned in our definition of a limiting value. 

But if we suppose a? = a + n, where n is always an integer, 
then it is impossible to conceive the existence of a limiting 
value of /(a?) when a; approaches a, since we cannot make 
.V ~ a or n less than unity unless we make it actually zero. 

We now proceed, as we stated, to prove certain Lemmas, 
which will enable us to reason more exactly hereafter, and will 
now serve to illustrate the nature of limiting values. 

33. The limiting value 0/ f (x ) when k approaches a is Lemma I. 
the same whatever sort of variable x be, provided of course 
so ~ a may he diminished ad libitum. 

Let w and 2: be two different variables sucli that both 
X ~ a and x ~ a may be diminished ad libitum, and let A be 
the limiling value of /(a?) when at approaches a. Then by 
sufficiently diminishing ai ~ a and as ~ a, and therefore x ~ .v, 
we diminish ad libitum, fQc) ~ A hy the definition in (30), 
/(.t) -/(«) by the assumption in (39), and therefore f{x)~A. 
Hence by sufficiently diminishing k ~ o we diminish /(») ~ A 
ad libitum, and therefore, by the definition (SO), A is the 
limiting value of f{ie) when is approaches a, as well as that 
of/(a') when ■■0 approaches a: from which the truth of the 
Lemma is manifest. 

Thus if * be a continuous variable, and k a discontinuous Examples, 

variable in the form an — , the limiting value of /(a;) when 

le approaches «, is also that of /(ar) when ss approaches a. 

Again, the limiting value of f(ai) when j? approaches a 
is just the same thing as that of /(e*) or of /(tan sc) when 
e' or tan so respectively approaches a. 

34. If f(s), when expressed in terms of another variable Lemma IT, 
z, becomes <p (z), and if k = a, when z = b ; then the limiting 
value of f (x) when x approaches a, and the limiting value of 
^(z) when z approaches b, are the same thing. 

For let A be the former limiting value ; then, since ,v = a 
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when X = b, it is evident that by sufficiently diminishing ss ~ b 
we may diminish w ~ a ad libitum, and therefore /(,t;) ~ A, by 
definition (30), and therefore <p(j!:) - A since (^{z) = fix); 
therefore A is the h'miting value of (p(jz) when x approaches 
6, by def. (30). ii. e.h. 

^- Thus if in the function f{a)) we put x = a + , and 

therefore f{w) = f {a + -") = 0(«) suppose; then w = a when 
sr=: CO, and therefore the limiting value of f{.v) when a: ap- 
proaches a is the same thing as that of (p(xf) or /[« + -] 
when x approaches os. 

Again, if/(.?^) = --- — j and we put e"" = k, and therefore 

,v = \ogs:, and therefore f(^,v)=- = ^(a') suppose; then 

w evidently = when a = 1, and therefore the limiting value 
of /(x) or ■ when x approaches 0, and that of i^ («) or 

= — — when ss approaches 1, are the same thing. 

We shall find this method of transforming expressions 
very useful in finding their limiting values. 

t. 35. Every Actual value is also a Limiting value. 

We have defined /(«) to be the result of performing the 
operations represented by f upon a ; therefore, by the defini- 
tion of an actual value in (l9), /(«) represents the actual 
of /(if) when a? = «. But, from the assumption stated in 
(29), and the definition of a limit in (30), it is evident that 
f(_a) ia the limiting value of f{a>) when at approaches a. 
Hence the truth of the lemma is evident. Of course we here 
suppose that /(«) is not illusory, 

I'. 36. If A be the Limiting value of f (x) when x ap- 
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RESPJSCnN« LIMITING VALUES. 1? 

proaches a, f (x) has the same sign as A /oi' all values of x 
taken sufficiently near a. 

Since f{a)) ~ A may be diminished ad libitum by taking 
ic near enough to a, it is clear that /(*) may be made 
greater or less than zero, according as A is greater or less 
than zero; or in other words, /(«) may be made to have 
the same sign as A by taking x near enough to a : and when 
w is made to approach still nearer to a, since we so diminish 
/(*) ~ A still more, at least for ail values of x near enough 
to a (see 31), /(«) must continue to have the same sign as A. 
Hence f{a>) has the same sign as A for all values of at taken 
near enough to a. q. ii:.i>. 

37- If f (x) be any function of x which becomes illusory Leim 
when X m o certain value a, and if for each value of x (a 
of course excepted) f(x) has only one value; then f(x) 
cannot have more than one limiti/ng value when x ap~ 
proaches a. 

If possible let two different quantities A and B be both 
limiting values of/(.i') when x approaches a; then we may 
make f{x) differ from both A and B as little as we please, 
at the same time, by sufficiently diminishing a; ~ «; there- 
fore X may be so taken, that A and B shall differ from the 
same quantity f(x) jsince f(ai) has only one valuej, and 
therefore from each other, as little as we please ; which is 
absurd if A and B be two different quantities; therefore A 
must be equal to B. Hence there cannot be more than one 
limiting value, q.e.d. 

38. Hence if we can prove that .^ is a limiting value of 
fix) when x approaches a, we are sure that no other quantity 
but v4 is a limiting value, and therefore that A is the limiting 
value. 

Hence it appears that a limiting value is not a mere Alim 
approximation, but a perfectly definite quantity; for if it^*|j^^ 
were a mei-e approximation, then, when we had found a limit- p™"' 
ing value A, any quantity differing very little from A would 
he just as much a limiting value as A ; contrary to what has 
been just proved. 
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18 LEMMAS ItKSPECTING LlMlTlNfi VALUES. 

We have supposed tliat the function /(^) has only one 
value for each value of a; ; if however it has more thkn one, 
n values svippose, it is evident that there will be n different 
limiting values, and no more, when a! approaches a. Thus if 

which lias two values for each value of a:, then there are two 
limiting values when ,v approaches 1 ; viz- a + l> and a —b. 

I- 39- If f (x) and <p (x) be two functions, one of which, 
f (x), becomes illusory when x = a certain value a, and the 
other, 0(x), does not; and if we can shew that f(x) = i^{x) 
for all values of x, a of course e/vcepted; then (p (a) is the 
limiting value of f (x) when x approaches a. 

For by (99), we diminish (pim) - ip (a) ad libitum by 
sujiciently diminishing w - a; but in so doing we never 
suppose ic to become actually equal to a, and we are therefore 
sure that /(*) = ^ (a?) ; therefore, we diminish /(;») - <p (») 
ad libitum, by sufficiently diminishing af ~ a; i. e. <p (a) is 
the limiting value of/(*) when ■» approaches n. a-E.D. 

If (p (a) be illusory as well as /(a), and if we know A to 
be the limiting value of (^ («) when .n approaches a; then we 
may shew, in exactly the same way, that A is also the limiting 
value of /(a;) when x approaches «. 

If, instead of being able to shew that /(j?) = <p (jc) for all 
values of *■ except a, we can prove that /(<*) ~ ^ (*■) is di- 
minished ad libitum by sufficiently diminishing w ~ a; then 
the same conclusions evidently follow; that is to say; the 
limiting value of /(a?) when w approaches a is <pia), or A 
if <p(a) be illusory. 

40. If f (x) be a function which becomes illusory when 
X = a, and if we can prove that f (x) lies between'* another 
function <p (x) and a constant A for all values of x taken 
sufficiently near a; and moreover, that A is the limiting 

' When we say that /(.e) lies between ■fi(j') and ^, we mean that f{x) is not 
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value of <p (x) when x approaches a ,■ then A is also the 
Hmiting value of f (x) when x approaches a. 

For since A is the limiting value of (p{as) when x ap- 
proaches «, <p{x) ~ A is diminished ad libitum when a? - a 
is siy^Hew^/y diminished ; therefore, a fortiori, since /(*) lies 
between ^(.if) and J, f{ai)~A is also diminished orf libitum 
at the same time ; therefore ^ is the limiting value of /(«) 
when a) approaches a. q.e.d. 

41. Jf U, V, W... be any functions of x, atid f (U, V, L 
W,.,) any function of these functions, and if A, li, C... 
be the limiting values of U, V, W... respectively when x 
approaches a certain value a; then f(A, B, C.) is the 
limiting value of f (U, V, W..,) when x approaches a. 

For by sufficiently diminishing iP - a we diminish JJ ~ A, 
V - B, W - C... ad libitum, and therefore, by the assumption 
in (29), we diminish fiU, V, W...) ~f(.A, B, C.) ad libi- 
tum; therefore f(A, B, C ...) is the limiting value of 
/(C/, V, W...) when of approaches a. 

Thus the limiting value, when x approaches a, E 

of C7 ± r is J ± B, 

that of UV is AB, 



that of {U' + V^) sin W is (A^ + B') sin C. 

In the proof of this Lemma, since we only speak of the 
limiting values of W, V^W ... v!q make no supposition as to 
whether U, V, W ... become illusory or not when m = a; so 
that the Lemma is equally true whether they do or whether 
they do not. If any of these quantities, U suppose, does not 
become illusory when x = a, then A is of course its actual value. 

This Lemma evidently fails when the substitution of one 
or more of the quantities A> B, C... for U, V, W... respec- 
tively makes / illusory. 
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Example 42. The following example will shew the use of Lemma 

ofLemma VIII. combined with some of the preceding Lemmas. 

VIII.com- "^ " 

bineJ with ^ „„„ „~j.i 

some of the ^ ^^ .v" ~ 3w + 2 , ,^ 2^"- 2*+' 

and suppose we wish to find the limiting value of 
U''+ UV + WV' 



^sin-^{{f7+7) V\, 



\0V- U 
when X approaches i. 

Then, dividing out te — I, U = except when * = 1, 

and ■= —2 when «= I. Therefore bv Lemma VI. —2 

is the limiting value of U when ,x approaches 1, 

Again putting ^"^ = z, V becomes -— , and x = I 

° r a ^^_l_s;_6 

when s^ = 2; hence by Lemma II. the limiting value of F 

when a: approaches 1, is the same thing as that of -^ — , 

when * approaches 2. Now except when k = 2, 
_ — ~ which = 4- when « = 2 ; 



therefore by Lemma VI, ^ is the limiting value of V when 
X approaches 1. Hence by Lemma VIII. the limiting value 



when 3! approaches 1 \i 
4. _ 2. + T-O. 



sin-'}(-2 + 7)J-f = V 



43- In proving the above Lemmas we have supposed, 
that functions become illusory only for isolated values of the 
variable; or in other words, that, if /(«) be illusory, f{w) 
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is not illusory for all the values of w extremely near a, but 
only for the single value a. This assumption is evidently 
true for all ordinary functions. 

We have not assumed the existence of a limiting value 
when the function hecomes illusory in any of these Lem- 
mas, inasmuch as they are worded in this manner ; " If 
A be the limiting value then such and such things follow"; 
nor shall we have any occasion to make this assumption ; for 
in all cases where we have to consider the limiting values of 
functions when they become illusory, the existence of such 
values will be proved and not assumed. We may just ob- 
serve however, that the existence of limiting values of functions 
when they become illusorv is a necessary consequence of their 
becoming illusory only for isolated values of the variable, 
and of the assumption in (99). as it is not difficult to see. 
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CHAPTER IV. 



JIIING VALUES DBTBBMINELI WHICH WB SHAHL 
BEQUIEE TO KNOW HEKBAFTEB. 



{, 44'. Is s be the length of any arc of a cttrvCi and c 
the length of its chord ; the limiting value of - when s 
approaches -sero is wnity. 

Let PSQ be the arc (fig. 7), PCQ the chord, draw PR 
the tangent at P, and QR perpendicular to PR, and let 
^RPQ = w: then, as long as P does not actually coincide 
with Q, we may evidently assume that PSQ lies between 
PCQ and PR + QR (supposing of course that Q is taken 
near enough to P, so that the curve shall always bend to- 
wards the same side between P and Q) ; i.e. we may assume 
that 

s lies between c and t cos «j + c sin (d ; 

and therefore that - lies between 1 and cosai + sin«i- 

Now, by the definition of a tangent in (25), is the 
limiting value of ai, and therefore I that of cosui +S!n(o, when 
s approaches 0: therefore by Lemma VII, 1 is the limiting 
value of - when , 



Lemma X. 45. If 6 be an angle measured by the subtending arc 

9 e 

of a circle, the limiting value of — — - , and that of :, , 

■' "^ sin 9 •' tan 9 

when approaches ^ero, are each unify. 
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CBM-AIN LIMITING VAJ.UE*^ DETER 


MINED, 23 


We may evidently assume, for all val 


ues of less than 


that 




e ties between sin 


e and tan 0, 


and therefore that -^—- lies between ] 
sine 


"""^ ^9- 


Now -^= ] when = 0; hence by 


Lemma VII. 1 is 



46. We might have deduced this result from the pre- 
vious Lemma, by putting s = 20, and c (which now becomes 
the trigonometrical cliord of s) = 2 sin 9, and therefore 



47- ^t* Jlnd the limiting value of — — — when x '■ 

approaches unity, n being any number positive or negative 
integral or fractional. 

It is clear that, whether n be positive or negative 
fractional or integral, it may always be expressed in the form 

~ — — , where p, q, and r are positive integers. Hence we 

may put 

■^"-1 _ -r^ - 1 ^ ^^-' - 1 .^ ^^ ^j _^ ^ ^, 

1 (^_,)_(y;_i) 



Hence, dividing («'' - l) (^'' - l) and (s'-l) by k~1, 
observing that p, q, v are positive integers, we have 

as" - 1 1 (1 +^4.s('^ p terms) + {l +^ + s;^ q terms) 

« ~ 1 , x'' 1 + » + s:° )■ terms 

except of L'oursc when « = I, 
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24 



LIMITING VALUES WUTEBMINKD. 



Now when n- = 1, sr = 1, and therefore Uie actual value of 
the second member of this equation is evidently or n : 

hence, by Lemma VI, n is the Hmitins value of -— — 
when se approaches 1. 

48. To shew thai there ettisls a limiting value of 
1 -) — 1 when X approaches infinity, n being always an 
integer- 

By the Binomial Theorem for positive integers we have 



where r2, TS, and in general Vr, denote (i.2), 

(1,9,3), (i.2,3...r), respectively. 

Now in the series (l) all the terms are evidently positive, 
and when n increases each term increases, and the number of 
terms also increases. Moreover, this series is term by term 
less than the series 



?hich is < 1 


""i 


* or 3. 








„e„ee(, 


-a" 


which = 2 whei 


(1 W = 1, 


, continually in- 


•ag....... 


.«iesi+:> 


+ *' topt«ms = 


T^ = r 




. j^. Now if s 


e positive and < 1 




. positive qnantity, and Cheretore 


ihe 


•™"-ri-. 


miAie quantity ; 


tlieiefore i 


t Is < j^, and this i 


is true lion 


lattei 


: how large p may 




quaniiij) less than un 

1 


iig,\ + i+: 






. uny mimber o/ 


i.m.is<i 
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creases as n increases, but never comes up to 3, no matter how 
large n becomes. Therefore it is clear that there must be some 

number between 2 and S to which we may make 1 1 + — | 

*approach ad libitum hy making n approach CO , which num- 
ber is the limiting value whose existence we wish to prove. 

id- To determine mi/merically the limiting value o/'xiTj"^ 
(l + n)" when n approaches co . 

The (r + l)"" term of the series (l) in the last article is 

i^(-a(-:)('-3< '('-^)- 

which is clearly < — - . 

Hence the (r + l)*'' and following terms of the series (l) 
form a positive quantity less than 



r()- + l) r()- + 2)' 



which (by note, 48) is 



<hi^"^ 



"'■''='■ "<fF^ ■ 



- a positive ijuanfity loss than 



rfr-i)- 

ad Hl/ilum, we- simpl; 
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26 CERTAIN LIMITING VALUES DETEBMINKD. 

If therefore we suppose r = 19, and consider only the first 
seven decimal places, it is clear from the table in the note*, 
that 



(,,!■)■., ,.,i_(,_i) 



"rsl n) V nl "• 

and this is true, no matter how large n may be. 

Now by making n approach os , the second term of this 
equation may, term by term, be made to approach ad libitum 
to the series 



rs rs 

which to 7 decimal places = 2.7182S18 (by table,*). 



000(10000 



6000 


000 


leee 


666 


041t>6tifi6 


0083 


333 


00138888 


OOOlBtUl 


0000 




0000 


027S 


0000 


027 


0000 


003 



This table is easily formed by 
clividinR l.OOOOOOOO by 2, tlie re- 
suU by 3, the result RO obtained 
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Honco if we consider only tliu first seven decimal places, 
2-7182818 is the limiting value of {l+-j , v;hen n ap- 
proaches CO . 

50. In the same manner we might obtain this limiting Base oi 
value to any greater number of decimal places- It is, how- Loa- 
ever, an incommensurable number like tf, and therefore, no %\^^^' 
matter how far we go, we shall never be able to obtain it 
exactly in numbers. It is usually denoted by the letter e, 

and it is taken as the base of a system of logarithms com- 
monly called Hyperbolic. 

For a certain reason, which we shall presently explain, 
logarithms calculated to base e are the most convenient to 
use in analytical ealcuJations. We shall therefore always 
suppose that e is the base of whatever logarithms we have 
occasion to employ unless the contrary be specified, 

51. Hence e is the limiting value of (l +x)'' whenCov.i. 
X approaches xero, x being any continuous variable. 

For this limiting value by Lemma I. is the same thing 



s the limiting value of (l 
= - and n is always an 



- s;) '^ when « approaches 0, where 
integer ; and this latter limiting 



value by Lemma II. is the same thing as tl 
when n approaches co, which = e. a. e- i 



(-a" 



52. Hence, 



or is the limUinf' value of Cor-a, 

loga. 

when X approaches ^ero. 

;. (1 + *■) 



>g„ (l + if)' , and by what has just 

been proved, and by Lemma VIII- the limiting value of this 
latter quantity when .v approaches zero is log^e. 
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28 CERTAm LIMITING VALUES 

53. Hence also, — — or log a is the limiting value of 

when X approaches siero. 

For, put a" ~ 1 = ix, and .-. x = log„ (l + «) ; 

a' ~1 « 1 

then — ~ = = r • 

m log,(l + ») log,(l+/s)' 

Now X = when « = ; hence by Lemma 11, the limiting 

value of when w approaches 0, is the same thing as that 

of — — ^ when x approaches which, by what has been 

log„(l+K)r 

just proved, =— — or Iog«. 
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CHAPTER V. 

„ fSDjzM 



54. We now enter upon the Differential Calculus, pro- 
perly so called, which, as we have stated, is that branch of 
mathematics whose object is, in the first place, to determine a 

set of Rules whereby the limiting value of - — ~, when 

ic' approaches ue may be found in all cases with facility; and 
in the second place, to shew and explain some of the principal 
uses which may be made of this limiting value in pure mathe- 
matics. 

We proceed therefore, in the first place, to determine a set 
of Rules whereby this limiting value may be found in all cases 
with facility. 



when x' approaches x by the notation f (x) ,■ i. e. by simply ii 
dashing the functional letter. f\ 

Thus if f{m) = ^, /<^ ) -/(■ !) ^ ^^_Z^ ^ _^. _^ ^^^ E 

except when <«' actually = « ; now the actual value of ar' + x 
when w' = a', is 2w, hence, by Lemma VI,, the limiting value 

of — -,— when *' approaches iu is 2,i;; i.e. 

if /(») =,^, then /'W .2... 

Again if /(»,..» + *,', ''-M^ 
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30 BULES FOR FINDING /' (o:). 

hence, as in the previous case, we find that if 

/(*) = aa; + 6«^ then /'(j?) = « + 3bj!\ 

And in general we may very easily shew in the same 
manner that if 

/(,.)-.. + <.„»+o,«=...a.«-, 
then /'(/a) = «i + &a.iiv + Sm,*^ ... + »«„,«""'. 

Thus when /(^) is a rational and integral function of ai, 
/' {a)) may be derived from it by multiplying each power of a- 
by its index, and lowering that index by unity. 

Origin of 56, This notation/' is due to Lagraiige : the function 

/(t), and f'i'o) was called by him the Derived Functiort or Derivative 
D^u2T^ of /(^), because it may be derived from /(«) by the peculiar 
or Derived process just stated, at least when /(j;) is a rational and in- 
tegral function of x. 

The following are the Rules whereby we may find this 

derived function or derivative in all cases with facility. 



57. If f(x) = a constant c^, f'{x) = 0. 



= 0, except « ~ x; 

. lim. val. of ■ ' ^ , ■'^ ' - when w app. ,r is zero, by Lem.VI., 
i.e. /(.r) = u. 
If /(,*) = c + ,p(*), f\w)=^'{x). 

For then .^1^5^' =^^J-^>, 

and .-. /'(,■») = ip'ix). by Lem. VI. Cor. I. 

A constant therefore added to a functvin does not appear 
t the derived function. 
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/ W. 31 

SS- If f(s) = c<p(x), (p denoting any function; then Vi\i\e\i. 



For then 



/(»') -/(») _ M^')-<t>i') 



the limiting value of the second member of this equation when 
*' approaches if is c<p'(/e): hence, by Lem. VI. Cor. I, 

Rule III. 

denoting any functions; then 

F„, ,hc„ £<l|f/<f) _ ■»(■"')-<■(■') ^ til) 7..iW 
, x(-')- x.W , .„, 



The limiting v.alue of t!ie second member of tiiis equation 
when .r' approaches <r is 

^■(,r) ±>;-'(,r) i^' W =^ ■■■ ^"^■' ^y LemmaVIII.; 
hence, / (.,.) = ,^' (,«) ± ,// (,r) ± j;' W -^ ■ • • *■■=■ 

60. // f(x)-,f,(x).>(,(x), <&« ;>*»'. 



f'(x).,|,-(x).,J,(x) + ^(x).f(x). 



_ ,p t »')f (»') - ,t,iji)-j,W) + itW'K."') - W .f (*) 



now the limiting value of the second member of this equa- 
tion when a/ approaches »■ is <p'{a!)^\/(:V) + <p{w)\]/'{ie), by 
Lemma VIII. ; 

hence, /(.«) = ^'(*) >/,(,r.) + <^(,r) ,^' (■:.). 
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:»a /' W. 



<r"-l- 61. //fW.^J, aen 

For then /(*■) .|,(a?) = ^(,t) ; and, as in the rule just 
proved, we have 

.j)'WsK,T)-0(»).|,'M 

putting for/(,«) its value. 

RuleV. 62. i/ f(x)=x", iken f'(x) = nx"~'; whether n ?ie 

/(■r) = a''. iji(,,gYal or fractional, positive or negative. 



— x" ' . — if we put x = wx. 

Now w' =i X when ar = i, therefore by Lemma II. the limit- 
ing value of the second member of this equation when k 
approaches I is the same thing as that of the first member 
when x' approaches w\ but by Lemma XL n is the limiting 

value of when ^ approaches 1. Hence /'(a;) = «,!;'"''. 

Ksamplcs 63. By means of these five Rules we may find the deii- 

oftkesr^ vative of any rational function of x. For example: 

I^et /(,r) = «„ + «,,^ + «„^= «„< 

then by Rule III. f{x) is found by taking the derivative of 
each term separately ; also by Rule I. the derivative of «„ 
is 0, and by Rule 11. the derivative of any other term a„,a?'" 
is a,„ X the derivative of .v-\ or a,„mx"'~' by Rule V. 
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RULES FOB FlNniNo/'CiC). 

Hence /'(■*) - "i + S-n^a' + Sa^a;'' 

then ^'(*) = 2*1 ■<|/'(''') = Sa', and therefore by Cor. Rule IV. 

•^^^ (,1.^ + ay («.= + ay' 

Again, let fQv)^AJ+B,v~% 

then /(a;) = f J-rS-Sfia^-" by Rules II. III. V. 
Again, let 
fi.v) = (.^ + a,-^) (*i + ,7.-^) = 0(*) . >/, W suppose ; 
then <p'(_x) = 20! -'iai'^, \\,'{!e) = \j/-^ - ^w'^ % 
hence by Rule IV. 
/(,) . 2 C» - <,-<) (»l + »-i) +i («• + ,»-) (,»-i - 0,-1). 
(For more examples see Appendix A.) 

1 1 Rule VI. 

64. // f(x) = /o^„x, then f'(x) = — — .-. /t^j-log.r. 

/og-a X 

For then 



^ ^ logj^^) - l og„^ -^ ^^ ^^.^^^^ 



Now a?' = .T? when /s = 1, therefore, by Lemma II., and 

Lemma XIII. Cor. 2, ; .- is the limiting value of 

log« * ' 

^ V - when ,/ approaches ,r, i.e. /'(,i.) = — .-. 

*-,^ loga a^ 
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Si RULliS FOB FINDING /'(«)- 

/(i')=ioei. ■'■'' "=^' ^^^" log« = ], which gives /'{!■)= -. 

^^^^1? It appears therefore that we get a very simple expression 

usually for the derivative of the logarithm of .r when e is taken as 
base"' ^ the base. It is .^ for this reason that this base is chosen in 
iogsiithiriB. jji analytical investigations, except when numerical calcula- 
tions come in, in which case 10 is a much more convenient 
base. 

/c")™' ^^- ^f f('<) = a"' -'^^'^ f'(x)=%a.a\ 

For then 

/W-/W o'-f 



Now af = X when k = 1, therefore, by Lemnta II., and 

by Lemma XIII. Cor. 3, «' log a limiting value of ; 

when x' approaches x. Hence f{w) = log a . a". 
f^l)^,'. If /(*) = e% then /(*) = e', since log^e = 1. 

SuieViii. 66. //f{x) = s?wx, ^AeMf'(x) = cosx; a«d i/'f(x) = cosx, 
iii^^!"' then f (x) = - sin x. 



For 


if /w . 


= sin .r 






/(»') 


-X 


sin w' - 


■ sin 


a; 


iv' 


x' - 


■*■ 








2C0S — 


+ It 





= COS (a? + 2^) -^ if we put -^^ = %. 

Now the limiting value of the second member of this 
equation when jk approaches is cos .r, by Lemma VIII, and 
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BULKS FOR FiNDiNa f'(x). 35 

Lemma X.; therefore, since cc' = a: when as = 0, we have by 
Lemma IL f{w) = cos .v. 

And if /(«) = cos.i! we find similarly 



= - sin {^ + «) sin s ; 

and therefore f{w) = ~ sin w. 

1 cos ai '^'"■■ 

Hence if f{a>) = cosec m = -r— , f {a:) = - ^-^ , by {<'2.T.cir 

Rule IV. Cor. 1, putting (p{a!) = ^ and i|/(,r) = sin .r. 

And if /■(,];) = sec*' = -^, f (a;) = ^"^ similarly. 
■' ^ ' cos .r ■' ^ ' cos^a? 

67. If£(x)=tanx, then f (x)= -^ , awd »/f('')='^'"'^'_^^w5i; 
iAe« f'(x) = - 



sm^x 








For if /(») = tan x, 








/(»■)-/« tan a,'- tan « 








ai' - « ai' - a> 




1 sin (, 


V ~i 


») 




cos d cos a. »• 


~ai 






1 


sin/s 


if we 


put y- 0! = 


cos(» + «)cos» 


Hence, as in the former case 




have 


/w-;^ 


And if /(a>) = cot a;, 








/(»') -/W 1 




sin W 


-a,). 


ai' - .V sin,j;'sin.^ 


x - 


-,r 
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86 BULKS FOB FINDING f {x)- 

Cor. This Rule may easily be deduced from the preceding, 

deduclblo as follows : 
from the 

preceding. j^ , = tan J) = ^^^ then by Rule IV. Cor. and by 

■' ^ ' cos o' -^ ■' 

Rule VIII, 

^ cosa^cosj'-sina'C-cosa;) ^ 1 
cos^ X eos^ x 

and if fiai) - cot x = — , 

■''■■' Bin n. ' 



68, // f(x) = siM-'x, the?i f'(x) = -7==, and if 
s/ 1 - x= 

f(x) = cos-'x, then f'(s) = .■ - . 

For if/(*) = sin-'.r, and therefore x= sinf{.v), we have 

jt'-^ sin/M - sin/W 

/(.'') -/M 



coBJ/(.»)+«}-sin,, 



Now aj' = « when ar = 0; hence, by Lemmas II. and X. 

/'(*) = 7r"^ = /— , ' ^'"''^ * = sin/(3;>. 

cos/(a^) \/i - x^ 

And similarly, we may shew that if /(*) = cos"' x. 
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RULES rOK FINDll^ f'i^)- 37 

G9. If f(x) = i(m-'x, «ic» r(x) = — ^, and '7S;jl£j, 

f(s) = cot~^ X, then f'(x) = -g. 

For if /(ai) = tan--'j?, 

/(»•) -/W /("') -/w 

. ■.•OS !/(,») + =<} CO,/ w.ji-, 

if we put /(«•) -/(I) = «. 
Hence, as before, 

/(..) - cosY(.) . ^, , since tan/(») - ». 
And similarly, we may siiew tliat if /(ai) = cot"' (*), 

We have proved Rules VIIj X, XI, directly, but tliey 
may be deduced very simply from Rules VI, VIII, IX, by 
means of the following Rule, as we shall shew. 



:e function of s:, f{yi) suppose; then £'(")" .,, . ■ 



For.l.en -^''-''--^'-' - X'\. . 



' t^llri^M.' 



Now, by Lemma VIII, the limiting value of the second 

;mber of this equation when y approaches y is -, , and 
= ,v when y = y ; hence, by Lemma II, 



y Google 



38 BULEg FOK FINDINO /'(iC). 

x"'xw^' ^^* "^^'^ ^"^^ ^^ '^^ S"^^^*^ "^^ '" ^""^'"g ^^^ derivatives 
dueed from of inverse functions, and by means of it may deduce Rules VII, 
VllLix'. ^! XI> fi"""! Rules VI, VIII, IX, respectively, as follows; 
Rule XII. If ^ = \og^y = (p{y) suppose, then y = a" =f{w) sup- 

pose ; and therefore, since 

/'(■^)=T7Z^. and 0'(j,) = — i, by Rule VI, 

we have /'(*) = log a.y = log a a"; which is Rule VII. 

If w= %my = <p(y) suppose, then y = sin"' w =f(^x) sup- 
pose ; and therefore, since 

/' W = ttV-, = -^, by Rule VIII, 

■^ >p(y) ^osy' ^ 

we have /'(*) = , , since cos y = \/l - x' ; which is 



If a' = tan J/ = ^(y) suppose, then y = tan"' ic = f{,vi) 
suppose ; and we have therefore 

f'(ai) = ,,. = cos^y, by Rule IX. which = -, since 

tany = a?; which is Rule XI. 

RuleXlI. 'J2. We may also by this Rule obtain the following 

^^ecsaeoS derivatives which it is sometimes useful to remember, 
vetB-"T. 1£ a/ = secy = ipiy), then y = sec"';!; = fix), and we have 

therefore 

f'{ai) = -r— = '^ , by Cor. Rule VIII. = 



since cos y = 

Hence, if f (x) = see"' x, f (x) = ■ — . 

xa/x'-I 

Again, if x = yets y = tj>(y), then j = vers"' ,^ -/(,^), 
and we have therefore 
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73. If we are given tivo relations between x and y by RuieXIIi. 
the intervention of a third variable v in the form ^J^^Jf^ 

and thence 
y.0(,), and v.<(,(x), |.«?)_.. 

in which case y will be some function of x, f(x) suppose; 
then f'(x) =ip'(v)f(x). 

For then we have 

/(■»') -/W ■ J'(°') - 0W 'K"') - f W 

Now, since v' = v when ic' = a?, the limiting value of 
* - — ; — r^ when x approaches x, is the same (by Lem. 11.) 

as that of ^ , — rj_J when w' approaches «, which = ^'(v) ; 

hence, by Lem. VIII, the limiting value of the second member 
of this equation, when w approaches a>, is <p' {v) yj/ {an) ; and 
therefore /(*) = f(f)f'(^). 

74i. In the same manner we may shew, that i{ y = <p(v), Cor. 
w = i^(m), u = y(a!), and therefore y some function of A'? ber'of"'™ 
/(«) suppose; then f'(ai) = (p' {v) ^^f' (u) x'(ip)- And a simi- J-^^^b^^^ 
lar result if any number of variables intervene between between 
y and x. 

For as before we have 

/(/) -/W _ <}>(v') - ■^(») ^/.(»') - ^iu)xi^v) - xW . 

and ■■. /'(.^)=<^'(«)•^/''(w).x'W■ 
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40 HOLES FOR FINDING /"(a;). 

EiBmpies 'J5. This Rule is of great use in finding the derivatives 

oftlikRule. of complex functions, as the following examples will shew. 

Let /(j^) = ^(c + .v), put e + ^ = V = .|,(,r), 

and .-. \|^'(«) = 1 ; 

then f'(.v)^<p'iv)^<p'(c + w). 

Hence the derivative of (p(c + /e) is <p'(c + a!). Thus 
the derivatives of {c + w)", log (6- + a?), e"^"*"", sin (c + *), &c., 

are respectively, m(c + *)""', , ^'*"', cos (c + ic), &c,, 

by Rules V, VI, VII, VIII. 

Let /(«.) = <p(ca,), put c* = -o = ^/-(*■), and .-. x|,'{,») = c, 
then f'(a^) = <p'iv)c = c<p'ic.^). 

Hence the derivative of 0(cii?) is dp'^cm). Thus the 
derivatives of e^% tan"'-, sin"'-, are respectively 

' =, by Eoles VII, X, XI. 



' c' + il»' y 

Let /(.«) - ,;, (,.■), put ,.■ = «= +M, 

and .-. .//(ai) - »(r-' (Rule V.), 
then /'W _^'(.,)».r""' = «f (»■).»-'. 
Hence the derivative of ^(«"), is n ip' (x") x"'^ . 
Let /(.r) = e*% put v - e' = '/'(^), 

and .'. /(a?) = e" = (ji(v)i 

then /(,.) - ^'C») f W - eV (Rule VII.) - «•'. e" - e""'. 

Let /(j?) =e'+^, put D = .0 + (T^ = >|/ (*), 

and .•./(.»)- o-=,^(«)i 

then /'(,») = <p'(v) f'(,v) . «' (1 + e') (Rules VII, III.) 

-.•■(1 + e-). 
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RULES FOB FINDING /'(a:). 41 

Let /(«) = lag>|/(«), put V = y^(ie), 
ami .-. /(-i^) = logt) =(/.(i;); 

then /(,) = 0'(„)^'(^) = i^»=±^>. 

(For more Examples see Appendix B.) 

76. The derivative of a complicated product may often Rule xiv. 
be conveniently found by taking its logarithm first. tivoofa 

Let /H= {0H}-.{^i.wi".h(*)i^- |2'?r 

tben log/(a^)- mlog0(a^) + nlog^^(x) + p\og^(.v) ... rith™s. 
hence, taking the derivative by Rules XIII, III, and II, 

/W *>W fW ^xW 

which gives /"(a?) very readily, as the following example 
will shew. 

Let /(,r)-.- V ^: l=„»pl.. 

then log/(ai) = »; + J log (1 + ,») - i log (1 - .r) ; 



sin *' . \/ 1 — ai' 



Let /W 

then log/(a;) = log sin a; + ^ log (l - ,r^) - 2 log x ; 

fix) -.V 2 2-^ 
.: * = cot x + = cot J! ; 

/(») l-^ !. « (I -,.-)■ 

sin*-/] -'U' ( . 2-«.' 1 
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42 RULES fOH FINDING f'(x). 

Let /(.)-».■; then log/(.,)-^log,,, 
and therefore we have 

/' w , 1 

.-. /(»)-»-aog» + i). 

ft 77- *To these Rules we must add two more, which 
will be found of great use in many cases, and important here- 
after, when we come to consider more than one independant 
variable. But we must first explain a certain notation which 
we shall make use of. 

Partial de- If f(/vy) be any function of two variables ai and p, we 
what. tU shall assume f'(,ccy) to denote the limiting value of 
|(;;%.j /(^'y) -fi-^y) 1^ ^, approaches w. It is evident that 

this limiting value is the derived function of /{my), taken 
on the supposition that y is constant and x alone variable. 
It is called the Partial Derivative o{ f{aiy) with respect to .r. 

In the same manner we shall take f'i^P) to denote the 

limiting value of , when y approaches y; 

i, e. the Partial Deniatiie of f(_iy) with respect to y, or the 
derivative taken on the supposition that y alone is variable. 
Ex^roptes. Thus if fiwy) = 0. +wy + y', then 

/'(,*■«/) = Sx + y, and /'(a^y) = y + 2w. 
Again, if /('sy) — w siny + ye", 

f'i^y) — sin^ + j/e% and f'(^y) = to cosy + e". 

Thus by dashing the functional letter we denote a de- 
rivative of a function of two variables, and by a dot under 
one of the variables we signify that that variable alone is 
supposed to vary. 

Thisnota- j„ using this, notation we do not necessarily assume 

tion does " ,> i i i ■ i i 

iiotneces- that y IS independant of a); for whether y be independ- 

quire that ■ The Articles marked thus ft may be omitted till they arc referred to, at least 
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BULES FOR FINDING f'i^)- iS 

ant of X or not, we may always put w' in place of a) ifgi,^^"^/^^ 

fWy)-f(ffy) independ- 

we please, and so find /(fy), and thence — ;-— — —; ant of each 

and then, by the previous Rules, we may determine the 
limiting value of this quantity when x' approaches .v. And 
the same may be said of /{!"§)■ The following is the Rule 
for which it is necessary to make use of this notation or 
something equivalent to it. 

■[■•f78. If we are given a relation between y njid Euio xv. 
two other variables u and v which are functions of x ,- 
i. e. if 

j- = 0(uv), u-f(x), y-xW, 

in which case y will be some function of x, f(x) suppose; 
then 

f'(x) = <^'(uv)^/,'(x) + 0'(uv)x'(x). 

For /t^'> --^t-^^ = "P ^"'^'^ " '^^"^'^ + (piiiv')-<p(uv) ^ 
and ^<^'^')-'^(""') = 0("V)-'^(»"') '/-0^')-'j'W 
(l> juv') - (uv ) tp (uv') - <p jiiv) ^ X G^O - X C-^) _ 
Now when x' approaches oi, the limiting values of 



are respectively \y (x), <p' (uv), and xix). Also since v 

becomes v when a?' = *■, the limiting value of ~ , ' — 

u - u 

* li we suppose for a moment that it' is not xW) i"!' s<""2 conBianl, then 
i(>'(um') is the limiting value of ^ J~„ when a' approaches m: tliere- 

fofg *i!L!Li^ii^J_^-(-«u') may be diminished ad libitum by Buffioicnlly 
diminishing Jt'~»; and this is evidently true whatevsr be ihe value of ti'; there, 
fore it mast be true if we suppose ■& to vary in any manner while we diminish 
x'~!e\ it is therefore true if v' = x{.^')i and therefore by Lemma VI. Cor. 2, 
0'(K«), which is the limiting value of i^'(iio'), is also that of 'J' ("")"')'■("'■ > ^ 
supposing u' = x (-«')■ 
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is evidently the same thing as that of ^-^ " , 


- ^(uv) 


is 1^' (uv). Hence we have 





Examples. Let <f> (m«) = u", 

then (p' (uv) = vu""^ and ^'(m^) = logM w" ; 

.-. /W . .«"-'+■(•) + log«»'x'W. 

Suppose that u = a; and u = a>, and .'. ■>/'' (.i;) = 1 x' W = ' ; 
then /'(«) = a;" + log a; a;" = af' (l +log,r). 

Again, let (mu) = m^ + d^ — ?*« ; 

then <p'(uv) a 2m - « 0't"P) =3v ~ m; 

.-. /(a^) = (2« - v) ^|.'{a7) + (2^ - u) x'(.i?)- 

Cor. If y = (piuxiw) v> being another function of w, ^(<if), 

suppose then by putting /(a;') -/(a?) in the form 

{fpiu v' w') - ^{uv w')} + {<p(uv' w') - (pipvu)')} 

+ \<p{uvw')-<p{uvw)]. 

We may shew exactly as before, that 

f{w) = c{;{ur,w) ^'{a,) + .p'(uvw) x'(.^) + <p\u^w) ^{a:). 

This Rule v^e may evidently extend to the case where y is 
a function of any number of functions of w. 

Rule XVI. tt79- ^f ^^ equation be given between x and y, which 
of course makes y a function of x, we may find the deri- 
vative of y by means of Rule XV. 

For, let the given equation be 

<p(yx) = 0; 

in virtue of this equation y = some function of x, \l^ (a?) sup- 
pose; and (piyo!), by substituting for y this value, becomes 
also a function of a^, fix) suppose : then, by Rule XV, putting 
y for u, and v for x, and therefore x'i"^) = ^» "'*' have 
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Now,/(iB) = 0, and therefore by Rule I, /'(a;) = 0; there- 
fore we have 

or, -J, (a!)= - -i— - — ^ . 

Let the given equation be Emrapie. 

w' + y"- a/vy+b = 0, 
here, 0'(y«) = 3?/ - a.v, <p'(yx) = 9.x - ay; 
.'. if >/'(af) = y, {ay - aa:) i|/'(^) + 2,r - « j = ; 
, Zw-ay 
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CHAPTER VI. 



ITIAL NOTATION. 



80. We have hitherto adopted Lagrange's notation, 

/'(.u), to represent the limiting value of - — -j when 

w approaches w; this notation is often very convenient, and 
is perhaps more easily understood than any other, at least 
when the student enters upon this subject for the first time; 
and this is the reason why we have used it in obtaining 
the preceding Rules. But there is a far more elegant and 
powerful notation, due to Leibnitz, called the differential 
notation, which we now proceed to explain ; not however for 
the purpose of abandoning the former notation, for we shall 
often make use of it, as it is preferable in certain cases to 
any other. 

TheKitio g]^ j|] t]i(, differential notation instead of representing 

oftliBSjm J'/ '\ J'/ \ 

and dx the limiting ratio of , — - when w' approaches w, by a 

single quantity, such as /' (a^), we represent it by the ratio of 

two arbitrary quantities denoted by the symbols df(x) and 
dx, which, for a reason we shall explain, are called the 
differentials of /(«) and w; the letter d being simply an 
abbreviation of the words " differential of" 

We define df{w) and dx as follows : 
df(x) and dx are two quantities ■. 

f{x') -f(x) 
is equal to the limiting value of y — 

proaches x. Or more simfiy ; df(x) and dx are two quantities 

such that — ^ = f'(x). 



represent 
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In this definition, all that we say of df{ir) and dm is One of the 
this, "tt(j; they are in a certain ratio;'" therefore they aredy-(i),di 
arbitrary quantities, and we may give to either of them ^j^'^f^y. 
any value tee please, constant or variable, provided we 

give to the other that value which makes — =/'(•■")• 

U2, It may be asked respecting this notation, is there Objection 
not some degree of vagueness in representing a definite quan- notation 
tity/'(,r) by the ratio of two arbitrary quantities? an5i"ere . 

To this we may answer, that we often do the very same 
thing in common Algebra without any vagueness; we often 

say let — represent such and such a quantity, instead of 

let m represent such a quantity. Thus, suppose it required 
to divide a quantity a into two parts in a given ratio: we 
might proceed thus. Let m and n be any two quantities which 
are in the given ratio, and let x and y be the two parts, 

J? m 
then a? + y = a, and - = — ; 



.■- \— + l\ y=a, or, y = 

Or we might proceed thus, let m be the given ratio, then 

p«., (m+,)j,_»; and .-. s.^,.£ii^. 

It is evident that there is not the least degree of vagueness 

here in representing the given ratio by — , instead of simply 

by m*, 

" The chief practical advantages we gain by representing /'(s) by the ratio Advantages 
df(a) ofthe 

-~-^ seem to me to he these. We may often Ruppose df(a') or dx to have some notation 

value which will simplify our expressions (as will appear in changing the inde- ^^. ■ 
pendant variable hereafter.) The application of Rule XIII. to complex functions 
is very much facilitated by using the notation , ■ . We insj often advantage- 
ously preserve the symmetry of our expressions by using this notation. It is almost 
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Origin of 83. Again it may be asked, what is the reason of using 

.^ d/(x) t'^® letter d before /(;») and x, to represent the terms of the 
" di ' ratio by which we denote /'(ij;)? This question may be 
term differ- answered by the following very brief account of the origin of 
ential. ({jjg notation and of the term differential. 

/(«') — /(a;), and x' — x are the differences between cor- 
responding values of f(ai) and x, and they are often repre- 
sented by a 3 prefixed to /(^) and ai, in this manner, viz. 
^f{x), ^.k; 5 being simply an abbreviation of the words 
" the difference between two values of.'''' 

Now, 2/(«) and Sj? become zero when af = x, and then 
their ratio -^-5 — ceases to bo a definite quantity ; but so long 

as *' is not actually equal to *■ the ratio —5 — is a definite 

quantity. We may therefore conceive Sf{ai) and Sx as small 
as we please though not actually zero, without rendering our 

conception of the ratio — y~ 1'^ '^^^ \ague or difficult indeed 

it is just as easy to conceive that a definite iitio subsists be- 
tween-, 5/ (it?) and Sx when they ire in a state of extreme 
smallness as when they are of ordinal y magnitude lor oui 
idea of a ratio is quite independent of the actual magnitude 
of the quantities composing it 

The differences ^/(*) and c^r when in a state of e\- 
treme smallness were called dtffeientiaU by Leibnitz (1 e 
minute differences), and the sjmbola d /"(■*) and dz were 
made use of by him to repiosent them, d, like ^, being 
simply an abbreviation of the woids ^^differential o/" 

In all calculations into which these diffeientials enteied 
he supposed them to be what die called nifinite'.tmals, 1 e 
quantities so small, that thej may without error be neg- 
lected compared with ordinary quantities, and on this sup- 

impossible to Tepresent what sre called total differentials without this notation It is 
peculiarlf adapted to the case of definite and multiple integrals in the Integral Cal- 
culus. And it is a very expressive notation, which malieB it peculiarly convenient in 
raised matliematics ; e.g. in the case of the principle of virtual velocities applied to 
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position he investifjated rules for finding tlfix) in all cases, 
and made various interesting applications of these rules. In 
this manner it was that the differential calculus came into 
existence. 

84. In order to explain more distinctly in what this ?'^^™P!f 5^ 
method of Liebnitz consists, we shall apply it to the example of Leibniti. 
given in {2S). 

According to Leibnitz, we may conceive the triangle PQO 
(fig. 6) to become so extremely small, that the line PQ 
shall coincide in direction with the tangent at J" ; in which 
case the sides of the triangle OPQ will become infinitesimal 
quantities; then OQ or /(a?') ~f(^) will l)c represented by 
df{w) and PO by dx, and we shall have 

tan QPO or tan PTX = -^^ = -^^ ■ 

PO fl<17 

Now let /(,r) = — , 
then /(*')-/(*) or rf/(.^) = — 



(J 


+ «)(/- 


«) 


(23^ + d.t) dx 



putting w + da) for m. 

Now, according to the supposidon that differentials are 
to be neglected compared with ordinary quantities, we must 
consider a;ti + dx to be the same thing as 2w, and there- 
fore we have 

dn!e)=—da), and .-. t^n PTX = — , 

which is the same result we obtained before. 

85. Whether this is a strictly logical way of proceed- Where tliis 
ing may be fairly questioned, though the conclusion arrived j^^j;"'* "^ 
at is true: for it is easy to see that the i 
result arises from the compensation of tw. 
the erroneous supposition that the line PQ is coincident \ 
the tangent at P, which it never can be so long i 
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triangle POQ has any existence, and tlio erroneous suppo- 
sition that QtB-^-d-31 is equal to Sa?. 

We shall endeavour however to shew hereafter, by means 
of the principles already established, that this method of 
using differentials must always lead to correct results, cer- 
tain precautions being taken ; and this is important to shew, 
since this method is extensively used, and indeed must be 
used in many cases to avoid complexity. At present we shall 
say no more upon this subject, except just to remark, that 



f(w') - f(a!) 
to represent the limiting value of ~ >- ■■ — when x ap- 
proaches 01 : for it is easy to see, by the example just given, 

d.v 

and dai compared with ordinary quantities, will always be the 
same thing as this limiting value. 

We adopt 86. It is important to observe here, that we adopt 

--J— and owto the notation and the term Differential, We do 

blu^tihe "°* define df(x) and dm to be what Sf(x) and ^x become 
noUon that when in a state of extreme smallness ; all that we say is 
d^^ein- this, that df{ai) and dm are two quantities, be they small 
fimtesiiiialB. yp large, whose ratio is equal to f (jx), i.e. the limiting value 

of M^ or f^^]"^^^^ when .v' approaches x. 

dx w — X 

Geomeiri- 87- In the example just considered, if we produce PO 

aeiitwion of to any point U and draw US perpendicular to F[7 to meet 

and/i. . , _ . 

^=tanPr^=lim. val. of " ^ ^ I ^J y.' J ^1,^^ ,^' ^pp, ^^^ 

= /W; 

hence SU and PU are the diiferentiaJs of /(«) and x, since 
they are two quantities whose ratio =f(i3)i we have there- 
fore SU = df(,v), PU = dw. 
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88. Since ^ ■■ and f{ai) represent the same thing, How /'(:,) 

, * called the 

we have ■lifferential 



/' {x) is therefore the coefficient by which we must multiply 
the diiFerential of w to obtain the differential of f(w) ; on 
this account /'(<») has acquired the name of '^the differeri- 

Hal coefficient^'' and it is in this way that — -- — , which =f{ai'), 

has come by the same name. 

The obtaining of the relation between dy and dw is 
called Dyperentiation. 

89. We may express the llules Chap. V. in the diifer- 'l^^J^}^\ 
ential notation by simply nutting lastdiapti 

■' c J r o stated in tl 

dx dx ' dm 

for f'{ai), <p'iw), \\/ (m), he. respectively, and multiplying 
up dm. For the sake of neatness we shall put y, u, w, for 
/C*)j ^(.^)j ^(*)) respectively: and therefore dy, du, dv, 
he... for f{/>!)dw, <p'(w)d.v, ■>)/'(;»)(/«„. &c. In this manner 
we have 



Rule I. 


If »/ = constant, then dp = 0. 


Rule II. 


If ^ = CM, 


di/= €du. 


Rule III. 


If !, = » + . 


> + ii!,,., dy = du + dv+dw... 


Rule IV. 


If !, = «„, 


dy = vdu + udv. 




If y.^. 


vdu - udv 
' " ;> 


Rule V. 


If s _ »■, 


dy = «,«"-' rf.r. 
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HULES FOR DIFFERENTIATION. 
Rule VI. If ?/ = log W, dlj = -^. 

Rule VII. li y = a", dy = log a.a^dx. 

Rule VIII. If y = sin x, dy = cos .vda^. 
it y = cos x, dy = — sin xd,v. 

Rule IX. If« = tan*, dy = -^ . 

If H = cot X, dy = r^— ■ 

Rule X. If y ^ sin-'rt?, </y = 



\i y — cos ' ,», dy — . 

Rule XI. If ?/ = tan-'*, dy = ■-^. 

If J/ = cof' ,T, dy = — - — —J. 



Rule XII. OO. Rule XII. shews that if we obtain dm in terms of dy 

from the equation '>! = ip(y), the value of — so obtained is the 

proper value ; i. e. the same value that would be obtained if 
we found y in terms of w directly, and then differentiated. For 
by differentiating the equation a? = 0(y) as it stands, we find 

Now if /(-») be the value of y found directly in terms of m, we 
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/■'(,-») = — ; bv Rale XII. Hence, whichever way we pi'o- 

ceed, the value of — obtained is the same. 
die 

91. Rule XIII. shews that if we find dy in terms of dv RuleXiir. 
from the equation y = ^(v), and dv in terms of dx from the 
equation v = ^(i?), and so dp in terms of rfic; the value of 

— thus found is the proper value; i. e. the same value that 

would be obtained if we found y in terms of a; directly by 
eliminating v, and then differentiated. For by differentiating 
the equations y = (p(v), v = >/'C'c), we obtain 

dy = ^'iv)dv, dv = y^/{^)d.v, and .-. ^ = ^' («),/,'(*■). 

Now if /('») be the value of y found directly in terms of x, we 

have — = f' (.-»), which is the same as the former value, since 

dm ^ ^ " 
f'{(v) = d)'{v) ^'(as) by Rule XIII. Hence, whichever way we 

proceed, the value of — obtained is the same. 

' d:11 

92. If we use the differential notation, this Rule doesRuiesXll 
not appear to want any proof; for it is stated in that uo-^^'^^" 
tatioii, as follows. If w be a function of v, and v a func- want no 

., , proof in the 

dy dy dv „ . , ,. . , . . differential 

tion of ^, then -^ = ^^ -- , Now, since dv divides out in notation. 

dw dv dw Why 

the second member, this appears to be self-evident. But we "^g^'hej' 

dy _ ought to be 

must remember that the — — in the first member is supposed toP™''^'!- 

be derived from y expressed directly in terms of ,v; whereas the 

— obtained from the second member, by dividing out dv, is 



not derived from y in this manner ; and though it is easy to 
see that the result is the same in both cases, yet it ought to be 
formally proved for the sake of exactness. 

The same may be said of the preceding Rule also. 
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For examples of the use of the differential notation, and of 
the Rules for differentiation in general, see Appendix (C). 

Rule XV. j-f 93. To express Rule XV. in the differential notation, 

we shall assume d^y to denote the differential coefficient of 
y on the supposition that v is constant and li alone variable, 
and d^y to denote the differential coefficient of y on the sup- 
position that u is constant and v alone variable; then we 
have 

<l>'(ttv) = d^y, <p'(uv) = d^y, 

and f(a)) = —-, and therefore 

dy , du dv 

dx d.v dm 

or dy = d^y du + d^y dv. 

Hence Rule XV. may be stated thus. 

If y be a function of two other functions of ,t m and 
V, then 

dy = d^y du + d^y dv, 

d^ydu and d^y dv may be called the partial differentials of 
Diffarentiai y with respect to u and i> respectively. Hence the differential 
bon equal of y is equal to the sum of its partial differentials with re- 
itBoaiSai sped to u and v respectively. 

More generally, if ^ be a function of any number of func- 
tions of 01, viz. u, V, w..., we have by Cor. to Rule XV. 

^y ■= ^,,y^u + d^ydv + d^ydw 

The mar.- -l-j- 94. Suppose that y is r function of u, v, w,... where 

which we u,v,w,... are variables to which we may assign any values 
conclp^tion*' '^^ please independently of each other ; then we may suppose 
of thBdif- u, V, w,... to be any arbitrary functions of a new variable ,v, 
a function for by altering the nature of these functions we may make 
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u,v,w,... vary in any manner we please when x varies, and ofs^'^ral 
so receive any arbitrary values: in fact a function of u, v, w, antvaria- 
... where u, v, w,... are any arbitrary functions of *, is just ^^' 
the same thing as a function of u,v,w,... where u,v,w,... 
are any arbitrary quantities. The advantage of looking upon 
u,v,w,... as arbitrary functions of or, instead of mere arbi- 
trary quantities, is this, that we thereby arrive very simply at 
the conception of the differential of a function of several in- 
dependant variables: for, if y be a function of the independant 
variables u,v, w,..,, we may, if we choose, consider u,v,w, 
... to be arbitrary functions of a new variable x, and then 
by the result of the previous article we have 



dp = d^y du + d^y dv + d^y dw A 



Thus if y be a function of several independant variables, 
the differential of y, regarded in this manner, is the sum of 
the partial differentials of y with respect to each of the 



What the quantities du, dv, dw... are depends upon what 
functions we suppose u,v, w ... to be of x, and what value we 
give to d^; if we suppose 7( = <^(a;), v = y^{w), «• = X C'^)' g",;/™ilf ' 
then du = ip'{,T)dx, dv -^ yp" (x) d,v, rfw = ;^'(j?) t/a? ... ; and supposed 
hence since <p, yj/^, ^ may be any functions whatever, and drt'lra^coa'-' 
any quantity, it is clear that du, dv, dw ... may have any *'^'"s- 
values whatever we please to give them. We shall in general 
suppose that u = A.r, v = Bx, w^C.v... where A,B,C... 
are any arbitrary constants, and that die is constant ; and 
then du,dv,dw... will be arbitrary constants. 

We shall therefore assume that if y be a fimction ofRefin'''p>i 
several independant variables u, v, w ... then the differential ferential of 
of y, ivhich we shall denote by dy, is equal to the expres- cfs"vor™ 

sion independ- 

d^y , du + d,^y . dv + d^y . dw ... ahies. 

where du, dv, dw, &c. are in general any arbitrary constants; 
but may also receive any variable values we please to give 
them. 

This assumption is really our definition of a differential 
of several independant variables ; which definition the pecu- 
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liar form assumed by the differential of a function of several 
dependant variables suggests to us in the manner we have 
explained. 



Examples. l^j y = u' + v' + w^ - Suvw, 

then d^y = 3 (m* - vw), 
d^y = S(v^ - uw) 
'^,„y = 3 ("'^ — wu) ; 
and .■. dy = S\{u^—vw')du + {v' — uw)dv + {vf—uv)dw\. 
Let y = a"', 
then dj/ = u''"'~^ {vwdu -i^ u log u(vdw + wrfi))}. 

RulcXVi. II 95. Rule XVI. is thus expressed in the difFerentiol 
notation. 

If fj be a function of .r and y. and we put (7=0, then 

d,,U. da? + d,,U.dy = 0, 

dy 
from winch equation we immediately get --— . 

E^iaraple. Let the given ec[aation be 

U = sia x sin y ~ xy = 0, 
here d^U = (cos ^ smy ~ y), d^U == (sin .x cos y - a,-); 
.■. (cos a; sin ^ — y) die + (sin m cos y — x) dy = 0, 
dy cos<P sin»/ - y 
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i OR DirFEEEN'l'lALS. CHANGE OF THE 



96. In the same manner that we obtain the derivative 
/'(*) of any function /{«), so we may obtain the derivative 
of/'(3i), and again the derivative of that derivative, and so 
on. Thus if f(w) = a?", /'(a?) = noT-', and the derivative of 
this is 71 (m — l).!?"-'; again the derivative of n{n~l)a!"''^ 
is « (m — 1) (n — 2) *""% and so we may go on. 

The derivative of /'(ne) is called the Second Derivative of Theu^'de- 
f(.v), and is denoted by /^ (a^) ; the derivative of/^(,f) is differential 
called the Third Derivative o( f{x), and is denoted by /=(■»), Xrt.'^'^wl 
and so on ; and in general f"(x) denotes the lifPT?". '' 

deriv. of [the deriv, of {the deriv.... (to n derivs.)f J of /(/e), 

f'(w) is also called the w'" diflerenrial coefficient of f(w). 

i)^. If woput /(*) =»/, and therefore /'(.r) = J[, then /-(^j i^re- 

(d !,\ by in 



.rw 



d.v 



Now we have seen in (80) that we may give to one of the 
qnantities dy or dx any value we please, variable or constant ; 
let us suppose da> a constant, then by Rule II, 

-~, and we have therefore f^{,.'e)= ■ — ^{-. 

di^\ 
df\w) __ {daf'j dddy 



am. 



Again /'(^) = 
i before, and so on, and in general 
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To avoid the repetition of iZ's we represent d repeated n 
times by d", and tlius we have 



Por examples of finding successive differential coefficients, 
see Appendix (D), 

P^pril" ^^' ^'^^ ^^''^ supposed d.v constant for the sake of sim- 

whenda: plicity ; if we do not make this supposition, then we have 






dfv 

which are the expressions for the successive derivatives of 
y considered as a function of ,v, whatever be the values of 
da? and dy. If we perform the differentiations, and put d' for 
dd, d? for ddd, &c., he, we have 

^ /rfj/X d'ydx-dyd'a! ^^^^ _ fHx\ = d'yda.- - dyd\v 

{d^y d.v — dyd''iD)dai^ — (d'yd'V ^ dyd'ai)Sda^d'se 
df: (») —, ; 

(<f y d/c - dy (P.r) die - S (d'y dx - dy d^a?) d'm 
■•■J i") = - - -J^- ^^ ' 

and so we may go on. The expressions however become ex- 
tremely complicated. 

In these expressions, if we suppose rf* constant, we have 

(PaJ = 0, d^x = 0, &c and therefore 



yGoosle 



NDBPENDANT 



59 



which are of course the same expressions as in the preceding 
article. 

If we suppose dy constant, we have dry = 0, (Py = 0, 
and therefore 

dar' 



99. That variable whose differential is supposed to be Independ- 
constant is called the independant variable; thus when we put abie"pv'hai. 

f^(^ic) = ——, m is the independant variable; when we put 
f^{ai) = — ^ , y is the independant variable; and when 



dependant variable. 

100. It is important to remember that — ^ represents What ri"./ 

/■"(a;), only on the supposition that a: is the independant upP^''^!,,! 
variable, and therefore, though we may always put d'y = we "^onsidei 
f''(^ai)daf when w is supposed to be the independant variable, i ml epend- 
we may not do so if this be not supposed, d'y, therefore, able!^"" 
does not always represent the same quantity; what it repre- 
sents depends upon what quantity is considered the inde- 
pendant variable. 

Thus suppose y = x'^, then dy = 2xd,v, and ify= 2dx\ if Example. 
dw be constant. But suppose that tv = «^, and ;%' y = x^ \ 
then dy = iss'djs, d^y = 12K*rfa*, if dx be constant ; now since 
it = ^, dx'='Zxdx, and .-. l-is^dss' = Sdaf', and .-. d'y = Sdx'. 
Hence, when as is supposed the independant variable, d^y = 
2dic", and when a or a;S is supposed the independant variable, 
d'^y=.3da^: from which it is clear that ^y does not mean the 
same thing when x is the independant variable, and when x^ is. 

101. It is often necessary to change the independant 
variable in an expression containing differentials; this we may 
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Change of easily do by remembering always, Ist, that the independaiit 
pendant Variable is that variable whose difFerential is constant; Sndly, 

ho™^fFL'i L '^y ^^y ^^y , 

p.i that-—, — — , -— -, , &c, represent the successive derivatives 

dor dx^ dar "^ 

of y considered as a function of w, on the express condition 

that dai is a constant; and Srdly, that these derivatives, 

whatever he the independant variable, are represented by 



,HS) 



, ..&c. &c,,,. respectively. 



Hence, if we have any expression involving 

^ ^ '£?^ &c 
dx^ d.v' ' d^v" '" 

where these quantities are supposed to represent the successive 
derivatives of y considered as a function of ai, on which sup- 
position io must necessarily be the independant variable: then 
since 

dl^] d] ^ 
dy \d,vl \ da; , 

d.v da; dx 

represent the same derivatives, we may put these instead of 

dy d'^y d^y „ , , 

-i, — -, — - ... he. respectivelv ; 
dx daP dw" 

and then we may suppose any quantity we please to be the 
independant variable, since the substituted expressions repre- 
sent the successive derivatives of i/, whatever be the inde- 
pendant variable. If the expression involve dfB, dy, d^y, d^y, 
&c. but not in the precise forms 

dy d''y d'y ^^ 
dif' dw"^ dx'^' 
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I»DEPIDBDA»T 
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'»"■" 




then . 


'e substitute 


in this ir 


i.„n., 












ds?' 


d 


dw ' 


.-. rf' 


'y = dx 


d I 


■,d.,l • 




which 


we put 


for 


d',, 














d',j 


d 


MS) 




: d'y. 


= d 


id 


/(;?/■ 

U*'- 






da: 


d.1! 


which 


put for 


d',J, 


aud so 


on. 











Ill this manner we may change the independant variable in 
any expression. The following examples will make this clear. 

102. In the expression 



where x is the independant variable, to make 6 the independant 
variable, cos $ being equal to ;v. 

Making the necessary substitutions for — , — -, we have 
dx d.v" 

(dyX 



'© 



In this expression we are at liberty to assume any quantity 
we please to be the independant variable ; let us suppose there- 
fore that 9 is, and then we have 

,1 — =i„fl^fl ^y ^y . 



{dy\ d^y sin Q — dy cos 

\dxl " ~ ~ de sin^e 
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CHANGE OP THE INDEPBNDANT ' 



(dr^ 

U*/ d^ysmG-dyco 


s9de 


dw ddsAxi'9 
■ dy cosf dy 
a^ dw sin^e dBsmO' 





in which expression is supposed to be the independant 
variable. 

103. Given the expression 



V dy" J dy'' df 

in which x is the independant variable ; to find what it be- 
comes when y is the independant variable. 



Here , 


i',, 


li,. ' 


and.-, i'ti-ia 


-m 




also put -— , = 


"1 4. 
da, 






and 


.-. i'y . 


dx 1 




and then we 


have 








\ dx 


^0- 


-W 


U«/ df 





In this expression we are at liberty to assume any quantity 
we please to be the independant vai-iable, let us therefore sup- 
pose that y is, and then we have 
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SUCCESSIVE DIPFEBRNTIATION OF FUNCTIONS 01' SEVERAL VAIHABLES. 6S 

, ldif\ dyd-m . , . 

d\ — = , since dy is now constant; 

\di^]\ 

I dw I \dar* d.x^ j 

Hence « = fs^^ + l^ — - + -^^ - 3 -^^^ 
V da/dy j dwdy d.vdif dar'dy'' 

d?ai <Pa) dy jd'o! d''w\ 

dxdy dmdy" dm \dy^ dy'j 

in which expression y is the independant variable, 

(For other examples see Appendix E). 

The following articles have reference to the successive 
diiferentiation of functions of several variables. 

-|-|- 104, Suppose that y is some function of u and «, Sucoessiy 
u and V being functions of ai ; then by Rule XV. ti'on of 

dy = d„y du + d„y dv ; uo o™ 

therefore differentiating again 

d^y = d(d„ydu) + d(d^ydv). 

Now d(d^ydu) = d^d^y) .du + d^y .d^u 

= {d,{d.y).du -^ d^{d„y) .dv} du + d„yd^u, by Rule XV. 

hence assuming dly to denote d^d„y, we have 

d(d^ydu) = (^y .du^ + d,.d„y.dudv + d„yd^u ... (l) ; 

and similarly we have 

d(d^ydv) = d^,y.dv^^+ d^d^y .dudv + d„yd^v ... (2); 

and adding (1) and (2), we obtain an expression for d^p. 
This expression becomes somewhat simplified by means of the 
following article. 
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If 105. To skew that d„d„y = d„d„y. 

p{uv); then, by 
put 



Let y = <f>{uv); then, by the definition of a partial deri- 
vative, if we put 



■\^(m'w) may be diminished ad libitum by sufficiently dimin- 
ishing u — u, without altering is ; and this is true for all 

1 f I. -J .1 J- • • 1, f('''''')-^(»'°) 

values of «: hence we may evidently diminish -, 

ad libitum, by sufficiently diminishing u - u without altering 
«' or w ; and this is true for all values of v and « (except 
of course w' actually = «). Hence, since we may make 

by taking v' — v small enough, it clearly must be possible to 
diminish d„^\f{u'v) ad libitum, by sufficiently diminishing 
u' — u; but 

d„\|/ (u «) = — ; i^ - d^d„y ; 

hence, by Lemma VI, Cor. 2, d„d„y must be the limiting 

, . d,.<p(u'v)^d^d>(uv) , , , , ^ 

value 01 — '^-i ; ^ J - -■ ■■ when u approaches u; but, 

u -u '^^ 

by the definition of a partial derivative, this limiting value is 
represented by d„\d„(p(wv)^, or d„d^y. Hence we have 
<iiidry = d^d^y. 
It appears therefore that whenever we have d^d^ written 
before any expression, we may write rf^.d^ instead of it, and 
vice versa: i.e. the order in which we perform partial dif- 
ferentiations is indifierent. 



106. 

spect to t 


Differentiating the 
(, we have 


result d„d„y = 


d,d 


,!/ with re- 


f.d. 


^= d^d,d„y = d„dly. 


putting rf„rf„ 


for 


d.d,i 


and differentiating this result, dld„ y = d„d^.dl 
larly, and so on, and in general 


ly = 


■ d,dl,j .imi. 




d^d^y = 


■ d.d;,. 
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DIFPERENTIATIOK OP FUNCTIONS OP BBVEBAL VARIABLES. DO 

It appears therefore that whenever we have d/"d^ written 
before any expression, we may write (i„(C instead of it, and 

vice versa. 

Differentiating the result d^d'^y = d'^d„y with respect to 
V, we have 

^d"j/ = d^d^d^y = d'^d^y, putting d"d„ instead of d„d™, 
and again dld'^y = d^d^d^y = d^dly similarly, 
and so on, and in general 

d^dl'y = (C<«/- 
It appears therefore that wiienever we have d^d'^ written 
before any expression, we may write Cd" instead of it. 

(Another proof of this result will be given when we come 
to speak of series in Chapter IX.) 

This residt shews that when we successively differentiate 
an expression with respect to different variables, it is no matter 
in what order these differentiations are performed. 

If 107. We shall now return to (104). Successive 

d^p is found by adding (l) and (2); hence, from what|'(""| 
has been just proved, we have 

d^p = ^y.du'^ + 2d^d^y.dudv, + ^y.dv^ + d„y.d'u + d^y.d'v. 

If we differentiate this result again in a similar manner, 
we obtain 

^y = dlp.du^+ Sdld^y.dic^dii + Sdld„y.dudv^ + dly.dv^, 

Sd'iy . dud^u + Sd^d^y. (d^udv + dud^v) + 3^„y . dvd?v 

+ d^y . d?u + d^y . dv' ; 

and so we may find d''y, he; but the results become ex- 
tremely complicated, and we shall not put them down. 

Let 1/ = j(^ -i- u^ + uv. Example. 

then d^y = %u + vi, dly = 2, d„y=%v-^u, d;y = 2, 
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bo SUCCESSIVE DIFPEREHTIATIOS OP FtlNCTIONS 

^udvV ~ " ' ^"d therefore we have 
^y = 2du^ + 'Zdudv -[■ 2rfD^ + (2m + D)d^« + (2v + w)(f«. 
Again d'^ = 0, ctly = 0, dld^y = 0, rf„(^j/ = ; 
and therefore we have 

^y = S{iidw(Pu + tPudv + dv d^u + 2dvd^v) 

+ (2u +v)d^u + (2« + u)d^v, 
and so we may find d'y, he 

The method here given of finding the successive differen- 
tials of a function of several variables is useful only for 
general purposes. In particular cases we may always find 
the successive differentials more readily by the common rules 
of differentiation. (See Appendix F where examples of this 
are given). 

Succeasiye |-(- 108. If C be a function of x and y, and we put 

tioif'oTar C7=0, then we have by Rule XVI. 

equation 

>«'""■ d,V.d,r: + d,U,dy = o, 

y and it. i ■-• > y .3 j 

and differentiating as in (107) we have, supposing dx constant, 

dlU.da^ + ^d^d^U.dxdp + dlU.df + dyU.^y = o, 

„ J dy d^y d?y 
and so we may go on, and by this means find — , -r—^-, -j—^ 

... Sjc. from the equation U = 0. 

Ex. Let a^-3axy + y^ = IJ = 0, 

then d^U=Sar' -Say, ^^U = 6a>, d^U = Sy^ - Sax, 

ifyU=6y, d.,d^U= - 3a: we have therefore 

{a>'-ay)d.v + iy'-aw)dy^O (l) 

-iaidx^ - ^adxdy + Sydy"- + (i/^ - a!.c)d^y = 0...(2), 



from (I) wc get 
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VABIAELES. 



and theii from (2) 






wliicli gives ; and so we may find -r-^, 

(See Appendix F.) 

If 109. If y be a function of « and ? 
independant variables, then supposing du and dv constant (se 
94), we have, as in (10?) [wo''^"^ 

pendant 

dy = d^y . du + d^y . dv, variables, 

i^y = dip . du^ + 2d^d^y .dudv + dly . dv^, 

^y = dly.du^ + 3dld„y. dv!' dv + sd^d^y . dudv'^ + dly.dv^ 

&c &c 

We perceive that the coefficients of the terms in the second 
members of these equations are respectively those in the ex- 
pansions of 1 + ^, (1 + s'), (i + ssy ... 

Let 1, A, B, C ... be the coefficients in the expansion 

of (l + ay, and let us assume that 

d''y'=d'!^y.du''-\-A(Sl~'^d^y.du'"''dv+Bd1'''^dly .du'"^dv^+ ... 
then d'^^y = d^(d''y) .du + d^{d'y) .dv 

= rf°*' J/. (?«"*' + Adld„y .dzi''dv + Bd^~^ dly ■ du"~^dv^ + ... 

+ i| +a\ + .-.■ 

Now ], A+1, B + J, &c. we know to be the coefficients 
in (l + ss)"^' expanded : hence it appears that if the law we 
have assumed be true for n it is true also for w + 1 ; but 
we know it to be true for i, 2, S ; therefore it is true in 
general. We have therefore 



y = dly . du" + ~ d^ '' d„y . du"^ dv 
n {n - \) 



dZ-'d^y.du''-'dv' + ... 



yGoosle 



08 SYMBOLICAL EXPRESSION OP ay. 

Symbolical |-}-] 10. This result may be briefly expressed thus, 

By which formula, we do not mean that rf„ . du and d^ . dv 
are actually quantities whose sum is raised to the n^^ power 
and multiplied into y ; but simply this, that if the symbols 
d^.du and d^.dv be connected together by the sign +, and 
raised to the «"' power in the same manner as if they were 
ordinary quantities, and if y be written after each term of 
the result ; then the expression so obtained is the proper 
expression for dfy. 

Expression -f-j- 111. We may prove in the same manner that if y 
when^'isabe a function of several indopendant variables m, w, mi...&c., 

fuaction of than 
more than ^"^" 
'ondanr ^"^ = t''" . du + d^ . dV + rf,„ . dw...)\y. 
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CHAPTER Vni. 



CERTAIN LEMMAS UPON WHICH THE APPLICATION OF ' 
DIFFERENTIAL CALCULUa IN MANY CASE8 DEPENDS. 



112. Having now concluded what may be considered 
the first part of the differential calculus, namely that in which 
we determine a set of rules whereby differentiation may be 
performed in all cases with facility ; we proceed to the second 
part, in which we shall shew some of the principal uses which 
may be made of the differential calculus in pure mathematics. 
But we must previously prove the following lemmas upon 
which the application of the differential calculus in a great 
measure depends. 

113. If f(x) changes its sign when x passes^ through i.eiama 
the value a, then f(a) must be or c». 

For /(a) is the limiting value of f(ai) when w approaches 
a (Lemma III), and therefore by Lemma IV f(ai) bas 

the same sign as f(a) for all values of 3) taken sufficiently 
near a; hence, if /(«) be positive, /(x) is positive for all 
values of w taken suflSciently near «, and therefore cannot 
change its sign when x passes through the value a; and the 
same is true if /(«) be negative. If therefore /(t)) changes 
its sign when ie passes through the value a, f(a) can neither 

be positive nor negative; i.e. it must be or -. a. e. i>. 

114. It is important to observe, that what we have /(,) does 
proved here is, not that f(jv) must change its sign when /(«) "^^j"*'^'^*' 
is or CO , but that if it does change its sign, /(a) mzts* change iis 
be or CO. /(o)iaOi 

■ By saying that, "/(j^) changes its sigli wlien x passes through the value a," 
we mean that when we ^vo s any viilue a little greater than a, f(x) has a diSerent 
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70 LEMMAS UPON WHICH THE APrtlCATION 

Thus, if f{w) = (« - «)', /(,r) changes its sign when 
X passes through the value a, and here /(n) = 0. If 

fi"') = ( Ti" » /W changes its sign when iv passes 

through a, and here /(a) = w . If f{w) = (x - af, f(a) = 0, 

but /(aj) does not change its sign; and if /(.^) = -^, 

/(a) = 05, but /(ai) does not change its sign. 

xv"m ^15. If we suppose x to increase continually, f (x) is 

increasing as long as f'(x) continues positive, and is 
diminishing as long as f'(x) continues negative. 

For, by Lemma IV, ; has the same sign as 

/'{"'), for all values of w' taken sufficiently near w: there- 
fore if /'(rt') be positive, f{fe')~f{w) has the same sign as 
of — a?, and therefore if x be > x, f(ie') is >f(^) ; i- e. /{■») 
increases when a/ increases. And similarly, if /'(■p) be nega- 
tive, f{a/) ~f{x) has the opposite sign to that of *' — <ir, and 
therefore /(«') is </(;b) if «' be > if; i.e./(a;) diminishes 
when a! increases. Hence the truth of the lemma is manifest. 



/■(ijmea- 116. Since ■ ' ^ , ■' is very nearly the same thing 

riationof as f (x) for all values of x taken sufficiently near .v, it is 
compared evident that/'C*) is very nearly the ratio of any small change 
wiihi. ill _/^(a;) to the corresponding change in a!; and therefore the 

greater /"(*) is, the greater will be the rate, so to speak, 

at which /(*) varies as compared with <r. 

Hence /'(«'), by its sign shews whether /(x) is increasing 
or diminishing, and by its magnitude the rate at which that 
increase or diminution takes place. 

If we suppose .r diminish continually, it is evident that 
f(x) diminishes or increases according as /'(■f) is positive or 
negative. 
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71 



117. // f (x) and ^(x) be any itvofimctions o/x, then ie™ma 
-TTT-T i* *" general the limiting value of ,. __ . , t 

j/fAew x' ( 






and the limiting value of the second member, by Lemma VIII, 

f'(w) 
is evidently , — in general. «. e. d. 

/" (■*) 
We say " m general,''^ because ' ,; -— ^ may become 

illusory for some particular value of x, and then of course 
this Lemma fails. In such a case the following Lemma 
will take its place. 

f ' (x) Li 

118. If s. be any value of x uhich makes ,, , . ^ 

f (x) 
illusory, then the limiting value of ■ , ■ ■■-- M?fte»i x ap- 

f(x)-f(a) . 

proaches a is «^so ^Ae limiting value of -■ , ■ ; -■ ■ ; -t- wAew 

(") - ^ (a) 
X approaches a. 

/"(hi) 
By the last proposition ^> - ^ ^ is in general the limiting 

f(ai') - fM 
value . ■ — : —■-■ when ,1;' approaches a; ; therefore 

f(w') -f(w) />) 

^(^')-<^(^)~^'(^) 

may be diminished ad libitum by sufficiently diminishing 

x ~ at; and this is true for all values of ■% which do not 

f (*) 
make -77-c illusory ; therefore it is true if we put x = a 

and sufficiently diminish x~a; i.e. we may diminish 
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72 LEMMAS UPON WHICH THE APPLICATION 

/(«) -/W /'W 

■/>(«)-'?(«) ■/>'(«) 

od /J6i#««m, by sufficiently dirainisbing ,v~a; hence by 

^' (*) 
Lemma VI, Cot. 2, the limiting value of --rv-r is also the 

limiting value of ^^l^^, or 44^^, when .v 
approaches a. a. e, d. 

119- If a be a value of x which makes the quantities 
f(a), t'(«),..f "-'(«), <;>■(«), .^=(8) ...^.^.— ("j, <!<.rf.««-o, 

omd if he not illusory; then -— is the limiting 

(p (a) f (a) 

^ f(x) -f(a) 

value of - ■ ' ■ ; -—- when x approaches a. 



For, by the Lemma, when <r approaches 



ita, ,,1. of /w -/w , li^, „,. „f .rw 



since /' (ra) and <j)' (a) are each zero, 

= lim. val. of ■- ; ■■■ by the Lemma, 

since /" (a) and ^^ (a) are each zero ; 
and so on, till we come to 

which = £11?-'., by Lemma XIX. 
0°(«) 
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or THE DIPFEtlENTIAL CALGDLCH DEPEKIJB. 73 

when -v approaches «. q. v- d. 

120. If a be n value of x which makes f ' (a), f^ (a) Cor.2. 
... f"-' (a) each ^ero, then is Me Umiting value of 

f (x) - f (a) 

— ~rs"~ wAera x approaches a. 

(x - a) 

This is easily proved by putting ip(,v) = (ai - a)" in the 
last Cor., and therefore <p(w)-(p (a) = (* - «)% <p' («) = 0, 
ip'ia) " ... ^""'(a) = 0, (^"(a) = Tn; which evidently gives 

us -^-i^ for the limiting value of , ' }^ - when x 
m ^ (.r - a)" 

approaches a. d. e. d. 

Conversely : If a finite quantity A he the limiting value Cor, 3. 
f (x) - f (a) 
"/ — T~' — 'vT" wMn X approaches a^ Mere mMsi f ^ (a) = 0, 

f*(a) = 0, f=(a) =0 ... f-' (a) = 0, and f''(a> ^Tn.A. 

For if we have/'(«) = 0, /^(w) = 0. ../'-'(«) = 0, but /» 

not = 0, r being any integer less than n ; then the limiting 

fU) - f(a) fM 

value of '— — ~^— when at approaclies a will be '— — , 

and therefore that of - ^^ _ .„ — > which 

c^ -«>-■■ c-^-'^r ' 

will be -.-L-^ (Lemma VIII.); which is infinite, con- 
trary to hypothesis. Hence the truth of the Cor. is evident, 

121. If f'(a), f ' (a) ... f-' (a), be each ssero, rt^dCor.*. 
f"{a) not xero, then, for all values of x taken suffi 
near a, f (x) — f (a) has the same sign as i" (a) (x - a)". 
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Por, by Lemma IV, — — — has the same sign as 

its limit -— — ■ for all values of ic sufficiently near a, and 
therefore /(*) —f(a) has the same sign as /"(a) (,x — a)". 

Q. E. S. 

122. If f (x) be any function of x we may assume in 
general that 

f(x) - f(.) + f (.)i=-5+ f.(a) <i^' + f'W^r 

where Q is some function of x which may he diminished ad 
libitum by sufficiently diminishing x - a. 

For assume Fife) to represent the quantity 

/(•)-{/(«)+/'W^+/'(«)^^.../-(.)^^}...(i), 

then, by differentiating this expression successively and putting 
a? = «, it is easy to see that 

F{a) = n, F\a) = 0, F'{a.) = F''{a) = 0. 

Hence, by Lemma XS, Cor. 2, must be the limiting 
value of — when w approaches n, and therefore — 

may be diminished ad libitum by sufficiently diminishing x -a. 
If therefore we put 

(»-«)■ r« ' Tn ' 

and substitute for /"(.r) its value (1) we liavc 



/«-/(»)+/'(«)■ 



n 
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OF THE DIPPERENTIAL CALCULUS DEPENDS. 75 

+ !/■(•) + «!^. 

where Q, since it = Tn - , is some function of ai which 

may be diminished ad libitum by sufflciently diminishing ai~a. 

Q. E. J>. 

This reasoning fails when any of the quantities f(a.), 
/'(«).../"(«) are infinite; for then we cannot assert that 
all the quantities F(a), F'(a), F"(a) ... F''{a) are zero; 
which is essential to the proof. 

■ffl23. // M be the least vahie of f"(x) -f"(a), ««d^^^j^_" 
N the greatest, for all values of x between a and another 
value b; then Q lies between M and N, foi' all values of 
X between a and b. 

Let C be any constant, and let us write down the ex- 
pression F(.v) — C — — — and its successive differential 

in 
coefficients as follows : 

^'w-4l^" "■-*>■ 



J?— W-C(«,-a) (1), 

F-{,)-C (0). 

Now i^" (a?) =/"(,!?)- /"(«) evidently; hence putting 
C=M, ivhicii is tlie least value of /"(*) ~f"(a) anil tlicre- 
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76 I-mMApJ UPON WHICH, &C. 

fore of F'ix) for all values of w between a and 6, it is clear 
that if we suppose <» to increase from a to 5, (supposing b 
greater than o,) the expression (O) is always positive, and 
therefore the expression (l) is always increasing by Lemma 
XVITI, but (I) is zero when x = a, therefore (1) is always 
positive; and therefore in the same way we may shew that 
(2) is always positive; and so on, and finally that (n) is 

always positive, and therefore that Tn — ~ , or Q, is 

always greater than C, i.e. M. 

In exactly the same way if we put C = JV, we may shew 
that the expressions (o), (l), (s) ... (n) are all negative while 
x increases from a to b, and that therefore Q is always less 
than N. 

If ft be less than a we may shew in exactly the same way 
that when a? decreases from a to 6 the expressions (O), (I), 
(2) . . . , and finally (n) are all negative if C = M, and positive 
when C = N; and therefore that Q always lies between M 

and A''. 

Hence it appears that Q lies between M and JV for all 
values of ,v between a and 6, ij. e. d. 

124. When a function, f(x) becomes infinite for a 
particular value of x, all its differential coefficients must 
also become infinite. 

-pQj. -LLJ — ■ ■ may be made to differ as little as we 
x -a 
please from f (a) by making /v approach a; hence if /(«) 

fUi) - f(a) 
and therefore ___ be infinite, and at the same time 

f' (a) finite, we may make infinity differ as little as we please 
from a finite quantity; which is absurd. Hence f(a) = co: 
and therefore by similar reasoning f^{a) = co and f^(a) = oo, 
and so on. 

This reasoning does not hold if a= ca- 
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CHAPTER IX. 



OF THE MPFERENTfAL 
UNCTIONS ; ■WITH SOME 



THE DEVELOPEMENT 
REMARKS BESPECT- 



We now proceed to shew some of the principal uses 
which may be made of the differential calculus in pure 
mathematics, and in the first place its application to the 
developement of functions in series. 

125. It will be necessary to mal^e a few preliminary Prelim- 
remarks on the nature of an ordinary series of the form ^^4^6- 

Bpecting 

J^ + J,w + Ai)ti^...+ A„x"+ &c....; ^'="^*- 

and to settle precisely what we mean by the equation 

f(!v) = 7l„ + A,.v + A^a^...+ A„!v'-+ &c....(l) 

which expresses the developement of a function f(^) in a 
series of powers of o'. 

126. In the first place we may remark that the sign=ai»ays 
= here, as well as elsewhere, always signifies actual equality ; actuaf^ 
for mathematicians always consider themselves at liberty, when equality, 
they have two expressions of any kind connected by the sign 

=, to use them indifferently for each other, and to sub- 
stitute one for the other in any calculation ; which certainly 
they have no right to do, if the sign = does not always 
signify actual equality. We shall therefore always use = as 
the sign of actual equality. 

127. Secondly, by the second member of the equation (1) Wemust 
we do not in general mean a series of terms infinite in number, rai supposi 
but a series of terms carried on according to a certain law conBist^of 
to any number we please, with ; 
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nB,but ferent kind from the rest, which is commonly called a ve- 
nber m Binder : the former terms are represented by 

n being any integer, aud the remainder is represented by the 
"+ &c.," which is written after the term A,,;)!". The remain- 
der we shall often denote by writing + R instead of " + &c." 

Thus when we say that 

-—- = 1 +a^ + ^...+ ,T;"+&c (2) 

we do not in general mean to assert that 1 -^x + ie^... to 

an infinite number of terms = , for if so, suppose ,t = 2 

and then we have 1 + g + 8 + 16^.. to an infinite number of 
terms =—1 which is manifestly absurd. But we simply mean 
to assert that 

—^ = 1 + ,1^ + ,r^.. + af+R (S) 

where « is a number as large as we please, and R a certain 
quantity which must be always added to the series to make 
the second member of the equation equal to the first. In fact 
the " + &c." in equation (2), and the + fl in equation (3) 
mean the same thing. 

In the present instance the value of R is , for it is 

easy to see that 

~ = 1 + iU + iK^..,iC"+ , 

\-x 1 - « 

and thus when ic = 2 we have 

- 1 = I +2 + 8 + 16... 2"- 2'*', 

in which equation there is no such absurdity as there is when 
the number of terms is considered infinite. 

e may 128- Thirdly, if it should so happen that R is a quantity 
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which may be diminished ad libitum by sufficiently increasing **^;^^;^;^^^ 
n, then we may assert that "^sert that 

to an infinite number of terms; or perhaps more correctly, '^""^^ 
that/(a7) is the limiting value of ^n + AiW + A^a!^...A„a!'' when 
n approaches infinity. 

For f(j)!) - {A^ + AiX + A.^ai^...A„w'"), since it = R, may 
be diminished ad libituin by sufficiently increasing n ; and 
therefore, by Lemma VI, Cor. 2, /(/c) is the limiting value of 
Aa + A^at -^ AzX^...A„x'' when n approaches ». When we 
assert therefore that 

/(<*) =^0 + ^i(P + Aiiii\,.ad infinitum, 
we simply mean that /(a?) is the limiting value of 

A^, + AjX + A^x^ + ...A^x", 
when n approaches co. 

129. When R may be diminished ad libitum by siif. JJf "'^^„°" 

ficientlv increasing n, the series vergingEnil 

■" ^ ofadiyerg- 

A^ + A^X + ^2(i'^.,^„*''+ R ingsenca. 

is said to be a converging series : otherwise it is called a 
diverging series. 

Hence we may assert that 

/(«) = A^ + Ai'V + A3X^..,ad infinitum^ 

when the series is converging, but not otherwise. 

130. In the fourth place we may remark, that we may a function 
always assume "doped in' 

/(a?) ^ ^0 + ^1* + A^W\..A,W^+ R, numVr'l' 

different 

where An, Ai, A^.,.A„ are any constants whatever. For we' 

may always give R such a value as will make the second 

member of this equation to coincide with the first, no matter 

what values we assign to ^q, A^, Ag...A„. 
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»V I'EHFECT AN1> fMPEEFECT SERIES. 

Thus we may assume 

^— — = 1 + w -i- x" + Sx- - 7x^ + U, 

^(t^ 1 9 ^r^ + 7 jf* 

for by giving R the value - — ~— the second member 

of this equation becomes identical with the first. 

We may therefore expand any function /{k) in an in- 
finite number of difl'erent ways in a series of the form 

Disiinciion 131. And here, in the fifth place, we may make an 

perfect and important distinction ; namely, the distinction between what 
fe°tdeve- ^^ ^^J "^^ ^ perfect and an imperfect developement. 

The series J^^ JiX + A^ai^ ... J^w' + R we shall call a 
perfect developement of fi^), when R is of such a nature, 

that zero is the limiting value of — when w approaches zero ; 

and if this limiting value be not zero we shall call the series 
an imperfect developement. 

That we are justified in making this distinction, and re- 
garding it as a very important distinction, is evident from the 
following theorem. 

i;heprin- 132. The principle of indeterminate coefficients holds 

dB^e™in'ate/«'' « ferfect developement, hut not for an imperfect. 

eoefficieata 

''erfecUut -^y *^^ principle of indeterminate coefficients we mean this: 
not for an that if we have a series 



develope- 



A^+ A^w + A3ar' ... + A^af^-R, 
which is proved to be zero for all values of x, then mi^t 
A = *'' ^1=0, A.^ = ... A„=0. 
Let Att + Ai/B f AiX^ ... A„a:" -{■ R be a perfect sei 
which is proved to be zero for all values of x, then must 

R J'o + AiOi + A^x^ ... A^x" 
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PERFECT AND IMPEHFECT SERIES. Hi 

for all values of ,1;, except of course the value zero: but 

the series being perfect, the limiting value of — , when x 

approaclies is zero; hence, by Lemma VI, Cor. 1, zero 
must be the limiting value of 



' approaches : now if Aq be not zero, 



when X = 0, and its limiting value cannot be zero when ; 
ero ; therefore A,, = 0, and we have 

A„ + A,.T ... A„a>' Ai + A^o!... A„m-^ 



except of course when a; actually = 

Hence zero must be the limiting 
tity when .v approaches 0, which 
unless ^j = 0: and so we may go ( 
^, = ... ; and lastly, that 



value of this latter quan- 
13 before cannot be true 
n and prove that A^ — 0, 



the limiting value of which cannot be zero unless A,^ =■ 0. 
Hence the principle of indeterminate coefficients holds for 
a perfect series. 



But the principle of indeterminate voej 
hold for an imperfect developement. 

Por by what we have just proved, it is evident that if 
Ad, A,, A^ ... A^ be each zero, then the limiting value of 

— when ai approaches zero must be zero, and therefore the 

series must be perfect. If therefore the series be not perfect, 
Ao, Ai.,.A„ cannot be each zero, i.e. the principle of in- 
determinate coefficients does not hold. 
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Hence I think the importance of tiistinguishing series into 
perfect and imperfect is manifest. 

whichh^" ^^^- Lastly, we may remark, that if /(*) be a function 

only one which has Only one value for each value of w, it cannot be 
each value developed in more than one perfect series. 



Ja + AiX -t Jii^...J„a)^+ B, and B„+ SiX +B^w'^...B^a;"+ S, 

be both equal to /(a;), then since /(*') has only one value for 
each value of x, these series must be equal to each other ; and 
therefore we have 

Now when w approaches 0, the limiting values of -- and of 

— are zero, therefore so also is that of — : hence, by what 

has been proved in the preceding Article, we must have 
J, = B^, Jj = B„ A., = B.,...J, = B,„ and therefore R=S; 
hence the two series are identical ; and therefore /(;») cannot 
be developed in two different perfect series. 

Having made these preliminary remarks, we now proceed 
to shew the manner in which the Diiferential Calculus may be 
applied to the developement of functions in perfect series, 

Proposi- 134_ To develope f (a + h) w « perfect series of potvers 

Siv "-^ ^■ 

{MH-eot'" In Lemma XXI. put a + k for a?, and wo have 

series of 

powetsofft. I IS /.n /.<: 

fi.+ l,)-na) -/(a) -^ +/-(„) L ,..^.(„, ^ + Q j_ (,), 

here Q — is the 

zero is the limiting value of Q when x approaches a, i. e, when 
k approaches zero, (see Lemma XXL), and therefore the same 

is true of — ; hence (1) is a perfect developement. Since 
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TAYLOH S SERIES. OO 

Lemma XXI. fails when any of the quantities /(«), /'(«)' 
f'{a) .../"(a) become infinite, this developement fails under 
the same circumstances. 

This developement is known by the name of Taylor's Taylor's 
Series ; when « = it is called Maclaurin's Series, in which faurin's''' 
case it becomes ^"^' 

We may write the developement (l) thus 



remembering what " + &c." means. 

The following arc very important examples of this de- Esampl 
velopement. 

136. Let /(<^) = iP" ; and therefore Develtm 



/"{a7)=m(m-l)(...)(m- w + Oa;"-"; 

then putting 1 for a in the developement (l), we find 
»(m-l)„ 



<>+.)-. 



(1 + A)" = 1 + - A + - 



. (m-1) (....) (m 



Tn 

which is the binomial theorem for any value of the index. 

Let f(w)=\og.T, and .-. p(.x) = r(n- iX-a?)""; then Deveiope- 
pntting 1 for a in the developement (l), we find log(i + i). 

log (1 + A) = + — ... 4- — -i- &c. 

Let/(<«) = &■', and .-, f°ix) = k"(f, where k= logc, then Deveiope- 
putting o = in the developement (1), we find c'. 

fCh'- 
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84 



I COMMITTED IN NEGLECTING 



Let /(*) = sina;, and .-. /" (ar) = sin [ a- + - 
putting d = in the developement (l), we find 



sin h = 

n rs rs 

Similarly we find 



■ + (-)• 



r(2« + i) 



• + (-)■ 



r(2>i) 



. + (-)" 



For more examples of the 
Appendix G. 



r(a«+i) 

of this developement, see 



ttl36. If we 



the remainder Q -— — in the devel- 



when the 
remainder 
in Taylor's 



(l) last article, the error we commit in so doing lies 

between M and N-:^—, where M and N are the greatest 

and least values of f^ (x) - f " (a) for all values of x between 
a and a 4- h. 

This follows immediately from Lemma XXII, if we put 
6 = a + A: for it is there proved that Q lies between M and N 
for all values of x between a and b (i. e, a + A)> and therefore 
for the particular value o + A ; consequently the remainder 



rn 



1 



= 1, A = — , ™= 5; then 
10 



Ex. 1. Lei /W . log.i 

,r(»-0. 

the greatest and least values of this for all values of x between 



y Google 



I REMAINDKK IN TAYLOK S SERIES, 



1 and 1 + — are evidently and n 



the error lies between and - 
5 

therefore 



1 11 11 11 11 

10 ~ 9 10'^ 3 10'' 4 10' 5 10^ 



Since — = .000006 ... this error lies between and 
11^ 

.000004 . , 



■ which has no significant digit in the first 6 
decimal places. 

Ex.2. Let f(ai)r=ivK a = ], A = — , n = 5; then 

the greatest and least values of this for all values of so between 

1 and 1-1- — are and 



Hence the error lies between and 

1.3.5.7 



156 lio* n' Vio^ (' 
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which is evidently, in numerical value, less than — ( — 

20 VlO^ 31 - 



Hence we have 



10 2 10 2^10^ 2'' llf 2^10* SMO^ 

+ an error between and -.0000002.... 



Ex. 3. Let f(as) = e"", « = 0, /* = l, n = U) ; then 

the greatest and least values of this for all values of m between 
and 1 are e— I and 0. Hence the error lies between -■■ , — 

r(io) 

and 0, or between ; and since e is < S ; therefore 

r(io) 






r(io) 



+ an error between and — - — , which has no significant 

r(io) ^ 

digit in the first 6 decimal places. 
Condition || J3y_ Let M„ denote the numerical value of 



for any value of x between a and a + h; then if the Jimiting 
value of M„ when ii approaches « is zero, the developement 
(l) is converging, and we may assert that 



/(» + *) -/(«) +/■(■>) ^+/'(«)|-^ 
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For then it is dear that 

)/.(..) -/-Mi ^ 



diminished ad libitum by sufficiently increasing n : therefore 
by (130) the developement is converging, and we may assert 
that 



ft 138. If, for all values of n greater than a certain value A simpler 

I ' ° condition of 

)■, '-- — never exceeds a certain ratio a which is less than gency. 
unity, the developement is converging. 

„ , , Mrn Wr+S W|-+3 

For then we have — -^ not > a, — not > a, not 

> o. — — not > n; and therefore, multiplying these in- 
equalities, we have — not >a""'', or u„ not >a''"u,.. Now 

since « is less than unity, the limiting value of a"""" when 
n approaches eo is zero, and therefore, zero is also the limit- 
ing value of «"""■«„ and therefore of ii„: consequently the 
developement is converging. 

139. By means of Lemma XXI. we arrive at the con- Taylor's 
elusion, that there necessarily exists a perfect developement of J^Jcd^at" 
/(« WO "' the form — X. 

A -I- Jih + J^h' ... + J^h" + R, 

provided none of the quantities /(a), /^a), /°(a) .../"(a) 
be infinite; we shall now prove the same thing somewhat 

differently. 
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By (l3l) we may assume that 

/W.A + -<■(«' -«) + ^,fr-«)'... + ^.(.''-«)-+«----Ci). 

Jt,> Ai...A„ being any arbitrary constants, and Jf that quantity, 
whatever it be, which must be added to the second member of 
the equation to make it equal to the first. If we can so 

determine A^,Aii A^.-.A^xSi^X the limiting value of — 

"when (s approaches a shall be zero, then the developement (l) 
will be a perfect developement. Now if this limiting value 
= 0, it follows from Lemma XX, Cor. 3, that 

dS d^ fR d'R 

do; ' dai'^ ' dtv^ " dx" 
must be each zero when w = a. Hence, differ on tiating (l) 
put in the form 

f{a;)~A,-A,{a:-a)-A,[_^-d)....-A^ {^ - a) = R 

n times successively, and then putting .v = a, we obtain the 
following equations: 

f(a) - ^« = I 

f(a)-ruA, = o\ 

f(a)-T^.A,= [ 



.(2), 



f"(a)~rn.A^ ^ ) 

which equations give us the values of J,,, A,, As ... A„, 
necessary to make (l) a perfect developement. 

And conversely, if we give the values (2) to At,, A,, 
Ai...Aa, we shall evidently have 

dR d^R d"R 

ff = 0, = 0, — ^ =0 ... —— = 0, when w = a; 

dw dar dx" 

and therefore the limiting value of —■ _ ■ -■:„ when w approaches 
a, will (by Lemma XX. Cor. g.) be zero; i.e. the develope- 
ment will be perfect. 
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Hence it appears (putting on — a — h) that 

/{«)+/■(«) ji +/■(«),-, /■«£ + « 

is a perfect developement, and the only perfect dcvelopement, 
of /(« + i). 

We must except however the case where any of the 
quantities /(«), /'(a), /'(«) .../"(«) are infinite, for then 
we cannot be sure that the equations (2) are satisfied by 
giving A„, A,, A^ ... Sic. the above values; for instance, if 

/'(a) = ~, we cannot assert that /^(«) -Ts. ^3 = 0, if we give 

Ag the value -, for then the quantity f^{a)-r3.Ag assumes 

the form , which we cannot assert is zero. 



140. If /(a?), and all its differential coefficients below The failure 
a certain one, the p*^ suppose, be finite, but the y (and all °4-e^^'°''^ 
above it by Lemma XXIII.) infinite; then the developement 

(l) holds as a perfect developement for all values of n less 
than p, but for all other values of n it fails. 

141. When a failure of this kind takes place, it isAdifferen- 
generally possible to obtain a perfect developement containing J.'^nt'be^" 
fractional powers of A after the p"' term. 



For let F(.T) -/«-/(.)-/•(«) - 



/'-'wfe^'.-=c^^) 






otfraetional 
the devel- 



■- > ' rs ■■ ' " r(p - 1) 

then it is clear that 

F(a)=0, F'(a) = Q, F^(a) = O....FP-'{a) = 0, 

but FP(a) =p(a) = OD ; since we suppose that /(«), /'(«), 
/'(«) ■■■■/""'(«) are finite quantities, but /"(«), /p+'(«) ." 
infinite. 



y Google 



no FACLURE OP TAYLORS SERIES. 

Hence, by Lemma XX. Cor, 2, the limiting value of 

FM , F(/e) 
—~ — - — ~ is zero, and that of — — is infinite, when a? 

approaches a. 

Now if any function <p{.v) = wlicn ;v = a, we may 
generally find some power of a: — a, {w — a)™ suppose, such 

that the limiting value of ~- — ^ when x approaches «, 

is neither zero nor infinity. Let us then suppose (iv — a)™ 
to be such a power of w — a, that the limiting value of 

— — - — when as approaches a is some constant C, which is 
(lB - a)™ 

neither zero nor infinity: then, since 



it is clear that the limiting values of -— j and 

are 0.0™"''+' and C.O'"-?. If m be less than p- 1 the former 
of these is infinite, which we know not to be the case ; and if 
m be greater than p the latter will be zero, which we know 
not to be the case : hence m lies between p -l and p, and is 
therefore a fraction. 

F(.v) 

If therefore we assume 7— ^r- = C + Q, Q will be some 

{le - ay 

quantity which becomes zero when a! = 0, and we have, putting 

for F (j?) its value 

/O.) =/(«) +/'(«) ^--—^ +/'(«)^^' 

which is a perfect developement containing a fractional power 
C {x ~ a)'", m being greater than j> - 1, and less than p. 
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FAimilB OF TAYLORS SERIES. yi 

Thus it appears that when any differential coefficient 
ff (a) becomes infinite, it indicates the appearance of a frac- 
tional power in the developement oi f(jv) in powers of a; ~ a. 

142, We may generally apply Taylor's series, in the How tie 
following manner, to determine the developement of /(.^), when ment'^no 
fractional powers appear in it in consequence of some of its ''V^'^j,"^'^ 
differential coefficients becoming infinite when w = a. of ihedif- 

Put CO = a + ss", and /(a?) will become a function of is, beeomeTn- 
d)(») suppose: then, if possible, so determine v that neither fi""*- 
d)(«) nor any of its difFerential coefficients shall become in- 
finite when s = 0, and this being the case we shall have, by 
Taylor's Theorem, 

■#>« - -fco) + *'(o)^ + *'(o) ^ .- r^") fi*"' 

n being as large as we please. 

Now here put for « its value {x - ay , and for ^(s') 
its value fix), and we have 



which is the developement required containing fractional 
powers. 

There are also other ways of substituting for x, so as 
to obtain the developement of /(<r) by Taylor's series. 

Ex. Let /(«) = sin{a; + l + (,^-l)l}; e 

here it is easy to see that /^(O) = » ; therefore we shall not 
be able to develope /(a?) in this case in integral powers of 
a! — 1. To obtain the developement by means of Taylor's 
Theorem, put w= I + x\ and then 

./■{■I') = sin (2 + JK^ + .«=) = 0(;s), 
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FAILURE OF TAYLORS SERIES. 



and it is easy to see that neither (p{x) nor any of its differ- 
ential coefficients become infinite when « = : therefore we 



/(..) - ,;. (0) + ^'(0) '-^ + .^■(0) ^' + ^'Co) ^^' + &c. 

By actual differentiation, and putting x — 0, we find 

^(0) = sin2, ^^(o) = 0, ^^(0) = 2cos9, 0^(0) = 6cos2,„8ic. 

and therefore, 

sin5i»+ 1 4- {x ~ l)^ =sm 3 + COS2 .{x ~i) + cos2 .(a! - l)i+ kc. 

Same ex- This method however is not generally the simplest in 

done more practice ; other substitutions for a) often bring out the result 
simp y- jjiore readily. Thus assume 

X - 1 + (a! - l)i = X, 

and then /(ic) = sin (2 + ») =<j>(!s), suppose; 

and it is evident that neither <p (z) nor any of its differential 
coefficients become iniinite when ^ = 1 ; i- e. when k = ; we 
have therefore 

<pi^) = (p(o) + ^'(0) - + ^'(0)— + kc. 

Now since (p(x) = sin (S + k), we have 

^(0) = sin2, ^'(0) = cos9, ^H0)= -sina, 

d>^(p) = ~cos2 ,., &c. ; 

and therefore, restoring for s its value, we have 

/(*) = sin 2 + COS2 . {(x - + (^ - i)^ 

-sin9.{(*-l) + (*-l)^}^ 

if we arrange this in powers of {a; - l), expanding each term 
by the binomial theorem, we find the developement required. 

.r(a)bejrE 143. These methods clearly suppose that /(a) is not 
dicatesihe infinite. 
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T or PUNOTIOKfi GIVEN IIY EQUATlONa. 'Jd 

If /(«) = « , then if we assume appeal'- 

and so determine s that <p(a) shall not be infinite, we may 
develope (p{^) as above in the form 

^(a') = Jj, + J, (« - ra)' + ^(.s - a)' ...&c. 

and therefore, restoring /(ai), we have 

/(..)-A(^-«)- + ^, (»-«)""■ ■•■&=. 

Hence, /(«) becoming infinite when x =■ a, indicates the 
appearance of negative powers in the series. (For examples, 
see Appendix H.) 

■f'-f" 144. Suppose vie have a relation betwe&ii x and y, Dovclope- 
vix. f (xy) =0, to develope. y in a perfect series of powers function 

of X. f "uatiott ^^ 

To do tills all that is necessary in general is, to write down 
to the equation fQey) and its successive derivatives, and then 

to put af = 0, and so find the values of u, — , — -„ , &c. when 
da? dor 

a> = 0, and thus obtain the perfect developement of y in powers 

of iv by Taylor's Theorem. An example will best explain 

this method. 

Let the relation between x and y be Example. 

y''-a;y + %x=l ... (i); 

then differentiating successively, we have 

(3y'-a^)p-y + 9 = 0... (2), 

{3y^ - ai)q -i- 6yp^ - 2p = ... (3), 

1 1. 1 . ^ dy d^y d^y 

when p, q,r ... are, for brevity, put for — - , — i, — - ... 

dx dw^ dc^ 

(3/ - !e)r + (iSyp - S)q-\~6p^ = ... (4) 
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y* DEVELOPEMEHT OP rilNCTIONS GIVEN BY 

Hence putting x = 0, we find 

from (l) f = 1; .: y = I, (at least 1 is one of the 
S values of »/); 

.-. from (2) 3p + 1 =0; .-. p == - -; 

fi 2 4 

.-, from (3) 3o + - + - = 0; -■, w = ; 

^'^93' "^ 9 

„ , , * 2 38 

.". irom (1) .Ir + 9 . - + - = ; .■.)■=—-—; 

9 9 27 



Hence hy Taylor's series, we have 



3 ri 9 ra 27 l'3 

Howwe -j^ H5. It often happens however that we thus get in- 

ceedw^n finite values for some of the quantities p, g, r, &c., and of 
serf^fik ''**'"'^^ ^'''^ method fails; we must then proceed as follows. 

Let a be a value (or one of the values) of y when 
ai = 0, then substitute a + uaf for y in the given equation 
/(xy) = 0, and, if possible, give m such a value, that the 
limiting value of u when w approaches shall not be or co, 
but some quantity, ft suppose. Then assume ti= b + vx", 
substitute this value of u in the equation and so determine m, 
if possible, that the limiting value of v when ai approaches 
zero shall not be or », but some quantity, c suppose. Then 
assume v = c + wx^; it is clear that in this manner we obtain 
a perfect developement for y, viz., 

J/ = « + bx'" + cw'"'^" + R, putting R = wx'"*"'*''', 

which we may carry as far as we please. 

Severaldif- It generally happens that we obtain more than one value 
feceni sene.? ^^ jy when iv = 0, and more than one value of m, or of n. 
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or of r, he, which satisfies the above conditions, in which s^°*^^'/.„ 
case we find more than one perfect developement for y. thisman- 

An example will be necessary to make the nature of tbis Example. 
process of developement clear. 

Let jf^ — Saaiy + w^ ^ 0, 

then y = when a? = ; assume .•. y = uaf, 

and .'. substituting 

li-'af''" — SttM.u'"'''' -I- ip' = ... (l). 

Now here the powers of x cannot be all different, since the 
coefficients of them are, either constant quantities not equal to 
zero, or quantities which we suppose not to approach zero as 
their limiting value when x approaches zero : for it is clear 
that if all the powers of w be different, and if the equation 
be divided by the lowest power, and ce then put equal to 
zero, the coefficient of the lowest power must necessarily 
become zero, contrary to hypothesis. 

Since then the powers of x cannot be all different some two 
of them must be the same; either the first and second, or the 
first and third, or the second and third. 

(1) Suppose that the first and third are the same; then 
Sm = m + 1, and .-. m = 1 ; then (i) becomes, dividing 
out x^, 

u^ — Sau -i- a positive power of a; = 0, 

which gives u = or ±\/3a when a; = 0: we must of course 
reject u-0, since we want only those values of u which are 
neither nor co . 

(2) Suppose that Sm = 3, and .-. m= 1, then we have 

M™ + 1 + a negative power of a; = 0, 

which .-. gives « =cc when w = 0; this value of m must there- 
fore be rejected. 
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yb DEVELOP ISM EN T I. 

(S) Suppose that m + I = 3, and .-. m= 2; then we have 
— Sau + 1 + a positive power of a; = 0, 

which gives w = — when ,r = 0. 
^ 3a 

Hence it appears that there are two values of «j, namely 
^ and 2, which answer our purpose, and that when .v ap- 
proaches 0, u in the former case approaches s/sa or - x/aa 

as its limiting value, and in the latter case — . 
3a 

Hence, proceeding only as far as the first terms, we have 
the perfect develop erne uts 

y = A:\/3axi + R, 

and y = — + R'. 

3a 

To obtain the second terma of these developements we 
must assume m = ^, or 2, and 

u = ^\/3a -\-vat'\ or M = 1- vx" respectively, 

and substitute in the equation (l) and proceed as before, and 
so we may go on to any number of terms. It is often useful 
to obtain the first terms of the developements as in this Exam- 
ple, but we seldom have occasion to go any farther. 

The It is clear from this Example, that to determine the first 

stated in terms of the developements, we have only to put y = a -^ u.v'" 
geueral. ^^ being the value of 1/ when J7 = 0) in the given equation, 
then suppose the powers of w to be the same, two by two. If, 
when we suppose two powers the same, any of the remaining 
powers is lower than them, then there is no value of u such 
as we want corresponding to these two powers, (as in the case 
where we assumed Sm = 3 in the Example). If, however, 
none of the remaining powers is lower than the two supposed 
to be the same; then dividing out the lowest power of w from 
the equation, and putting m = 0, we obtain a value or values 
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of u, (rejecting of course any vaiue which = zero); and thus 
we oblain the developemeiits required. 

{For examples and certain simplifications see Appendix I.) 

■f-j-'lif!, ff f(xy) be any function of x and y, and jf we Develope- 
put X = a + h, y = b 4- k, to develops f (ty) in powers of h funciion of 
and k. |;^»J^'- 

Putting a + h for j', wc have, by Taylor's theorem, in powers 

of ft and ft. 

f(."j) -/(» + »,!;) -/(«») + </(«?) ('- ... 

+ «/("!/).~ + S><!....(l). 
but by the same theorem, if we put b -\- k for y, we have 
/(«2/) =/(«,/> ^- /*) =/(«/>) ^dj(ah) A.... 
+ 'itf(ab)^\..kc....(^). 

Substituting this value of f(ay) in each term of (l), we ob- 
tain the developement required. 

Now the general term of (l) is d'^f{ay')^—, and by (2) 
the general term of this is 

hence, giving m and n their several values, * 



+ <*■/(» ')jT^ &c he. 

Sec &c. 
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Symbolical If we use a symbolical form similar to that in 110, 

formofthe ,, . . •' , n ■ t ,■ n ■ 

develops- tnis expansion may be expressed in the following manner, 

ment anil i-i 

Serkl^'"''^ {observing that ~ is the coefficient of h'le"-'' in 

(A + ky expanded j , viz : 



Taylor's series expressed similarly may be thus written 
/"(a) being supposed to be the same as/(a). 



A nother 
proof of the 



j-f 147- In the expansion of f(a + h, b + k) above ob- 

d^''d,-y tained, the coefficient of -= — ;=— is d^dtfiab). Now if we 

' had arrived at this developenient by first putting b + k for 
y and expanding, and then a + h for w and expanding again, 

it la easy to see that the coefficient of would have 

been dl^ f{ab), hence we must have 

a result which we obtained before in (106), 
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CHAPTER X. 



BE-rSEMINATlON OP THE LIMITING VALUES OF VANiaillNS 
FRACTIONS. 



MS. This DifFerential Cilculu'i Hid\ often be employed J.J'^'J'^^'^,^ 
with great advantage to deteimine the liniiting values of 
vanishing fractions; i.e. functions which assume the illusory 

form - when the variable lecwvea isome paiticulai value. 

Jf f(a) = and .^(a) = 0, to determine the limiting valiie T<> Aetsi- 

f(x) limitiriK 

of —p-r when X approaches a. value of a 

(X) vaiiisliing 

fraction. 

S,„ce /(.) and ,J(.) are zero, — . -^-^— ^^ ; 

hence by Lemma XIX. the limiting value of -—^ is -~r\ 

or more generally, by Lemma XX. the limiting value of 

—y — when it! approaches a is also the limiting value of 
(*) 

■—LL ; if it should so happen that —77-^ is not an illusory 

quantity, then it is the limiting value we seek : but if 
f'(a) = and d>'(a) = 0, then by the same Lemma, Cor. 1, 

the limiting value of ■ -■, ■- ' - is that of -■ , - , and therefore 

■ , if not illusory, is the value we seek : if however f'^{<i) 

(«) 

and <p^ia) be both zero, then we must try the third diffe- 
rential coefficients, and so on till we come to two differential 
coeificients which do not both vanish (nor of course become 
both infinite) when x = a; and thus we shall obtain the 
limiting value we seek. 
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Casa in If we come to two ciiiferential coefficients which both 

method become infinite when ,^' = a then there is no use in going 
fails. farther, since all the succeeding differential coefficients will 

be infinite also by Lemma XXIII. 

Howweare liO- In such a case we must proceed as follows. 

to proceed 

in such a Put a + h for ,» and expand fifi'-^h) in a perfect series 

f{a)+Ah''^-R.' and <pia^rh) in a perfect series ip (a) + B h^ -^ R ; 
then since fia) and fp(ix) are each zero, we have 

A - 

f{a^k) _ Ah^ + R ^ ^_^ ^ h- 

<p(a + h) Bk^+ R' ~ " ' R'' 

Hen CO, since the series are perfect and therefore the 
limiting values of — and —q when /* approaches each zero, 

the limiting value of — — — - when h approaches zero is 

the same as that of A""^. — . Now if a>fi this =0; if 

a</3 it = 05; and if « =^ it =— . Thus the required 

limiting value is found. 

This latter method is sometimes preferable in cases where 
the former does not fail. 

Examples Let xA-/- = , 

fracliona. ^ \ i 

which assumes the form - when x = a; 


here f (ai) = nx"'' = nd"~'^ when x = a, 

(p'(w) = 3a^ ~^a,v + a^ = ^a^ when j? = a; 

hence the hmiting value of "--- when x approaches a is 
<p (*) 

<p' (a) 9 
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f(ie) tan .1!- sin a. ,., ^. . O Example!. 

Let = ! winch assumes the lorm - 

when *' = 0, 



/>)^sec^ 
<p' (.»■) 



150. Here we must make a remark of some importance. Impoi^ant 

f (_^) often make' 

Suppose that we obtain , in the form UV, and tliat inthepro- 

<p (.v) -^ess. 

we know A to be the limiting or actual value of (J corres- 
ponding to the value of a) which makes the fraction vanish; 
then, by Lemma VIII., the limiting value we require is 
A X limiting value of V. Hence if in the process of obtaining 

f'(a!) 
the limiting value of a vanishing fraction, we find that ' , 

has any factor whose limiting or actual value we know, we 
may always substitute immediately for that factor its value 
whatever it be, and so simplify the operation. 



ie = 0, we may therefore sabstitute 1 for it, and then we have 
only to find the limiting vali 

d (l — cos^ x) 

and here again putting 1 instead of the factor cos'.r we have 

,. . . sina^ . dsina; 
only to find the limitme value of ; i. e. of — ; 

or — ^^ — , which is ^. Hence the limiting value required 



ot : 




3,*' 


cos' 


>.in<t 
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'' ^^^ Tr7"\ '^ "■"''■ ~~~ — Z ! whidi assumes the form 

, 

- when ,1; = 0, 



the limiting value of which when « = o is evidently -. 

Let -—1- = (1 -a;) tan ~, which assumes the illusory 

form 0.x when w = 1. This is the same thing as the form 

.^ /■(,-») 

- , as appears if we put " m the form 

(, - ^) sin ~ 



Now the limiting value of this is the same as that of 

1 - X ^ . . TTX 

— ^^^ (since sin —— = J when .71 = i); 

cos — - 
2 

i. e, of '■ " which = — . 



s the form co — co , 

the b^me as which is the same form as ": for let - — -, — be a 

.hefo™^ , . . /(,r) 0(*) 

function which assumes the form » — co when a>=^a, in con- 
sequence of/(n) and (j) (n) being each zero; tlien 

_2 L. „ (') - /(■') 
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which assumes the form - when .v = ^ thus the illusory 

forms - and ra — TO are idcnticah 


Hence when we wish to find the limiting value of a liowtofinil 
function which assumes the form co ~ 03 , we must reduce itTalueofa 

Q function 

to a fraction, so that it shall assume the form - , and then "|!j.^'^ 






; above. 



— becomes co - x when ai = i : to find its Examples. 

,t" - 1 ,^ ~ 1 

limiting value we must put it in the form __ ■ ■ , whit;h 

assumes the form ~, and whose limiting value therefore is 
that of — , or - i. 



- a + V^ax -2a^ ... 

- , which assumes Example e 



*W -y.^-.' £E,;' 



failure of 



the form - whei 



Here /"(a) and (p'(a) are both infinite, we must therefore 

^ , /(«) , h + v/i^ , . , 

put ,v = a + h, and then becomes ■- . , which 

k^ + vS a , . , , , , , . 1 , . . 

= ■■ ■■ ■ , which = 1 when A = 0, hence the required umit- 

\/2a + A 
ing value is 1. 



vhich assuDies the form - when ie = I; here f (1) and (p- (1) 
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METHOD OF PINDINO —- FROM 



are both infinite; we must therefore put .%■ = I + A, and thci 
-TT-^ becomes 






.: putting r:' = [ J /( (A + 2) ^ ]^ = 2^ Ai + &c. . . , 
we find /(a?) = + R a perfect developenient, 
and ^ (as) = 2h^ + R' ditto, 

and .■. the required limiting value is that of — -j- which = \/2. 
(See Appendix J.) 

When we ff]53. It often happens, when we are findina; — from 

are finding 'I ^^^ » ^^ 

dx from an an equation between y and ae, as in 145, that the result comes 
equation it q 

a8s™e"th ""* ^" '■^^ form - , which of course leaves us in ignorance 
fof!3^^ ^ ** 

as to what the true value of — ^ is. Thus suppose that we 

wish to obtain the value of when ai = from the equation, 

ax 

of + So' a? — iid^wy — a^y^ (I). 

Differentiating, we have 

i-a^-Y 6a^a!-4,a^y - (4ra'^« + 2a'y)p = (2) (p = -~^j . 

Now putting ^ = 0, and .-. y = in virtue of (l), we have 


-O.p^n, or p = -; 

thus when i.e = we cannot find p in this manner. 
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d'^y 



But differentiating the equation (2) we have 
6ay'+3a^-2a^p- (2a^+ a^p) p- (2a^a) + a^y) g = (7 = ^, 
and putting * ^ 0, and .-. y = 0, here we find 
Sa" - %a^p - (2ffl^+ w'p) p = 0, 
or p^ + 4p - 3 ^ ; 
.-. p = - y i x/'i 4- 3, 



and thus by differentiating twice we obtain p, ;ind v 
it has two values — 2 -r \/7 and — 2 — \/7- 



; find that 



As another esaniple, suppose that ' 
when ;v — from the equation 



wish lo obtain 1 



• (1). 



differentiating we find 

(4a^- 2ay^~ 6axy) + (3a'if — /iaxy — 3aai') p = „,. 
here put x = 0, and .-. y = in virtue of (l), and 



.(2), 
3 find 



But differentiating again we have 

here put x = 0, and .-. 2/ = 0, and we find again p =~. 
Differentiating again, therefore, we have 
= - I8p - I2p'^+ 6p=-i- terms multiplied by le or y, 

here putting a: =Q and y = 0, we find 

p^-^p^ ~ ap= 0, 

which gives p = or p = i ± \/l + 3 = 3 or - 1. 

And thus by differentiating three times we obtain p, and 
we find that it has three values 0, 3 and — 1. 
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Thus it appears that where the first dilferentiatioQ of 

an equation fails to give us — for a particular value of .v, 

in consequence of all the terms becoming zero, we must dif- 
ferentiate successively until we come to an equation, all the 
terms of which do not vanish when we give a? that particular 
value. 

ihcse +fl54. If we perform these difTerentiatious on the sup- 

differentia- . '. ' , . ' 1 ,1 ■ 

tionsmay position that p IS a constant, we shall arrive at a correct 

fo^SoQ result : for it is easy to see from the above examples that 

thesuppo- all the terras obtained by differentiating p once or oftener 

pisoon- vanish when we give ,v the particular value for which we 

^*^'" wish to find p, and therefore do not affect our final equation, 

which gives us the value of p. Hence we may always difFe- 

rentiate on the supposition that p is constant, and this will 

soraewhat simplify the process. 

Asome- +J-155. The values of p are sometimes fouuil. by the 

enrmethod method of finding the limiting value of a vanishing fraction 
by^the'ruif g'^™ in (I48) ; thus in the first example we have 



therefore by (liS), 



- when w =■ 0, 



when ,1! = ; 



-■. 2j)-l-p'= 3-2p, p'^ -t- 4p - 3 = 0, 

which is the result we arrived at before. 

fl 156. The following is an example where p assuni 

the form - for other values of x and y besides zero. 


To find p when ,r = ff from the following equation, viz. 

ay^ - 2a^y - 2a^ + Saa^ = (l). 

Differentiating, we have 
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When .-v = a, and therefore i/ = re, in virtue of (1), this 
ei^iiation gives ;(>=-; therefore, cHffcren dating again, con- 
sidering p constant, we have 

'Zap' - 12.r + 60 = 0; 
which, when ic = «, gives 

p^ - 3 = 0; .-. p = =fc \/3. 

++ lb']. There are two objections to this method of find- ^''^^^'^""^ 
ing the values of p. Ist, It is generally very complicated and ™e'M "f 
troublesome when we have to go beyond a second differeii- s„ccesBive 
tiation. 9nd. We have no right to assume that the terms ^^^^^°"^' 

containing — ~, ■■■ vanish; for althouffh the coefficients 

of these terms vanish, vet, since — -, -r-r--- may and often 

do at the same time become infinite, we cannot tell but that 

these terms may assume the form 0. w or -; and therefore 

we cannot assume them to be zero. For instance, in the first 



example, (153), in the result of the second differentiation 1 
have the term {2a^a! + a^y) q, which we assume to be zero 
because ^a/e + a^y = when x = 0; but we have no right to 
do this, since we. cannot tell whether g is infinite or not. 

f f 15({. The following method will be found free from A mettioii 
this objection, and very simple in practice, especially when it ihes* ob- 
is our object to find p for the values x = and y = 0. isSsined. 

(1) Suppose that we wish to find p for the value ,v = 
from the equation 

Aiv + By+ C.v' + D.vy + Ey^ + Fx\.. &c. = {!)■ 

Since 1/ = when x = 0, it is evident that the value 
of p we seek is the limiting value of - when .v approaches 
zero (see 148) : if therefore we put - = m and find the limit- 
ing value of It, M,, suppose, when .n approaches zero, m„ is the 
quantity we ivish to determine. 
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tlNDING - 



Now put y = ux in (i), divide out a; and we find 

A+ Bu + ,v (C + Du + Eu') + w^ {F ...) (a), 

here let x — 0, and then u must become u^, if therefore i(„ 
be a finite quantity we have 

(3)....^ + B«.-0, and .-. «..-|i 

If it should happen, however, that both A and B are zero, 


the value we have here obtained for tu assumes the form -, 

and therefore we cannot thus arrive at the real value of w^- 
But then the equation (2), dividing out at, becomes 

C + Du + Eu^ + w{F+ &c....) ... = o; 
here put .r = 0, and therefore u = u^, and we find (supposing 
Kg not infinite), 

C + iJ«o + £< = 0; 



2E ^ 4E-' ■iE 
IB two values in this case, 



In this process we suppose m„ to be a finite quantity ; 

,^ therefore, if «„ admits of infinite values, this method does 

not give them, and we are left in ignorance as to whether 

there are such values or not*. But we may easily determine 

this in the following manner : 

Put w = ^ instead oi y = ux, and the equation (l) be- 
comes (supposing A and B zero) 

C—^ + D~ + E-^y{F\...hc.), &c, = ; 

» I.. .1.,. ,.,.~.,v.^r. v.„.il,/..l /.f Hn.ti..T L? ii.n inliiiitp vhIuhs are sonietimes over- 
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and then putting y = 0, we have 

«(, it I, 

Hence if .E is not zero ~ cannot be zero ; and therefore 
M„ cannot be infinite: but if E = 0, llien one value of — is 
zero, and therefore one value of «„ infinite : if D also = 0, both 
values of — are zero, and therefore both values of u, infinite. 

If C, -D, and E be all zero, then in the equation (9), 
dividing out a;^, and putting x- = 0, we have 

F + Gtla + //"«„" + lu^ = .... 

which equation gives us the finite values of w,. To obtain the 
infinite values wo have, as before, the equation 

F—, + G— + H— +1 = 0. 

It appears from these equations that there are in this case 

3 values of -— when ,j? = 0. If / = one of the values of — 

da; M„ 

is zero, and therefore one of the values of Uf, is infinite: if 

I = 0, I-I = 0, two of the values of — are zero, and therefore 

two of M|, are infinite: if G = also, the three values of u^ 
are infinite : if 1=0 and F = 0, a value of u„ is 0, and a value 

of — is 0, and either of the equations becomes G + Hu,, = 0, 

which gives Mo =-— ; hence, in this case, the three values 

ot u^y are 0, so , and . 

If F, G, H, /, are all zero, we must divide out ,i'' in 
equation (2) and proceed as before; and thus we may in all 
cases obtaiu an equation for determining all the values of w^. 



y Google 



110 METHOD OP FINDING -- FROM 

da; 
^ti^iing ^^ '" ^"era* we divide out «" and the resulting equa- 

the infinite tioii for determining u^ ia only of the n - m"' order, then 
immediate'-" ^ of the values of m„ are infinite, as is easily seen. By re- 
'>'• membei-ing this we may detect the infinite values of u„ im- 

mediately. 

Esampk 1. j-j- 159. Let the given equation be (see 153) 

here putting p = ux, dividing out ai" and putting /v^O, we have 
3a^ - iaPut,— B^Wj,°= 0, ov Un^— 4m„— 5 = 0, 

which gives us the same values of — that we obtained before. 

E«ampie3. Let the given equation he (see 153) 

0)* + ai^ — 2aa!y' - 3aify = 0, 

here putting y = ux, dividing out a? and putting w = 0, we find 

au^— %aua— SaUij= 0, 

ov u^ — 2m/ — 3 Mj ■= 0, 

which gives us the same values we obtained before of ■— . 

Examples. Let the given equation be 

y^+ aw*— h^wy^= 0, 
in this case we find, putting y = u.v and dividing out .r", 

m/ = 0, 
hence, and therefore the three values of Mnai-e 0, 0, and co. 



How to If 160. We have hitherto supposed that the values of 

proceed ' ' , „ 

when the , , , , , «V , r " „ j 

values of X and y which make ~ assume the form - are .r = () and 

Tandy ^ rf* 

""^'"^dy y = 0: but let us now suppose them to be iC = « and y = h. 
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AN EftUATION WHICH BECOMES 

. . dy assume ihB 

then putting a? = m + a;^ and 1/ = 6 + »/, in the given equation — ^^^^ ^^ 

will be the same thing as ~ , and a;^ = ^^ = will be the 

values of fP and v which make ~~ assume the form ~\ we 
may therefore proceed as before. If the given equation be 

and if we denote by A, B, C, D, E ... &c. the values of 4 U, 
dyU, d/U, ^d^dylJ, d^V, kc. when w is put = a and 
.-. y = h\ then, by 146, the result of substituting a + vp^ for x 
and 6 + )/, for b will be 

Aa!^+ By^->rCisf+Da!ij^ + Eyf+ &c...,= O5 
if therefore A and B be not both zero, we have 

A + But, = 0, 
and if A and B be both zero we have, 

C+ Dua+ Eu^=o, 



and so on 

and we may find «„ therefore just as before. 

Let the given equation be (see 156) i 

from which we wish to find -— when w = a, and .■. y = b, 
dx ' J ^ 

then d^U= -6a/^+ Gaa? = when a: = a, 

dyU=^ay ~ 2a^ = when y = a, 

d/U= - Ux + 6a= -6a when x= a, 

d.dyU = 0, 

Hence A = 0, S = 0, C = - 6n, 1> = 0, £ = 2«, and 
therefore we have 

- 3 + V= 0, and .-. w„ = ±v/3 as before. 
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CHAPTER XI. 



aQOlini '^^'^- '^"'^ Diftei-eiitial Calculus may be applied with 

mavalues great success to cletermiiie the maxima and minima values 

defined. ^f ^ function, i.e. those particular values which are either 

greater or less than any of the neighbouring values. 

If /(a?) increases when « approaches a certain value a 
(supposing ,v to increase continually), and diminishes when 
X passes the value a, then /(a) must be greater than any 
value of /(*) which is either a little less or a little greater 
than a, and is therefore called a maximum value of f{x). 
And if f(w) diminishes when iv approaches a and increases 
when iP passes a, f(a) must be less than any value ol f (.v) 
which is either a little less or a little greater than a, and 
is therefore called a minimum value of /(«). 

Howthese 162. Now by Lemma XVIII. f{x) is increasing or 

/(i:) may diminishing according as /'(*) '^ positive or negative : there- 

m/jTof^'' fo^e if fia) be a maximum, f(x) must be positive for all 

/(^)' values of i» a little less than a, and negative for all values of a^ 

a little greater than a; i.e. /'(■") must change its sign from 

+ to - when ai passes through the value a : and, conversely, 

i£f'(x) changes its sign from + to — when x passes through 

the value a, f(a) is a maximum. 

In like manner if /(«) be a minimum, /'(«) must change 
its sign from — to + when at passes through the value a ; and 
conversely if/'(,r) does so change its sign, /(a) is a minimum. 

Hence by Lemma XVII if /(o) be a maximum or mini- 
mum, f\a) must be zero or infinity : but of course, since /'(«) 
may be zero or infinity without /(.t) changing its sign, it does 
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not follow that /(a) must be 
ever /'(a) is zero or infinity. 



fix), we must determine what valines of x make {'(^) ^ero oringm 
infinity, and try whether f (x) changes its sign when x passes ^.^^ 
through each of these values; those values which give a change 
from + to ~ make f (x) a maasimum ; those which give a 
change from — to + make f(s) a minimum ; and those which 
do not give a change must he rejected- 

364. In applying this inetlioc! to any example, we may Fat 
suppress any factor of fiai) which we are sure is alwaj&i,e, 
positive, or may introduce any such factor ; since we are not PjJ'j" 
concerned with the actual magnitude of /X'^) but only its.erii 
sign. This will often considerably simplify our operations, euin 
as will appear. 

If therefore we find fif) in the form (p {ce) . >// {w), and 

if <p(ai) be always a positive quantity, then we may put 
/V) = '/'(^) simply. 

If <p{x) be always a negative quantity, then f'fjii) will 

have thu same sign as — x|/ (<t'), and therefore we may put 

165. If it be our object simply to examine whetiicr /'(a;) 
changes its sign, and how, when ai passes through a certain 
value a, then if (p (a) be neither zero nor infinity, we may 
suppose f'{x) = + ^{J)iiip (a) be positive, and /'(.-e) =—,/.(«) 
if <p {a) be negative. 

For it is clear that if <p {a) be neither zero nor infinity, 
then for all values of x near a <pi<v) has the same sign as 
<p(_a), and therefore <j>(,v).^(a)) or /'(«) the same sign 
as <p{a) -^{ir), i.e. f'(tv) has the same sign as + *//(«) or 
- >/- («) according as the sign of (p (a) is + or - for all values 
of ai near a, and therefore in examining whether /'(<t;) changes 
its sign, and how, when « passes through a, we may put 
/'(a?) =. + ,J, (a;) or - \|, (a;) according as <j> {a) is positive 
or negative. 
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114 MAXEMA AN!) MINIMA. 

We may therefore suppress all factors of /'{'") which do 
not become or co when « = a, retaining only the signs they 
have when x = a. This is a very important simplification. 

maxm' ^. ^^^' ^^ ^ ^^^ always increases when m increases, it is a 

or mini- maximum or minimum whenever m is a maximum or minimum 

raumwhen- . . , , ■ 

iril^' respectively ; for -^ = <^ («) _— : and since <p (u) always 

always "■'^ "'^ 

whenTin- i"<^"'eases when u increases, <p' (m) is always positive, and 
creawa: it j. ^0 (") , , , . du , 

not the to- thereiore ' has alwavs the same sign as — , and .■. 

verse is the dx ■' ^ dx 

<p (u) and u become maxima or minima at the same time. 
If <p (u) diminishes when a? increases the reverse is the case. 
We often find this consideration of use in practice, inasmuch 
as it may in many cases be much easier to find the maxima and 
minima of <p(ti) than of m, 

T^teZL ^^7- If /'(«) - 0, then by Lemma XX, Cor. 4, f'(_.v) 

whether has in general tlie same sign as /^(o) (.i' — a) for all values of 
/'(j.) X taken sufficiently near a : therefore if /"(a) be positive f'{ai) 

^xnwteTs: '^^'^"g^^ il^s s'g" f™"" - to + when x passes through the value 
passes a, which indicates a maximum; and if f'(a) be nejiativc the 
thtougha, , . . 1 ■ 1 ■ 1- '. ,„ , 

by the con- change IS irom + to — , which indicates a maximum. If how- 

of th^^"" ever /'(a) = 0, let /"(a) be the first differential coefficient 
seeondor of /(«), which does not vanish when ,r = a; then /(xr), (by 
ferentiai' Lemma XX, Cor. 4), has the same sign as /"(ra) (a; - «)"~' 
coefficient, f^^, ^j; ^.^j^^^ ^^ ^ sufficiently near a. If, therefore, n be odd, 
f (x) does not change its sign when x passes through the 
value n ; but if n be even it does, and the change is from 
— to + or from + to — according as /" (a) is positive or 
negative. Of course we here suppose that none of the dif- 
ferential coefficients are infinite. 
Simple In- 

«P«<^'«>"is These considerations will enable us to determine whether 

best way f'i^) changes its sign when w passes through the value a, and 
timertha' ^^ ^' whether the change is from — to + or from + to — . 
only way of B,]t this is often more easily seen by simple inspection; and 
whether indeed wheny(«) or any of the higher differential coefficients 
changes iig ^^^ infinite, which often occurs, simple inspection is the only 
Bignaiirl method we can resort to. 
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By suppressing factors of f'{x) wliich do not change thdr 
sign (in the manner shewn to be allowable in 164, 165,) before 
we differentiate /'(*). we may often find the sign of f\a), 
or more properly, of that quantity which answers the same 
purpose as f^{a), with great facility, and avoid the necessity 
of being obliged ' to proceed to higher differential coefficients. 

168. li y^b when w = a, and ^ 
developement in the form 



then by taking x near enough to a, we may make ^ 

(X -a) 

as small as we please, and then y ~h will have the same sign 
as A{m- af. Therefore if m bo an odd number or a frac- 
tion with an odd numerator and an odd denominator and A 
positive, y is <i when w is < ra, and > h when a* is > «, and 
t>ice versa if A be negative : in this case therefore b is not 
a maximum nor minimum value of y. But if m be an even 
number or a fraction with an even numerator and odd deno- 
minator and A positive, then y is >b for all values of ,v 
near a, and therefore 6 is a minimum value of y: and if 
A be negative then y is less than b for all values of m near a, 
and therefore 6 is a maximum value of y. If m be a fraction 
in its lowest terms with an even denominator, then y is im- 
possible for all values of w less than a Jor for all values of x 
greater than a if y -b — A {a — ,j?)"'+ ^J, in which case we 
cannot call b a maximum or minimum value of y. 

169. The following examples will shew the advantages 
of the method of finding maxima and minima here recom- 
mended. 

Let /Or) = a-(.T- af, ^■ 

then f(.T)^,v'{w-ay(Sa>-Sa) 



suppressing the factor x' {ai ~ ay which is always positive 
see (lti4). 

8—2 
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Now 8jr~5a=^0 when ,v '= — , and changes its sign 
from — to 4- when ,v passes through the value — : hence 
w = — gives a minimum value of f{ai), viz. 

Or thus f'{x) = 2x- 5a; 

.: /H-i;) =2; .-. /'(■^J = positive, 
which indicates a minimum by (l&l). 
■■ Let /W = 7 

then /(*) = 






(a. - ay 

= ~(2x + 3a), suppressing the factor -^ — - — ~. 

3a , , 

Now -(2a! + 3a) is zero when ,» = , and changes 

its sign from + to - when o! passes through that value : 

hence <r = jrives a maximum value of /(a). 

2 ^ 

Or thus, fXw) = - (9a; + 3a) 

f\w)=-^; ,../(^~^)= negative, 
which indicates a maximum. 

„, , sin ma; , . 

t- Let fiw) = —. , m being an integer, 

n cos mai sin w - sin mm cos w 



then /'(*) = 



= m cos mx sin m - sm ma; cos x 



. (1), 
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suppressing the laclor . ^ -, 

= cos m,r cos w (m tan x - tan m.i;). 
Now it is clear from geometrical considerations that 
there is some value of ma' between and - 1 which makes 

tanm,» = »i tan*: let this value be ma; then/'(a) = 0. Also 
differentiating (l), 

f'(a!) = - (m^ - 1) sin mx sin w, 
which is negative when x = a, since m^ is > 1, and ma 

and therefore a between and - . Hence the root of the 

2 

equation taniwai — m tan ai = which multiplied by m lies 

between and — makes —. a maximum. 

S smi» 

, , sin iH a; 
then / (*') = 2 — ~ — (m cos ma- sin x — sin mtB cos /e) 

= sinma'sinii' (m cos ma; sin,?' - sin mw cos.t;), 

multiplying by the factor . 

Now 05 = (see last example) makes /'{ip) = 0; also 
sin«ja7sinj? is positive when a; = a, and may therefore be 
suppressed so far as this value of a) is concerned, therefore 
fi'v) has the same value as before and is therefore negative 
when ,v = a; which indicates a maximum. 

Again, ,i!= — makes sinma^=0, and the product of the 

other factors of f'(so) negative; therefore by (l65) so far 
as this value of w is concerned we may put 
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■■■ r(*) = 



Ljiampk5. Let y^^^'j ^ ^,,, „ ^^^ 

then /'CiO = f{<T-o)-^ 

multiplying by the factor -g (.*-«)* which is always positive; 

■■• /■(.•)-'. 

henco /'{a)=0, and /^(re) = positive ; and therefore x =■ a 
gives a minimum. 

(For more Examples see Appendix K-) 

Maxinia^^ f f 170. Let f{aiy) be a function of, two independant 
otfunctions variables ,1; and y, and let f{x,y) he a maximum value of 
variables, fi'^'!/}^ determined on the supposition that y is constant and 
X alone variable, ^, of course being some function of y; and 
again let f(ab) be a maximum value of fiiniy) determined 
on the supposition that y is variable, a being the value of 
ic, when y becomes b: then /(ab) is a maximum value of 
f('Xy') when a; and y are both supposed to vary in any 
manner. 

For supposing w to have any value near *), /(lOiy) is 

>f{wy'); and supposing y to have any value near b, and 

therefore le, some value near a, f(ab) is >fi^\y)s and 

therefore a fortiori f{ah) is >f(j^y)- Hence if wy have 

any values near a and b, f{ab) is >f{wy), and therefore 

/(«^') is a maximum value of f(iey), supposing x and y 

both to vary in any manner. 

Partial and We may call f(ab) a total maximum in contradistinction 

ma'a"/'"" to f{<e^y), which is only a partial maximum determined on 

minima. ^^^ supposition that only x varies. 



In the same manner if f{x^y) be a partial 
value of fiaiy), y being considered constant, and fiai) 
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minimum value of /(.r,j/), y being considered variable; then 
f{ab) is a total minimum valuj of fijey). 

Hence a maximum value of a partial maximum is a total 
maximum, and a minimum of a partial minimum is a total 



Conversely, if f{ah) be a total maximum, it must be the 
maximum of a partial maximum ; for f{ab) must be >f{aiy) 
for all values of w and y near a and A; therefore f{ah) must 
be >f(x,y'), y being supposed to have any value near b, and 
therefore at some value near «; therefore /(afc) is a maximum 
value of fi-v,y), i.e. it is a maximum of a partial maximum. 

And similarly, if f{ab) be a total minimum, it must be a 
minimum of a partial minimum. 

Hence by finding the maxima of the partial maxima of 
f(_,vy), and the minima of the partial minima, we find all the 
total maxima and minima values of /(jvy). 

And thus, by the methods already given of finding maxima 
and minima of functions of one variable, we may obtain the 
total maxima and minima of functions of two independaiit 
variables. 

Let fiity) = «* + y' - iawy^, ^ 

then to find the partial maxima and minima ot f(wy) on the 
supposition that w is variable, we have 

which = when at = (ay^)i, and evidently changes its sign 
from — to + when x passes through this value ; which indi- 
cates a minimum. Therefore substituting .v = {ay^)^ in fipy) 
we obtain the partial minimum 

f -na^y= = ^{y) suppose. 

Then to find the minimum of this, we have 

which =0 when */ = or 2^^: whoii y passes through the 



y Google 



former value \j/(y) changes its sigii from + to -, and through 
the latter from - to + : the latter therefore makes \//' (y) a 



minimum. 



Hence f(,-vy) has a total minimum value obtained by 
putting x = {ay^)i and y = Q^a; i.e. .v=2ia and y = 2l«. 

(For more Examples see Appendix K.) 

Th^equa- -j-j 171. Since f(.v,y) is a maximum or minimum on the 

d,f(!cy) supposition that p is constant, it is clear that d^f{tiiy) must 
djfixy)' become or co when *i is put for x, and this being true 
S^e^a"' ^^^'^^■^s'" value is assigned to p, it must be true when y=b 
^osevaluea and therefore x = a. Honce if f(nb) he a total maximum or 
whichVay minimum, we must have 

(otrlaxi- <i.rf(^I/) = or » ... (I) 

mimmum. when a and b are put for .v and y. 

And in exactly the same way we may shew, by treating 
y as we have done ,1;, and x as we have done y, that we 
must have 

dyf{a!y) = or OT ... (2) 

when a and b are put for w and y. 

a ind b lie therefore values of i and y got from the 
equations (j) nnd (2) taken together and theic equations 
therefote give ui all the values (f v and y which may make 
fiaiy) 1 total ma\]mum or mmimum 

The method of distinguishing maxima ind n inima of func- 
tions of two \anable& given by Ligrange is often tioublesome; 
and since it does not include the eases where any of the partial 
differentiil coefficients of /(ty) hecomt infinite or where those 
of the second irder v mish it must b" cansideied ^s very in- 
complete 

Howtofind -f-f" 172. When y and x are connected by an equation, 
and mini- and we wish to find what values of x make y a maximum or 
ofTwhen' "nininiuni, we have only to differentiate the equation to find 
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— and proceed as before. The following example will ex- 5^'^^^'^''^''^ 

<i^ .r and y. 

plain the process. 

Given y* - 4a^xy + y = ... (l) to find what values of 
.r make y a maximum or minimum. 



We 


have, 


difFereiitiatiiig 












b- 


-a' 


•"S 


+ a'' 


-»',= 


0, 








and 


d,J 


" i 


•'-if 




y = 


'- makes 


tliis 


zero, 


(at 


least if 


' be not 


dn 


f 
> ~ o' 


» 


case 


which 


we 


shall consider pi 



^-Sa'^^O, dividiii 
and .-. )/ = SU; 



therefore bv (l6S) ■ 



i^ _ rf?/ _ 



= negative, when we put a; ■= S^a and .'. — = ; 
.'. ,v = sia makes y a maximum. 
Next, as to the value a!=0 (and .-. y = 0) we find, putting 
y = ux as in 1.58 and dividing out w", that u„ = 0, and .-.— =o 
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when x = 0, therefore x ^=0 may give a inaximum or minimum 
of y. To determine whether it does, put y = w.r™ as in 145, and 
we have 



im = m+ 1 gives m = -1, and 4m or /« + I < 4; .-, we may 
assume m= ^, and this gives u^- 4a-u = when ,e = 0; and 
.". u = (4a')a, we therefore have 

Again, 4m = 4 makes 4»m or 4 > m + i, and must there- 
fore be rejected. 

And again, )» + 1 = 4 maltes m — 3, and -■, m + 1 or 

4 < 4m i which gives us u = — when -v = 0, and 
^ 4«^ 



Now by (l68), both these expressions for y shew that y = 
is neither a maximum nor a minimum value of y. 

It appears from what has been just explained, that when we 
put y = uai'" \or y — b = u{i:e - «)"' if a; = a and y = h be the 
values we are concerned with}, then we may immediately reject 
any value of m which is not an even number, or a fraction 
with an even numerator and odd denominator: bearing this in 
mind we may very readily obtain the maxima or minima values 
ofy. 



have y = S^a, w = S^at 

Now assume x = 3^a + x, and y = S«a + us;'", and (l) 
becomes 

(S'a + u^"'y - id'is'^a + u^'") (3"a + «) + (3"« + s)* =0, 
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which, bearing in mind the remark made in Appendix I 
respecting the rejection of certain terms, may be written 

d.S^a^u^!^'' -~ ia^MK"*' + S.S^ass = 0. 

Here 2m = j»+ 1 gives m=lt 2m = 1 gives w = ^: and 
m + 1 = I gives m = 0. AU these are to be rejected, since 
they are not even numbers or fractions with even numerators 
and odd denominators. 

Hence it appears, that w^S^a makes y a maximum, and 
neither a? = nor w = S'a make y a maximum or minimuin. 
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CHAPTER XII. 



I NOKMALS '10 CURVBa. TI) 
TUB E VOLUTE, 



The DifFercntiat Calculus is of great use in various parts of 
analytical geometry. We have already seen in (26) that it puts 
us in possession of a general method of drawing tangents to 
curves. We now proceed to shew that it admits of, not only 
this, but many other important applications in analytical 
geometry. 

Proposi- -,^3, If a right liwe SPQ (fig. 6) be drawn passing 

To find the through any two points of a ciiwe, and if SPT be its limiting 
the tangent position when Q approaches P, i, e. if the angle made by FT 
of fcurve" '^"'^ ^^ ™*y ^'^ diminished ad libitum by sufficiently di- 
minishing the arc QP; then FT is said to be a tangent to 
the curve at the point F. Let xy he the co-ordinates of P, 
w'y these of Q, L FTX = ^^, then tan '^ is the limiting value 

of tan FSJC when Q approaches F, i. e. of ^^? when w 

approaches .v, which, by definition of a differential coefficient, 



-- ; hence 



t '^y 
tan \j/ = -—. 

' ax 



Hence if »■ y^ be the co-ordinates of any point on the 
tangent FT, since it is a line passing through the point P and 



making an angle tan . 

equation 

dy 



4.^'^ 
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174- The normal at the point P is the line PG (fig. 8) ^^;^^^^_ 
which passes through Pat right angles to the tangent PT : its tiontothe 
equation is therefore 

y,-y=~:r:. y^'> ~ *)■ 



175. If toe take s to represent the arc BP (fig. 6), s the ?™P°''- 
arc BQ, and c the cord PQ\ then rii==JT^ 

-l-dy^,! be- 
ing the arc 



r "^'^ (kr|)'' »==<''-(■'''-'•■)■+(!/'-»)'■ 



Now when a;' approaches a^ the limiting value of -; is 

-— , that of is ] by Lemma IX, and that of -,~- 

dw c •' .v-a: 

is — , hence by Lemma VIII, we have 



X \dx! 



176. We have cos PRX = -, — '■ — , and ^^ ' 

c s - S c =rfsi:o5^, 

when af approaches ai the limiting value of PRX is >//, that of L^rf^wni/.. 

d — ai . dw s' -- s 

— IS -— , and that of is 1 ; therefore 

da: 
cos 1^ = — , or da' = ds cos \|/. 



Similarly sm PSX ■ 

dy 



y ~y y -y 



. dy — ds sin\^. 
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126 TANGENTS, NOHMALS, &(!. 

These for- l^y. Jf jt be allowable to argue accoriiing to tlie me- 

he very thod of Leibnitz, spoken of in (84), we may suppose Q 
^edVy" taken so near P that the arc QP may be regarded as a right 
t^emBili.od ]ine coinciding with the tangent at P, and PO, OQ, PQ taken 
respectively equal to rf«, dy, ds ; these differentials being re- 
garded as infinitely small : then we have immediately 

d^! = ds cos 1^, dy = ds sin i|/ ; 

and therefore dco^ + d^ = d^, and — = tan \|/. 

Which formulae are all correct results in consequence of a com- 
pensation of errors such as that shewn to exist in (85). 

Though this method of arriving at these formula is not 
sufiiciently exact for the purposes of elementary demonstration, 
it is useful in enabling us to remember and make out these 
forniulse. 

Subian- 178. The line MT (fig. 8) is called the snbtangent, 

normaTand MG the subnormal, PG the normal. 







yd.v 
subtangent = y cot \\, = — — , 






subnormal = yiaa\^/ = — — , 






, yds 

normal = j/ sec i^ = — — . 




(For exa 


mplcs of the use of these formiilie 




pendix L.) 




Proposi- 
tion. 
To de- 


179. Sii 


ncn iff = tan " ' -- , we have 


termine 
whether tl 


lie 


d-|/ I d?y 



Ap- 
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FLEXURE OP CDUVES. 127 



i essentially a positive quantity ; 



tho righl o 



hence ■-' lias always the same sign as — j. 

Now if — ^ be positive, '^ increases when x increases, and 

therefore the concavity of the curve must be turned upwards, 

as in (fig. 9), but if -^ be negative, \|/ diminishes when m 

increases, and therefore the concavity of the curve is turned 
downwards, as in (fig. 10). Hence the concavity of the curve 

is turned upwards or downwards according as — — - is positive 



And in the same way it may be shewn that the concavity 
of the curve is turned to the right or to the left according as 



concavity of the curve will change its direction, if the change mine point 
of sign is from + to — the concavity which was before turned fl[.™J^'^°'^^ 
upwards will begin to be turned downwards, as at the point P 
(fig. 11); and if the change he from — to + the reverse will 
be the case, as at the point P (fig. 12). 

A point where the concavity of the curve thus changes its 
direction is called a point of contrary flexure. 

Hence, by Lemma XVII, — - must be or co at a point 

of contrary flexure; and therefore, to determine where such 
points are on the curve, we have only to find what values of 

■V make — ^ or » , and try whether w, in passing through 



y Google 



each of these values makes -— change its sign or not ; those 

for which there is a change of sign give points of contrary 
flexure, and those for which there is not are to be rejected. 

It is evident that i^ is a maximum c 
of contrary flexure. 

(For Examples, see Appendix M.) 

Propoa- 

To deter- an- 

mine the jfg position as we go along the axis of w, and of course its 

curvature magnitude depends in part upon what position the axis of sn 

IMexot' occupies with reference to the curve. ~- measures the rate at 

which the tangent changes its position as we go along the 
curve, and its magnitude does not at all depend upon the 
position of the co-ordinate axes, but solely upon the nature of 
the curve: the greater therefore the curvature at any point, 

the greater will be — -i- , and 

called the Index of curvature at any proposed point, since it 

indicates the rate at which the tangent changes its position as 

we go along the curve; i.e. the degree of curvature of the 

curve at each point. 

Proportion 182. // PS, QS, fig. 13, he two normals to a curve at 

tTe''«ua"5 the points I' and Q, and if p be the limiting value of PS 

'"' ''■ when Q approaches P, and c the chord joining PQ ; then p 

- when Q approaches P. 

_c_ sinj- 
InS' S 
PS sin S 



^ sin PQ**" S 

Now by sufficiently diminishing FQ we may evidently make 
Z PQS differ from '^ ad libitum ; therefore when Q approaches 
P, 1 is the limiting value of sin PQS; I is also the limiting 
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limiting value of PS. Hence the limiting value of - wlien 
Q approaches P is p. ft. e.d. 

183. Let ijf and \J/' be the angles which the tangents at Cor. ^ 
P and Q make with the axis of a>, and s, s the lengths of the curvature 
arcs BP, BQ ; then since r//' - >/r evidently = ^ ,y, we have '{ ^i"'' *" 



Now when Q approaches P, the limiting valtie of ■— 

is -~ , that of is - by what has just been proved, and 

that of ■ ■■ — is 1 bv Lemma IXi hence, we have 
s -~ s 

dxj, _ 1 



i.e. tke indew of curvature = - . 
P 
p is called the radius of curvature for reasons we shall 
hereafter explain. 

184, We may iind p in terms of a? and y as follows: Proposi- 

To find the 

at any point 
of a given 





d^. 










Hence, 


since 


1 dr^ 

p ds ' 



since da)^+dy^=ds^ (l75). 
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p ds' \dx/ d^ 

If we suppose a; the independaiit variable, tliis becomes 
1 dx^ d^y dxd^y 



From the expressions (l) or (2) we may find - when we 
know the curve. 

Since -~ = - , it is dear from (179) that p is positive or 

negative according as the concavity of the curve at the point 
P is turned upward or downward. 

(For examples, see Appendix N.) 

Proposi- 18S. Let P" (fig. 14) represent tlie limiting position of 
To deter- the point S in fig. 13, when Q approaches P.; then PP" is the 
co"oMi-^ quantity we have denoted by p ; let AL (= a), LP' (= ^), be 
exn^ml^^ the co-ordinates of P", PK parallel to LM. Then, since PP" 
evidently makes an angle -^ with the line PK, we have 

a = a? - p sin il/ 1 
^ = y + p cos ^ ] " 

■which equations determine the position of the point P' cor- 
responding to the point ecy of the curve. 

Proposi- 186. It is evident that the point P' changes its position 

To And the ^"d traces out some curve when the point P is made to move 

w""d along the curve BPQ, ; we may find the equation to the curve 

byP' thus traced out as follows: 
whenP 

Xng^the Since p, i|/, and y are all certain functions of w which we 

^^ may find when the curve PQ. is given, it is evident that we 

may eliminate ic, y, \|/, p, from the equations (J), and so find 

a relation between a and ^ which is independent of sr, and 

therefore holds for all positions of the point P. This relation 

is therefore the equation to the curve traced out by P'. This 

curve has some curious properties, as we proceed to shew. 
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187. CifEerentiating the equations (l) we find ^^p™! 

. peitiesof 

da = use — p cos yrfi// — ap sin yj/, ihiscurve. 

d(i = dy - p sin >|/d\// + d/) cos ^. 
Now p cos ^|/rf^// = -^ -£ d^ (183, 176), 



and 


p sin xZ-dx^ = d^ 1 


Bimilarly ; 




hence da = - 


-dp, 


iin%|/, 




d/i. 


dp, 


=os,J,. 


which 


equations we find 








dfi 


.,..(2) 




da' + d/i'^di/. 




.,..(3). 



188. Let B'P'Q' (%. 15) be the cuoe traced out by First Pro- 
P'; then the equation to the tangent to this curve at the ^he normal 

point p k fif r„i" 

„ _a = 5i£(^,_«), byP-at 

da the point 

or y, - /3 = - cot >^ . (,r, - a) by (9). 

Now this is evidently the equation to the line PP' since 
that line passes through the point P', and makes an angle 

il/- H — with the axis of x. Hence the normal PP' touches 
^ 2 

the curve traced out by P' at the point P' as we have 
represented in the figure. 

189. Again, if a- denote the length of the arc B'P' ot^^^"^^ 
the curve B'PQ' measured from some fixed point B', we have The curve 

_______ BPQ is 

d^ = V'da' + d)3^ = ± dp by (3): {.^^e?^ 



since p evidently decreases when a increases in consequence iinwDund 
of the way we have measured a, we must take the lower curve 
of these signs, and therefore we have ^° 
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and .-. d{B'P'+F'F) = o, 

i.e. the length B'P' + P'P = some constant, C suppose. 

Now let one end of a string whose length is C be fastened 
at B", and the other end to the point of a pencil ; and the 
string being full stretched let it be wound on the curve B'P' 
till it touches it at P', and therefore coincides with P'P in 
direction : then since the length of the string is C, which 
= B'P'-hP'P, the pencil point will be just at P; and this 
is true whatever point of the curve P" may be. Hence if we 
unwind the string off the curve B'P', the pencil point will 
trace out the curve BPQ. 

^nrttic- ^t 's °° *^'^ account that the curve B'P'Q' is called 

Eo""' , the evolute of the curve BPQ. 
called tlie 

BPQ. " (For examples see Appendix 0.) 
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CHAPTER Xin. 



;, DIEFEEENTIALS OF AREAS, SURFACES, 
AND VOLUMES. 



We now proceed to investigate certain formulie analogous 
to those of the last chapter, supposing the curve referred to 
polar co-ordinates. 

190. Let APQ (fig. l6) be any curve referred to polar Ptoposi- 
co-ordinates ; SP = r, PSA = ; 5'Q = )■', QSJ = ff, chord r^fiaj 
PQ=c, arc AP = s, arc AP' = s': then ^. 



e' -Q c e'-e' 

Now c^ = r'^ + r - Ivr' cos (0' - 0) 

= (r' - tY + 4r*'' sin^ z, 

putting for brevity sr = , and cos0'-0 = 



+ r 



Let 0" approach 0, and therefore » zero ; then the limiting 
value of -;— - is — , that of -— - is I, that of -^^ 
is also 1, and that of r is r: therefore we have 



ds 



' V (^j + »■', or ds = \/dr'' + r'^dO''. 



yGoosle 



191. This result we may also prove as follows. 
By (175) da = \/d^T^% 

but 0! = rcosd, y = rsinOi 
.: dw = dr cosQ - r sin Q d9, 
dy = rfr sin + r cos d dd; 
: dx^ -y dy^ ^ dr' + r^ de^ ; and .-. ds = \/dr' + r'de^. 

192. Draw SY perpendicular to the line QPT which 
ises through the points P and Q, and 

1 dicular to SQ, then by similar triangles 



OP 



rsin(g'- e) 
c 
sin(g'-e) 6--0 s'-s 



Now let $' approach $; then the limiting position of the 
line QPT will be the tangent at P; and therefore if p be 
the perpendicular from S upon that tangent, the limiting 
value of ST will be p. Hence, by Lemmas IX and X, 
we have 



193. This result we may also prove as follows. 
The equation to the tangent is 

and the perpendicular p upon this line from the origin is 



~^^^' 



wdy -ydx 



■■ ds = \/d.v^ + dy"; 
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POLAR FORMULA. 

hence, since i/ = rsind, x =r cos 9 ; 

and therefore dy = drsinO + r cos d d$, 

dw = dr cos$ — r cos0dd, 
ave 

wdy-ydco = r^d9> 

J .1. r '-^"^^ 

and thereiore p = — - — . 



)■ SUI (9' - 9) PropoBl- 

C To find the 

sine of the 

■3 ^ L derthetan- 

ff -$ s' -S C ^' ""^ 

tor, vk. *. 
Now let 0' approach 9, then if <p be the angle which 
the tangent at P makes with the radius vector SP, the limiting 
value of OQP is (p. Hence we have 



Hence 


-*=^Mfr 






./d^-r''de' 
ds'' 






=S ^y «»)■ 




Hence 


t.,,0- — . 




195. 


Since p = r sin .^, we have from 

r'dO , , 
p = -3— as before. 


1 thi 
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VOL AS, roRMvs^M. 



OQ 



ofihepre- Here put ~ — -= s, and cos (^ - ^1 = l - 2 g- 



articles. 



then ta„OaP,^ "'°"''-' J)_ 



Now let ff approach 6, and therefore ar zero; then the 
. sin (O" - 9) r - r sin x 
— ^, — — , and sins, are 

respectively 1, — , l, and zero; hence we have 



Cor. 197- The line drawn from S perpendicular to the radius 

pola^sub." vector to meet the tangent is called the polar subtangent; it 
tangent, evidently is equal to 

r tan (p, or — — . 



If it be allowable to argue according to the method 
tz, spojten of in (84), we njay, as in (177): 

QP=ds, QO = dr, OP^rdd, zOQP = 

and hence we get 



da = vt^dff' + dr', sin 4> = ~ — , tan <6 = — -— , 
^ ds ^ dr 

r'de , , , ^ r-'de 

r sin = —7— , polar siibtangent = r tan ip = ~j~^ ■ 
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This method of arriving at these formulffi will enable us 
to make out any of them very readily, in case we forget 
them. 

(For Examples of the use of these formula; see Ap- 
pendix P.) 

199. If i' be the angle made by FT with SA, then Ptoposi- 
we have To find p 

in terms of 

f = e + <p> and .■. d^p = (le + d<p. ''^'•'^^■ 

Now p = rsia ip, and 
.-. dp = dr sin(j) + rcos^rf^ 
rde vdr 



-"■IT,* 


-d^-"!- 








ds 


f-d<p). 


rdr 
d. 


d^j. 






- 


rdr 
P 


since '*''' 
d. 


1 


hen 


ce f. = 


rdr 
dp 






200. We have as 


ill (1!)S)) 








^I'-i' 


+ = tan-' 


1^-. 




hence differentiating, su 


pposing 


da 


constant, wc 


■ hai 



To find 11 in 
aodS. 



d^jy = di 



yGoosle 



138 

hence p - 



d v/' d& {2dr' - rd^r + r^dO') 



de(dr^ + d^ -rd^r) 
201. This result may also be arrived at thus. 
We have by (li 



<Pydx — d^wdy' 
Now dy = dr smB + r co^ d, 

d^y = d'r sia 9 + 2dr cos 9 d$ - rsinedff', 
dx = drcosG - rsinOde. 
Hence 
^ydx= (dr<^T - 3rdrd$^)sia9cos9 

+ Sdr^ cos^9 .d0 - r (d^r - rde^)s\a^e .dB. 
Now d^ccdy is evidently got from this by putting $ 

instead of Q ; hence we evidently have, putting sin 9 for cos 9, 
cos9 for sin 9, ~ d9 for d9, and subtracting 

d'ydx - d^xdy =• d9 (Srfr^ - rdV + r'dO^), 

ds^ 



and . 



' dei^dr'-rd'r + r^dB')' 



Proposi- 202. If p increases when r increases, it is easy to see that 

■rriind the concavity of tlie curve is turned towards the pole, and if 
concaviV'^^ diminishes when r increases, it is turned from the pole, 
ofthe curve Hence, by Lemma XVIII., the concavity of the curve is 



is turned 



or negative. 

(For Examples see Appendix P.) 

The use of the following formulte respecting the dif- 
ferentials of areas, surfaces, and volumes cannot be sliewn 
without the assistance of the Integral Calculus. 
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DIFFERENTIALS OP AREAS AND VOLUMES. 139 

Tlie Integral Calculus is the inverse of the Differential 
Calculus, its object being to find the quantity i^rom which a 
given differential is derived. When the student becomes 
acquainted with it, he will perceive the importance of these 
formulae. 

203. Let BPQ (fig. 17) be any curve, AM^x, MP = y,p!av<m- 
AN = co', NQ = y', the co-ordinates of any two points P and Q j^ ^nj ,ijg 
of it. Let A denote the area BPM and J' the area BQJST ; ^['[^^^'^'g^' 
draw PO and QR parallel to MN to meet NQ and MP° 

in and R. 

Then area MPQN lies between MRQN and MPON, 

i. e. A' — A lies between y' (x — w) and y (/xf — ^) ; 

A'-A^., . , , 

.*. , lies between y and y. 

Now y'= y when w = w, hence by Lemma VII. y is 

A' ~ A 
the limiting value of — ; when x' approaches a), i.e. 

-T— = y, aA = ydx. 

204. Let Fand f" be the volumes generated by the revo-Proposi- 
lution of the areas BPM and BQN (fig. 17) round AN, then To"find the 

differential 

vol. gen. by MPQN lies between vol, gen. by MPON and tivofutL™ * 
vol. gen. by MRQN, 
i.e. V'- Flies between 7r/(ai'-af)and 7rj'^(*'-a') ; 

r~ r,. ^ 

■'■ — ;— — - lies between vy and -rry'^ ; 



da,- 



Tvfdx. 



206. Let S and .V denote the surfaces generated by Pr 
the revolution of the arcs BP and BQ about AN (fig. 17); ""' 



ind the 



s denote the former arc and / the latter; produce po '^'*"^"''''' 
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I4U DIFFEBEKTIALS OF AREAS 

of ^vqlu*''' to U and QR to T, so that FT and QU shall each be equal 
tion. to the arc PQ. Then we may evidently assume that 

surf. gen. by PQ lies between surf. gen. by PT^ and 

surf. gen. by Q_U, 

i.e. S' — tS'lies between 2-n-y {_s' — s) and %-Ky' {s — s), 

.-. — ; lies between Siry and 2iry ■ 



= ^wy, or dS=^Try\/dw^+ d^\ 

Propusi- 206. Let APQ. (fig. 18) be a curve referred to polar 

To find the co-ordinates, SP = r, ^Q = /, PS J = 0, QSA = ff : let A 
of a polar and J' be the areas ASP and ASQ.; describe the circular 
^™'- arcs PO and QR round 'S as center. Then 

area SPQ, lies between area SPO and area SQR, 

I.e. A -A lies between and — ^^ - 

S 2 

A' — A r^ r"^ 

.-. ■ , ■■■— lies between — and — . 

e -6 2 9 

dA f-- 



Theaune ^**7- '^'^'^ result may also be obtained as follows : draw 

result de- PM perpendicular to SM, then SM = w and PM = y will be 
iherect-" the rectangular co-ordinates of P, let B be the area APM, 
t^Z. then by 203 

dB =ydx, 

but B = area SPM - area .VP^ 

2 



dA = ydx; 
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Hence as in (i93), 

dA =- — - , 
2 

208. The result 

2dA = !cdy - ydtn 
is of importance. 
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CHAPTER XIV. 



ASYMPTOTES. 



J*"-**PP- 209. It often happens, in the case of curves which have 
infinite branches, that when the point of contact is moved 
off to an infinite distance from the origin, the tangent remains 
at a finite distance, or, to speak more accurately, approaches a 
certain limiting position which is at a finite distance from the 
origin. In such a case the tangent or rather its limiting 
position is called an asymptote. 

Propoai- 210. The equation to an asymptote, when one exists, 

To deter- may be thus determined. 

equaUonto jjj (jjg equation to the tangent, which may be written in 

toieofa the form 

dp dy 



put - = M, and therefore 
and it evidently becomes 



: dy y du 
e dx w^ dx 



y.= 



put morec 



,r = - , and .•- div = ^ = - .v^d^ 

and the equation reduces to the following form 
/ du\ du 



Now if the curve be of such a nature that when x ap- 
proaches 05, i. e. when « approaches zero, the limiting values 
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ASYMPTOTES. 



143 



of u and -— arc finite quantities A antl B ; then tlie limiting 
form which the equation to the tangent assumes is 

t/, = Ax^ + B, 
which therefore is the equation to the asymptote, 

211. It is very easy to find A and B in all cases from Howtofind 

■' -^ JandB. 

the equation to the curve, by putting <r = - , and ^=-in 

that equation, and so finding a relation between u and s: then 
A being the limiting value of u when ^ approaches zero may 
be found by putting k = 0, and B, which is the limiting value 

of — — when ss approaches zero, may be found by differentiating 

the equation and putting a: = 0. 

Let iC^ + Saaiy - ^ = be the equation to the curve ; then Esample. 

putting w= -, y = — and multiplying by s^ we find 

1 + Saux -~ 9/ = 0, 

and differentiating 3au + (3«ar - Su^) '7~ ~'-^'' 



\-A^ = Q, SaA -SA^B^O; 
.: A = \, B:=X, ^ 

and the equation to the asymptote is therefore 
y = ai + a. 

212. If A and B turn out to be impossible or infinite, There may 
then there is no asymptote corresponding to an infinite value of ^y, " ,o,e 
the abscissa: but there may be one corresponding to a finite ?o"'^si'°nfl- 
value of w, for the point of contact may go off to an infinite fimi^v^luo 
distance from the origin for a finite value of .r, y of course mu^st"'?!*^'' 
becoming infinite. Such an asymptote cannot be found by the '"''""'i . 
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IM ASYMPTOTES^. 

method just explained, since in that method we suppose m in- 
finite; but it is easy to see that whenever the ordinate becomes 
infinite for a finite value of x, it becomes an asymptote, and 
therefore if » be a finite value of x which makes y infinite, the 
line whose equation is ie = a is an asymptote. Therefore all 

we have to do in a case of this kind is to put y = ~ m the 

equation to the curve, and then make jk = ; and if this gives 
us a finite value of x, a suppose, w ■= axs the equation to the 
asymptote. 

Let the equation to the curve be 

y'.v — x^ ~ ^ay"- - 0, 

putting y=—, x=- and multiplying by x'' we find 



and differentiating (2m — A-aus) — 2au^= 0, 

in these equations putting s;=:0, and.-. m=J, —=B, we find 

J^-1 =0, B-aA = 0, 
.-. J =± !, B = ^a, 

hence there are two asymptotes corresponding to ic = on whose 
equations are 

)/ = * + a, and i/ = - ,r - a. 

Moreover, putting j/ = - in the original equation and 

multiplying by is*, we find 

.V -.v^^^ -2a = 0, 

and therefore when«=0, ,r = 2a, which is a finite value; hence 
there is another asymptote whose equation is 
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When tlierefore our object is to find all the asymptotes of 
a curve, we must not forget to try whether there is one cor- 
responding to a finite value of x. 

213. We may consider asymptotes somewhat differently, ^^'^^!^j'^'°'|' 
and perhaps more simply, in the following manner. somewhat 

By putting - for k, and - for y in the equation to the 
curve, we find a relation between u and » ; and if u and --— 

have finite values A and B when s = 0, we may by Taylor's 
Theorem assume that 

u = A^ Bs: + R: 
where R is some quantity, such that zero is the limiting value, 
of — (i. e. of Rue) when a; approaches zero, i. e. when x 
approaches infinity. 

Therefore, restoring ai and y, we may assume that 
y= Aa!+ B + Ro!. 

Now let BP, fig. 19, represent the curve, AM = x, MP=y: 
also let B'F' be the line whose equation is 

y == Ax + B, where y =. MP, 
then PP = y - y = Rx ; 

therefore, since zero is the limiting value of Rx when ,1; 
approaches oo , PP may be diminished ad libitum by suf- 
ficiently increasing x. Therefore the line B'P continually 
approaches the curve BP as we go oif to an infinite distance 
from the origin, but never actually meets it, though we may 
make PP' as small as we please. A line thus circumstanced 
is called an Asymptote, and we may find its equation just a=< 
before, since A and B are the same quantities as before*. 

214. We may determine the asymptotes of a polar curve Proposi- 
as follows: '"""■ 
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iSO ASYMPTOTES TO POLAB CURVES. 

mineth^' ^^^ ^^^ equation to the curve be put in the form 

to a polar _ _^ , . 

=.'=; "/w "' 

what has 

proved. *^^"' ^^^'^^ •'^ = ^ ^'^^ ^' !/ = '• sin ^, we have, putting - for .v, 
and — for y. 



_fm 



rcosd 
du d tan Q 



, (1) II - tan e... (2)1 



"rf^ ^//C)) /'(9) rase +/(») sine - ^°'- 

Now let a be a vahie of Q which makes r infinite, and 
therefore 

f{&) (which =-) =0; 

then 6 = a makeB 2: = by (l)*; and therefore if A and B be 
the values of u and — when « = 0, we have by (2) and (3), 

J = tan «, B =^ - 



/'(a) cose' 
i therefore the rectangular equation to the asymptote 1 



quired is 



/■(i) 



V'Mcos,.' 

F a = — ; sec note. 



• Except when " = ^, in which cases aBSum^ the form j| when H = o, aud il 
limillng value when 6 approaches a is-/(^l ! ■'■ g = - , . -makear and then 

fore jr infinite; tlierefore by 212 a'g- ■ is the equation to the asymptote. 

■'■(5) 
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ASYMP'I'OTES TO l>OI.Alt CUKVKS. 1*' 

215. We may also obtain this result as follows. Sameresuii 

Let a be tlie angle which the asymptote makes with the dependant- 
prime radius; then it is evident that 6 = a ought to makelJ- 
r infinite, and therefore /(«) must be zero. Let the rect- 
angular equation to the asymptote be 

y = tana{a; + c) (2), 

which, putting r cos 9 r' sin & for x and y, becomes 
, c sin a 

'' " sin (0 -a) ' 

hence - = c sin a . . , _ -- ■ — r = - when 9 = «. 
r sin {9 - a) 

Now the limiting value of - when 9 approaches a ought 

to be unity, from the nature of an asymptote; but by the 
usual method of vanishing fractions this limiting value is 
c sin «/'{«). 

Hence we have c sin «/'(«) = 1 ; 

The equation to the asymptote is therefore {substituting 
for c in (2)}, 



We have here obtained the rectangular equation to the 
asymptote, because it is easier to make use of it than the polar. 

Let r = - be the equation to the curve; here Esamplei. 

/(»)-?; and .-, „.o, also/(e)-li .•./'(<,). i; 

therefore the equation to the asymptote is y ~ a, which re- 
presents a line parallel to the axis of .r at a distance a above it. 
See fig. 20. 

Let r = (a hyperbola referred to focus), KsannileS. 
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ASYMPT< 


rrio ciBOLK. 






here f{9)-. 


] - e cos f 


and 


.-. cos a 


1 


. ± Vi-^ 






tana = ± \/e^ - 1. 


^Iso 


f'(d) 


esine 


■■■/'(«) = 



hence the equation to the asymptote is 

y = ± \/e''— 1 , iTi i ae\/e' ~ l, 

or »/ = ± - (a; + «e), 

which shews that there are two asymptotes making angles 

tan"' -, and — tan~' - with the axis of w, and meeting it at 

a distance ae behind the origin, 

drofc''*'""^ 216. It sometimes happens that r assumes a ilnite value, 
what. c suppose, when we put = 03 in the polar equation to a 

curve: it is easy to see that in such a case if we describe 
a circle round the pole with radius c, we may by continually 
increasing 9 make the curve approach as near as we please 
to this circle without ever actually meeting it. Such a circle 
is called an asymptotic circle, 

Kiatnpie. Lgt ^_ . t]jg„ ^ „ ^ makes »• = «; therefore by 

continually increasing 6 we may diminish r ~ a ad libitum, 
and therefore make the curve approach as near to the circle 
as we please without ever actually meeting it, since it requires 
an infinite number of revolutions of r to make r = «, 

The circle in this case is an exterior asymptote, since »■ 
is evidently always less than a, (see fig. 91). 

If r = -^ — — be the equation, r is always greater than 

a (at least when & is taken large enough), and therefore 
"the circle is an exterior asymptote. 
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CHAPTER XV. 



[ THE METHOD OF TRACING THE GENERAL FOKM OF A CURVE 
PROM ITS EQUATIONS. 



It is often necessary to make out and trace the general 
form of a curve from its equation, without actually calcu- 
lating its exact dimensions, or ascertaining the precise positions 
of its remarkable points: we now proceed to state how 
this may be done in most cases. 

217. If we can find j/ in terms of x, it is easy in general How 
to , trace the general form of the curve by determining the ^,^g 
values of at which make f/ = or 05, the corresponding values "'?^''^ 

of — , and the signs which « has between its zero and in- 

finite values. We may do this in the following manner, viz. 
In one column write in order the values of w which make 
3/ = or CO, and in addition to these, the value a? = co : 
opposite to these values, in another column, write down the 
corresponding values of y, and between each two put the 
sign which y has between them {y will always have the same 
sign between each two of these values, since it can only 
change its sign in passing through or 03): and in a third 

column put the corresponding values of — . By means of 

such a table it will be easy, in most cases, to trace the general 
form of the curve, as the following example will shew. 



218. To trace the general form of the 
equation is 



when «■ = or —a, and infinite when w = a: 
's of ,f t() be written down are —a,Q,a, co ; 
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the corresponding values of j/ are 0, 0, co, co : and by dif- 
ferentiating, or rather by the method given in the note*, 

we shall find that the corresponding values of — are -A, 

dw * 

0, 03, wf; also when w is < - « the sign of j/ is +, when 

)W to find • To find the value of the diffbrentlol coefficient of/(jJ) when i' = o, supposing 

u) very a to be a value of ;e which mafees /(a() = orco, we have only to divide /(;») by 

l^o"r»"' '""" ^"^ ""^ •"" '^'"'- *'™ ''■/(«) = »' Ihe limiting value of ^^ when !■ ap. 
proache9ois/'(a)hyLemmaXIX.; and if /(o) = co , '^^ becomes ra when a: = a, 
and thus gives (he proper value of /"(a), which by Lemma XXIII. we know to be 
05. In. either Base therefore, if me dividers.) by X -a and put v = a., the result mill 
be the proper value of f '(a). 

Thus let /(jr)=^^^! thenif wedivide by a' + fl and put ,r = -« we obtain 
immediately /'(-o)=- J. If we divide by a- andput3>-0, we find/'(0) = O. If 
we divide by x — a and put x = a, we find /'(o) =cq . 

lind y t The values of y and ^" when ,f = hj may be easily found thus. 

gn"^ Suppose 9 to be in tbe form of a fraction ^, put « in the form sflA-^R) and 

" ■ w in the form i" (3+ R'), where S and B' are quantities which vanish when s = =oi 

A-i-R 

then 3, = ..^-.-^-^; 

and therefore, \(m-=n, y= ~g when j^ = as ; if m be <n., (/ = when Jf = = ; and if 
m be>», y:r CO when a'sm . It is always quite easy to put an algebraical function 
of ic in the form x" {A + R) by esamining which term contains the highest power 
of X, and making that power appear as a factor of the whole. Thus 

,f= + 3s3 4.li = s' (3 + ] + ^) =«"(3+fl). 

To find ^ when .* = «;; it is easy to see that if m-n be >I, supposing 

T = o!i and if m-»ibe<l, then ^-0 when j- = cb. So then we may very readily 
find -p at the same time that we find g corresponding to the value x^s. 
For example, if y = — - ■ we may immediately put it in the form 
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a? is >- a and <0 it is -, when a; is >0 and <a it is -, 
when. <» is >M and <r co it is +. Hence the table will be 

as follows. 



* 


y 


dy 




+ 




-" 





-i 











a 


CO 

+ 


.CO 



41)" ""■' 



and enample, let y = x {-—^ — ) ; 



.vr 



.-. J = I), fliid j| = 0, when *■ = « . 
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'«2 -TRACING OP CL'RVBS. 

From this table it is immediately evident that fig, 22 
represents the curve. For if we take AX, JT as axes, 
AB = a, AC = -a; then the table shews that at the point 
C the curve passes from the poMtive to the negative side of 
the axis of x at an angle tan"' (--J), as is represented in 
the figure; that it touches the axis of ^ at J, but does not 
cross it; that it goes off to an infinite distance when a/ = AB; 
and when iv becomes greater than AB it appears on the posi- 
tive side of the axis of /v, evidently in the form FPG, for 
y is infinite when x = AB, becomes and continues positive 
when X is greater than AB, and becomes infinite again when 
X is infinite; y therefore must decrease as aJ gets greater than 
AB as far as a certain point after which it must increase 
again in order that it may go off to infinity when x becomes 
infinite without becoming negative; from which it is evident 
that the curve must be in the form FPG. Since y and 

— are both infinite when ,« = cc? they must be very large 

when x is either a very large positive or a very large nega- 
tive quantity, and therefore the curve must run off to infinity 
on the positive and negative side of the axis of y in the manner 
represented in the figure, 

presen- 219- In the plates marked M the Student will find some 

ires of of the different cases which may occur in tracing a curve 
eswhich represented by figures, to which he will find it useful to refer, 
joccot. Under each figure is set down the corresponding line in the 
table from which the figure is deduced. By means of this 
plate the use of the table will appear evident. 

deter- 220. Thus we are able to trace the general form of the 

nofihe curve; but this method does not always shew us the points 
c^y,** of contrary flexure of the curve; to determine which we must 
must' resort to the method given in (180). Thus in the present 
Btherit Case, differentiating y twice, we get 



tlie only real values of .v which make this •= or « are .v = i, 
,(; = r(~2lffl or -ffl{94-!): so that there can be only tw 
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points of contrary flexure ; which indeed the figure shews, for 
there must evidently be a change of flexure somewhere between 
C and A, since the concavity of the curve is turned upward 
at C and downward at A ; also there is evidently a change of 
flexure at B. There is no change of flexure elsewhere, and 
therefore the figure represents the precise form of the curve. 

221. In order to determine still more minutely the form W 
of the curve, we may find the points where the ordinate is „, 
a maximum or a minimum; to do this in the present case, j^ 



form of the 



and therefore, wher 



I ^ = ^ ± V - + « 



which three values correspond to the points A, Qy and P. 

222. When the curve has asymptotes, it is often useful 
to find them ; for they enable iis to see more clearly the nature 
of the infinite branches of the curve; for example, take the 
equation 

(i^ — ay ' 
Forming a table as in the former case, we find 



AsyinpIoMs 
are useful in 

/Itich the 
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where I{ becomes when .v = ta , the curve has an asymptote 
whose equation is 



Hence, take JC (fig. 23) = «, JB = a, JN=4a, and 
draw the line DMNG, making Z45° with JX, and the line 
BF perpendicular to AX. Then DMNG is an asymptote 
to the curve; the curve comes from infinity below the axis of 
a.; touches it at C, but does not cross it, crosses it at A at an 
angle 45", goes off to infinity as it approaches the line BF, 
appears on the positive side of AX when it passes BF, and 
then turns off towards the line DMNG as its asymptote. 

(For more Examples, see Appendix S.) 

223. We may trace the general form of a curve referred 
m to polar co-ordinates in a similar manner, by putting down the 
values of 9 which malie r zero or infinity ; but as there are 
often no such values, or only very few of them, a table of 
those values is not in general sufficient to indicate the form of 
the curve. We may in most cases perceive the form of the 
curve by considering whether r increases or diminishes as it 
turns round ; and this we may see, either by simple inspection, 

or by finding — - and examining whether its sign is + or - , 

which will tell us whether r increases or diminishes with Q. 

There is no use however in putting down the values of 

— as we did those of — in the case of rectangular curves : 

d$ dai 

but it will sometimes be advisable to put down the signs which 

' It very often happens, as in the present eKample, that we can immediately pnl 
yin the form ^.i+fl + fl, where fl becomes when j; = k i in such a case we have 
no need to reiorl to the genera! method of finding saymptoles given in the preeeding 
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— has, in order to see whether r is increasing or diminishing 

with Q. When r is negative, — = 4, indicates a diminution in 

the absolute numerical value of r, and vice versd. 

It is sometimes necessary, in order to make out properly 
the nature of the curve, to put down a few of the values of r 

corresponding to such values of 9, as — , tt, — ... j > 



When $ = a makes )■ = 0, it is clear that there is a tan- 
gent at the origin making an angle a with the prime radius. 
When = a makes r ^ co , we must find the corresponding 
asymptote. 

It is usual to neglect the negative values of r in tracing 
polar curves, but there is no reason whatever to justify 
this omission, and we sliall therefore always consider these 
values to be, as they really are, just as important as the 
positive values, 

224. In measuring positive and negative values along r, P' 
it will save mistakes, to suppose an arrow-head fixed upon the Si 
radius vector to revolve with it as 9 increases ; then this arrow- "^ 
head, supposing it to point in the positive direction when 9=0, 
will always continue to point in the positive direction, whatever 

be the value of 9. Thus, in lig. 24, let 9 = -, and then from 

S to P is the positive direction, and from S to P' the negative: 

in fig. '25, let <= TT -h — , and then from 6" to P is the positive 

direction : in fig. 2G, let 6 = -^ + ~ , and then from .S" to P is 

the positive direction : and in fig. 27, let 9^ and then 

4 
from S to P h the positive direction. 

Thus we see that the positive direction with reference to a 
revolving line is not a fixed direction in space, but depends on 
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the angle at which the radius vector is inclined to its original 
position. The principle on which what we have just stated 
depends belongs to a diiFerent part of elementary mathematics, 
and therefore we assume it here without explanation. 

'" Bearing these considerations in mind, it will in general be 

easy to trace the form of a curve from its polar equation, as 
will appear by the following examples. The Student will find 
in the plates marked M a representation by figures of some 
of the different cases which may occur, and the corresponding 
line of tJie table under each : to which he will find it useful 
to refer. 



1- 225. Let r = «0 be the equation to the curve. 

Here then is no use in forming a table; we see im- 
mediately that as increases, r continually increases; when 
= 0, r = ; and when is negative, r is negative. 

Hence the curve passes through the pole and touches the 
prime radius when = 0, and then continually recedes from 
the pole as r turns round. When = a negative angle, ASP 
suppose (fig. 28), then r is negative, and therefore must be 
measured in the direction SP'. Hence the curve is evidently 
of the form represented in the figure, the dotted part cor- 
responding to the negative values of being similar to that 
corresponding the positive. 



Esamplea. 226, Let r = o, — - — . 

Here ~ •= ail 4-—) which is essentially positive: hence 

r always increases with 0. 

When 9 = 0, r = C6, and by the method explained in the 
last chapter y = air^ is the equation to the corresponding 
asymptote. 

Forming a table, we have 
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Hence the curve has the form represented in fig. 2,Q; 
the dotted part corresponding to the negative values of 9, 



A reference to the plates M will help the Student to 
make out the forms of curves from tables of the corres- 
ponding values of the co-ordinates. 

The curves whose equations are 

!/=(«= -4.') = •■(»,• -a') (12), 

j'(»' - 40-) _ (a^ - ,.=) (48), 

r^ae^aiaO (44), 

r-oe'sinse (45), 

'■-<'e'.i«l (46), 

r = asmsO (47), 

r-n'a- (48), 



■ (»), 



are respectively represented by figures 42, 43, 44, fee... 
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In the preceding Chapter we shewed how the general 
form of a curve may be traced : we now proceed to shew 
how its remarkable points may be detected and examined. 

227. To investigate the nature of a curve in the im- 
mediate vicinity of any proposed point of it. 

Let the equation to the curve be 

let the abscissa of the proposed point be x=a, and let a?, 
be any value of a^ a little less than n, and % a little 
greater. Then we shall consider several different cases which 
may occur. 

228. We shall in the Jirst place suppose that f(X|) 
and i (x^) have one real value each, and only one, and 
this being assumed: 

(1) Let f(a)~ix), /(iP,) = positive, /(-r^) = positive, 

then the ordinate belonging to the abscissa a is an asymptote, 
and the curve lies above the axis of at on each side of it : 
therefore fig. 50 represents the curve, where JM is the 
abscissa a, and MP(= co) the corresponding ordinate. 

If /(a^i) = negative, and f{ai.^) = negative, fig. 51 repre- 
sents the curve. 

If fi-T,) = negative and f{x^) = positive, then the curve 
lies below the axis of x on the left side of MP, and above 
it on the right, and therefore fig. 52 represents it. 
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If /(,T,) = positive, and /(.^s) = negative, fig. 53 



seiits the i 

(2) Let /{a) be a finite quantity; take MP=f{a), 
fig. 54., and draw the line O'FO parallel to AM-, then 
/(x) -/(a) represents the distance of any point on the 
curve above O'PO. Hence 

If /'(«)= CO, /(^,)-/(«)-P«sitive, /(*,)-/(a) = positive, 

the tangent at P coincides with MP, but the curve lies above 
OPO on each side of MP; therefore fig, 54 represents its 
form. 

It /'(«) - o=, /(«,) -/(.) - negative, and /(«..) -/(«) 
= negative ; then fig. 55 represents the curve. 

If /'(a).=o, /(»,)-/(.) -negative, and /(*,)-/(<.) 
= positive ; then the curve touches MP at P, lies below it 
on the left side of MP, and above it on the right ; there- 
fore fig. 56 represents it. 

If /'(«) = « , /(*i) -/(«) - positive, and f(w,) -/(a) 
•= negative then fig. 57 represents the curve. 

If, however, /'(«) be a finite quantity, draw the line 
T'PT (fig. 58) making an angle tan~'/'(a) with the axis of 
a?; then this line is the tangent to the curve at P, and, its 
equation being y' -/(«) =/'(«) C-^ - «), 

y-y' or /(^) -/(«)-/»(*-«) 

is the distance of any point of the curve above this line. 
Hence, if for brevity, we put 

*W=/W -/(")-/'(«) (<«■-<.), 

it is evident that : 

If («i) = positive, and {/Vb) = positive, the curve lies 
above the tangent T'PT on both sides of MP, and is there- 
fore represented by fig. 59. 

If <p (iCi) = negative, and <p (a's) = positive, the curve lies 
below T'PT on the left side of MP, and above it on the 
right, and is therefore represented by fig. 60. 
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If ^(a;,) = positive, and ^ (<)?e) = negative, fig. Cl repre- 
sents the curve. 

These are all the cases that can occur when y has one 
real value, and only one, for each value of x. 

229. Let us now in the second place suppose that /(;»,) 
has no real value, and /(a;^) two real values, and only two ; 
and this being assumed : 

(1) Let/(«) = CO , and both the values off(as.^) positive: 
then MP is an asymptote to two branches of the curve, both 
on the right side of MP; therefore fig. fi2 represents the 
curve. 

If both values of /(.»g) be negative, fig. 63 represents the 



If one value be positive, and the other negative, fig. Ci. 

(2) Let/(a) be a finite quantity, and f'(a) = o= , then : 

If both values of /(aj^) -/(«) be positive, two branches 
of the curve touch MP at P, but do not go below O'PO, nor 
appear on the left side of MP : therefore fig. 65 represents the 
curve. 

If both values be negative, fig, 66. 

If one value be positive and the other negative, fig, 6?. 

(3) Let f(a) be a finite quantity, and /'{«) be so also, 

then : 

If both values of ^{x^) be positive, two branches of the 
curve touch the line T'PT at P, but do not go below it, nor 
appear on the left side of MP: therefore fig. 68 represents the 
curve. 

If both values be negative, fig. 68, bis. 

If one value be positive, and the other negative, fig, 69. 

If we suppose thatf(,v.^) has uo real value, and f(ai,) two 
real values and only two, then it is evident the curve in each 
case will bo exactly similar in form to what it is when /(.i,) 
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has no real value, and/Ofj) two real values; it will be merely 
reversed in position : thus, instead of fig. 68, we shall have 
fig. 70; and similarly the other figures. 

These are all the cases that can occur when f{x) has two 
veal values, and only two, for some values of ie, and no real 
values for others. 

230. It sometimes happens that/(a;,) and/(<i?a) are both Conjugate 
impossible, no matter how near as, and w^ may be taken to a, ^"^ 
and yet f{a) a real quantity ; in such a case the point Pisa 

point belonging to the curve, since its co-ordinates satisfy the 
equation to the curve, and we define the curve to be the 
assemblage of all the points whose co-ordinates satisfy that 
equation : but no points in the immediate vicinity of P belong 
to the curve ; P therefore is an isolated point of the curve, 
completely detached from the other points. Such a point is 
usually called a conjugate point 

231. If/(.r,) and /(^'j) have each several values while Multiple 
f(a) has only one value, then several branches of the curve ^'""*' 
must meet at the point P; in such a case P is called a mrxl- 

tiple point. 

We shall not extend this enumeration of cases any farther, 
as it will he easy, after what has been explained, to make out 
the form of the curve in any case that may present itself. 

232. The following are examples of the cases that we Exampfes, 
have just discussed. 



Here /(«) = «, f{a!^ = positive, /(*,) = positive ; there- 
fore fig. 50 represents the curve. 

Here /(«) = oo, /(.r,) = negative, /(«j) = negative; 
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(3) J,--^^. 
X - a 

Here /(«) = co , /(«i) = negative, /(a-^) = ponidve ; 
<%■ 52). 

(1) s-a+ai(^-a)l. 

Here /(«)-«, /'(»)- CO , /(,r,) -/(«)= positive ; 
/(»,) -/(<.) - positive; (fig. 54). 

(5) y.» + o!(*-<.)i; (fig. 35). 

(6) j,..,+ <:li^. 

Here /(») = (., /(«) = 1, .^ (,T,) . positive, (,».) 
= positive ; (fig. 59). 

(7) !,.«+—;-'-; (fig. 60). 



(8) {j,(»-a)-<.'}'-o(,r-o)'. 

Solving this, we have y = — ■ — ± \/ax - a^. 

Here therefore /(a) = x , /{a'l) is impossible, and f(af.^) 
has two real values both positive*; (fig. 62). 

(9) (j,-a)'(o.t^ -«') = «•. 

Solving this, y = a i 



Here /(a) = co , /(a?,) is impossible, and f{ix.^ has two 
real values, one positive and the other negative ; (fig. 64), 

(10) (!, - a)' - «, - ,r. 
Solving this y = a ^ \/a,v — if. 
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and !^ = ± "_^ ^ 

Hci-e /(a) = «, /'(ffl) = w . /(fi) -/(«) is impossible, 
and /(a'a) -/(«) has two real values, one positive and the 

other negative; (fig. 67)- 

(11) «(!,-«)'=(«-«)■. 

(.» - »)• 
Solving this y = ,v ^ = , 

Here f{a) = a, f'(a) = 1, <p (_Xi) is impossible, aiitl (p(w2) 
has two real values, one positive and the other negative; 

(%. 69). 

(12) ^ = *+ a^(a?-a)^ ia^ip- «)^. 

Here /(o) - o, /'(o) - eo , /(it,) is impossible; 

/(,,)-/(«). (»-o)Moii«l(,.- -.)!(. 

Now {*g — o.)i ia very small, and ,-. ai =t a^ (;»?£ ■- a) is 
positive whether we take the + or the — . Hence /(a^s) -/(a) 
has two real values both positive; (fig. 65). 

Here /(o). a, /'(o) . 1, /(«,) is impossilile ; 
^(.,= (i^{l.<?LrjO:'|. 

(*, -b)^ 
Now (i^a— «)^ is very small, and .■. 1 ± — - - is positive 

whether we take the + or the — ; hence (p (xn) has two real 
values both positive; (fig. 68), 

(14) y = aJ={,x' -a) \/'m - 9,a. 

Her e /(«) = a, and /(«,) /(.fa) are both impossible, 
since \/<r - 2 « is impossible for all valnes of w less than 2a ; 

11—3 
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hence the point whose co-ordinates are x = a, y 
jugate point of this curve. 

(15) \a{y^a)-{x-aYY=a^{^-af. 

Solving this y = « ± (a; - o) - ^^ " "^^ . 



Here f(je) has two different real values for every value 
of ill except x= a; hence the curve has two branches which 
meet at the point whose co-ordinates are m = a, y = a. Since 
/'{o)=i] the tangents of the two branches at the point P 
make angles 45" and — 45" with the axis of w ; the branches 
therefore cross each other at right angles at the point P; the 
concavities of both turned downwards since /*(a) is negative; 
(fig. 70- 

(ifi) y = X + (x - a) sin"' ~ . Here an infinite number 

(jf branches cross at the point {o! = a, y = a). 

Cusps. 233. The curve at the point P in (fig. 54, 65) is called 

a etfsp from its pointed form : in (fig. 69) it is called a cusp 
of the first kind, and in (fig. 68) a cusp of the second kind. 

SingaUr Points of contrary flexure, cusps, conjugate points, mul~ 

'"*"' tiple points, &;c. are called singular points. 

How the 234. The existence of a point of contrary Jlewure is 

the^se'sin" indicated by —~ changing its sign. (See 180). 

jularpoints d X 

235. The existence of a cusp is indicated by the curve 
not crossing a right line which does not coincide with the 



If -p be a finite quantity at a certain point, and if 

the curve does not cross the ordinate at that point; or, if 

— = X at a certain point, and the curve does not cross 

the line drawn through that point parallel to the axis of x^ 
then there is a cusp at that point. 
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236. To determine whether the cusp is of the first or How to de- 
sccond kind we must find <pix) (see 228), and arrange it in J^hXer 
ascending powers of .r - a ; suppose that the result of |^''^P«'^"p* 
this is W^o^"^' 

^i^) = Ai^- ay + Bij!-ay + &c. ""'■ 

Now when w — ah very small, J + B (^a^ — a)"~" + kc. 

will have the same sign as A, therefore (p(a)s) will have 
the same sign as A («s - a)*". Hence if hj be a fraction 
with an even denominator (of course reduced to its lowest 
terms) A {w.^ — a)'" will have two real values with opposite 
signs, and therefore the two values of (pi-v^) have opposite 
signs, and therefore the cusp is of the first liind. But if 
m be an integer or a fraction with an odd denominator 
A(.Vi — aY has only one real value, and therefore both values 
of ^C%) have the same sign as A, and consequently the 
cusp is of the second kind represented by fig. 68, or 68 bis, 
according as A is positive ov negative. 

Of course we bore suppose that {pix^) has two and only 
two real values, and (pijv^) no real value. If it be <p(_x^) 
which has the two real values, all that we have just said 
is equally true ; only the cusp in each case will be reversed 
in position. 

We here suppose also that /'(«) is not infinite. If it Cusps, 
be, the cusp will be of the first kind, if /(ii?i)-/(«) and /'(a) = « , 
/{fl7a) -/(a) have each one real value of the same sign; and}i^"^J^^_ 
a cusp of the second kind, if /(a^a) — /(«) has two real values, 
and /(«i) --/(«) no real value, or the reverse. 

237. If the quantities /(«), /'(«), P(a), &c. have each l{f(a), 
one real and finite value; then when x is taken sufficientlyyi'^a)'^ ^p_ 
near to a, wo have ......have 

t,^ — ffl)'^ value, the 



- +/^(«) — -+ ...ad infinitum, 



which gives one real value for each value of ay. asmguai 



y Google 



kind except 

oneofcon-/(«) and / («) are both finite, and f(w,) ^ad /(w.^) have each 
lire, one real value : the curve therefore must assume a form simi- 

lar to one of those in fig. 72 in the immediate vicinity of 
the point P: consequently P may or may not be a point 
of contrary flexure, but it cannot be a cusp, or a multiple 
point, or a conjugate point, 

Hence if f(a)) f'(a.), f^(ai) <^c. have each one real and 
Jinite value, the point whose co-ordinates are a and f(a) 

must he either an ordinary point or a point of contrary 
Jteaiwre: it cannot be a singular point of any kind except 

one of contrary Jleocure. 

At all sin- 238. Suppose that the equation to the curve is an 

except one algebraical equation between ce and y cleared of radicals of 

conditions 

hold, when A-¥Ba + Cy + Da^ + Eajy + Fy^ + Gw^...A- Pif ^0, 

Uie equa- 

cMveia * which for brevity wo shall represent by 
algebraical tt ^ /.\ 

anddeared U =0 (1); 

then to find the successive differential coeflicients of y we have 
the following equations got by differentiating (l), viz. 



d^U.^ + d,U^O.. 



da? 



» j,.i J \dxj ' dx 



= (4), 



dy d^y 
From these equations we may find the values of — - , — — ^ , 

— - ,., &c. corresponding to any values a and b oi x and y 

da? 

which satisfy (l) : for by substituting « and h for ,v and y 
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in (2), (3), (4), &c. we find the corresponding value of j- 
from f2), and then that of -r^ from (3), and then that of 
——J from (4), and so on. 

Now it is evident from the form of the equations (l), (2), 
(3), (4), &c. that if d^U is not zero, we thus obtain a single 

. . dy d^y d'y 
finite value for each of the quantities — — , -p-^, ~r~; ■•■■ for 
' dos dor aai' 

then we evidently find 

dy a quantity which cannot be infinite* 

d'y a quantity which cannot be infinite 

__ = d^(7 ' 

and so on. 

Hence it appears by the preceding Article that if d^V be 
not zero, the point («&) must be either an ordinary point or a 
point of contrary flexure. And the same may be proved in 

exactly the same manner of d,(J. 

Hence at all singular points except a point of con- 
tfary Jleaiure we must have 

d^U = 0, djU = 0, 
U = being an algebraical equation cleared of radicals. 

239. If therefore the equation to a curve can be reduced Hence we 
to the form of a rational and integral algebraical equation thepointa^of 
U =0, and if we determine those points whose co-ordinates ^^Ich'inay 
satisfy this equation, and moreover the equations d„U = 0, be singular. 
d^U= 0; then no other points of the curve but these can be 
singular points of any kind, except points of contrary flexure. 

To determine whether such points are really singular 
points, and the class to which they belong to, we must examine 
them separately; and first, we must determine how many 
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branches of the cui 
rany do as follows 



through n 



i'e meet at each of these points, which we 



240. Let .-c = a and y = b be 
one of these points; then since the 
for .1^ and y makes 



he co-ordinates of any 
Libstitution of a and b 



dM= and dyU = 0, 



arrive at an equation for determining — ^ of a higher order 

than the first. If this equation has n real roots, then ti 
branches of the curve and no more meet at the point (aV). 
If any of these roots be equal, then the corresponding branches 
have the same tangent at the point {ab). If when .v is a 
little greater than a, y has n real values, and when a; is a 
little less than a only n - 2m real values, (for an odd num- 
ber of real roots cannot disappear) then 2 m of the branches 
do not appear on the left side of the ordinate b, and each 
two of these branches must therefore either touch the or- 
dinate b as in fig. 67, which will be the case with those 



branches for which — becomes x when ; 



■ else tliey 



must meet the point (ab) in the form of a cusp as in (6g. 
68) or (fig. 69), which will be the case with those branches 



for which - 



dw 



■ not become infinite when i 



If the 2m real values of y are wanting when a? is a 
little greater than a, the same is true, only the cusps, &c. 
are reversed in position. 

If the equation for determining — have no real root 
{ab) is a conjugate point. 

"I 241. We may often very readily find the nature of a 
curve near a proposed point (ab) by expanding y~b in powers 
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will indicate a different branch of the curve, and will shew able us to 
how it lies near the propoaed point. the nature 

of a curve 

We niav also by the same method make out the nature "^'"'.^ PP" 
•' •' poBedpoint, 

of the infinite branches of a curve, by putting - for iv, and 

expanding y in powers of is. 

And thus wc may often make out very readily the form 
of a curve when we cannot solve its equation. (For Ex- 
amples see Appendix V.) 
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then - 



Different 242. I,ET PQ, PQ', PQ", (fig. 30) be three curves having 

Kuniact". ^ common point P, the co-ordinates of which are AM = a, 

MP^h^ and let the respective equations to these three 

curves be 

QQ" ^ ^.(,v) -f(.v) 
QQ' «/>(*) -/W 
Which, since the three curves meet at P, and therefore 
/(a). (,.) = +(.), 

assumes the form - when x = a. 



Hence, by (I48), when /e approaches a, we have in general, 

Now suppose that (p'(a) =f'(a), while >//'(«) does not 
= /'(«); then this limiting value is infinite; therefore when 
the point N approaches M, Q(i' gets continually larger in 
comparison with QQ', and may be made as many times larger 
than it as we please by sufficiently diminishing MN; and 
therefore the curve PQ' must lie infinitely closer to PQ in the 
immediate vicinity of the point P than the curve PQ" does. 

Hence it .appears that if, for the same abscissa, two curves 

have the same value, ni)t only of y, hut also of — , they not 
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only meet, but also lie infinitely closer to each other in the 
immediate vicinity of the point of occurse than they would do 



But suppose that ^'(a) -/'(«)> ^"^"1 ^'(«) -/'(«) *"■*! 
both zero, then by (148) we have in general, when * ap- 
proaches a, 

Suppose here that i^'^(«) =/^(a) while \l/{a) does not 
= /^(a), then this limiting value is infinite. Wo may there- 
fore conclude just as before, that if for the same abscissa two 

curves have the same values, not only of y and -— , but also 

of -— , then they lie infinitely closer to each other in the 

immediate vicinity of the point of oceurse than they would 

do if they had not the same value of -— | . 

And in general, if 

*(»)-/(»)■ 0'w -./"(«)■■•■ .;>-'(») -/—(«). 
.(,(») -/(«), +■(«) -/'(«) •••■ +-'(<■) -f-M, 

be each zeroj we have, when x approaches «, 

Hm.val.ofM;=t>)zm. 
QQ' <j>"(a)-r(a) 

Suppose here that ^"(a) =/"(«) while ^|'''(a) does not 
= /"(«); then this limiting value is infinite. We may there- 
fore conclude thai if for the same ahscissa two curves have the 

d y d^ y d" v 
same values of y, t^-, --^ ... —^, then they He infinitely 

dxdx^dx" "^ " 

closer to each other in the immediate vicinity of the point of 
occurse than they would do if they had not the same value of 
d> 
dx"' 
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172 ORDERS OF CONTACT, 

c^'nui«°de- Hence it is that when two curves meet, and at the point 

pend upon dy 

the differ- of occurse have the same value of — , thev are said to have 

entialco- dx ■' „ 

contact of the first order, if moreover the same value — - . 

contact of the second order, and so on; and in general, if 

they have the same values of -^, — -^ .... — ^, they are said 

dai dm' da;" 
to have contact of the n"" order. 

£■*»•' 243. If ,^(a) -/(«), fX") -I'M ■■■■ i>-M -/■(<■) be 
order is ac- each Zero, and 0''+'(a) -/"■*"'(([) not zero, then by (i2l), 
S'^bter- 0(*)-/(«) has the same sign as 

ESor !^»>(«) -/■•'(•)!(■»-»)■" 

onJerisnoi. for all values of ,v sufficiently near a : now if the contact be 
of an even order n is even, and n + 1 is odd, and therefore 
<p(x) — /W changes its sign when x passes through the value 
«; therefore, at one side of the point P, d)(*) is greater than 
/(a?), and at the other side less; i.e. the curves cross each 
other at P, as in fig. 31. But if the contact be of an odd 
order, n is odd, and « -f I even, and therefore QQ' does not 
change its sign when of passes through the value a; i.e. the 
curves meet each other without crossing at the point P, as 
in fig. 32. Hence contact of an even order is accompanied 
with intersection, but contact of an odd order is not. 

WiiaihsB 244. It is evident that all we have just said is equally 

is true for true whether the co-ordinates be rectangular or oblique. 
po'lTco^-"'^ Moreover it is easy to see that if we refer to curves to any 
otdinates jjcw axes of co-ordinates, the degree of contact is not altered. 

''?^°tact ^* ^^ ^^^^^ "'^^ *^^'' '''^^^ ^*^ ^^^^ ^^^^ applies equally to 

isnot dr d'^r d'r 

changed by polar co-ordmates: i.e. if —- , tt;- ■ ■ ■ ■ -777: nave the same 

nates!^'' values in both curves at the point of occurse, the contact will 
be of the n*"" order: for then it is easy to see, putting 

dy d^y d''y ... , , 
a^ = rcos0, y = r sin 0, that -/-, T^. — -f^, wili also have 
' ^ da: dar dm' 

the same values in both curves. 
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245. To make a line whose equatiun is A"H^h''t'' '' 

y, = Am + B (l), 

have coDtact of the first order with a given curve whose 
equation is y =f(«')i ^it a given point whose abscissa is a. 

y must = */i when w = a; therefore we have 
f{a) = Ja + B (2). 

— mnst = — when * = (*; therefore we have 
div da; 

/'(») = -< (8)- 

(1), (2) and (3) give 

5 -/(«)=/'(«) («■-«). 

which is the equation required. It coincides with the common 
equation to the tangent, see (175), and hence the ordinary 
tangent has contact of the first order with the curve. 

If we wish to make the line (1) have contact of the second 
d^y d^yi 
order with the curve, we must put — — = — r— when x= a: 
dor ■ dor 

but this gives /"(a) = 0, and this equation of course cannot 

hold except at particular points of the curve. Hence a right 

line cannot have contact of an order higher than the first with 

a curve except at particular points of it, determined by the 

d^y . d'y 

equation — — = (or in some cases -— = os , see note*). 

dar dar ■ 

946. Suppose that the curve is referred to polar co- Esamplea. 
ordinates, and that its equation is r=f{Q). The equation tounere- 
a right line being )/ = tan o (j; + «), putting -^ = '"i cos y, '^^J[^^^J"_ 
y = Ti sin 0, becomes ordinates. 

''' " sin {$ ~^j ' 

■ When t4 = co t— 3 (y being the independant variable) rtill be in cetlHiii 
cases, and then there will be contact of the second order. 
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n(_e-a) 1 dr, __ cos (0 - 
a sill a ' r|= dO « sin 



Now suppose that the line has contact of the first order 
with the curve at the point whose polar abscissa is 9 = ji, 

then when = /3 we must have r, = »• and ■ — ^- = — . 
' dO dO 

•'■ ^^^ = sin"(^"-"»j ' ^"^ ^'^^^ = -/C^'^^^* 03 - a). 

Prom the second of these equations we may determine «, 
and then from the first a, and thus the polar equation to a line 
touching a curve given by a polar equation at any proposed 
point may be found. 

Since /3 may have any value we have in general 

/'(e) = ~/(0)cot(0-«), 

fie) _rde 

■ dr ' 

which coincides with the result obtained in {196). Since 
a — 9 is evidently the angle under the tangent and radius 
vector, i, e. tp. 

The order 24^, The order of contact which we may make two 

which we curves have with each other depends in general upon the 
tw^o'curvea number of constants we have at our disposal ; if there be 
have with n + 1 constants disposable we may so determine them that 
" the contact shall be of the n}^' order ; for then we may, by 
giving them proper values, satisfy the « + 1 equations 

dp^ dp d^y^ d-y d"y^ d^ 

which equations must be fulfilled to produce contact of the 
w.* order. 

Thus in the most general equation to the right line, 
y ^ Ax + B, there are two disposable constants J and B, and 
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therefore we may in general make a right line have contact of 
the first order, but no higher, with a given curve at a given 
point of it. In the most general equation to a circle, viz, 
{lE ~ jy^ + {p — -S)^ = R^ there are three disposable constants 
A, S and R, and therefore we may in general make a circle 
have contact of the second order, but no higher, with a given 
curve at a given point. 

248. To determine A, B, R, so that the circle E 

shall have contact of the second order with the ci 

b - /wi 

at the point whose abscissa is a. 
Wc have 

{^~Ay+iy,~Bf= R^ ... (1), 

.v~A + {y,-B)'^=Q ...(2), 



Ksamnle 3. 

made to 
tcacli a 
proposed 



da: 



-(£)'-<--)S- 



, (3). 



Now since the circle touches the cucve with contact of 
the second order at the point whose abscissa is a, if for brevity 
we put /(rt) = b, f {a) = p, p {a) = q must have 

yy = l>, "^ = V, ■— = q when w = a, 

duo dw^ ■ 

and therefore putting a? = « in the equations (l), (3), (3), 
they become 

{a~Af + (h-By=E'... (1), 
a~A■¥{b-B)^p=(^ ... (2), 
1 +p' + (fi- J2)g = o ... (3). 



(3) gives h-B = 



1 + p^ 
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then (2) gives a - A = p — , 

(1 + tf)^ 
and then (l) gives i? = d- - ■■■ ■, 

which equations give us B, A, and K, and thus the circle is 
completely determined. 

Circle of This circle is commonly called the osculating circle, or 

lis radius' the circle of curvature. Since a may belong to any point 
oVcurva^-^" ^^^^t^^^'' ^f the CLirve, we may put x instead of n, and .'. 
(181.) y, -JL^ and -i— instead of 6, p, q respectively, and then 
we have 

I, + m'f 



hence it appears that R ts p (see J84), and hence the point 
P' (185) is the center of the osculating circle. 

It follows therefore that the limiting position of the in- 
tersection of two consecutive normals to a cui-ve when they 
approach each other is the center of the osculating circle. 

We may also arrive at this result by means of the fol- 
lowing article. 

i- 24:9. Let the equations to two curves be 

/(*y«) = o (1), 

/(*;/«') = (2), 

(2) differing from (l) only in having a in place of a, a and 
a' being two constants to which we may assign any values 
we please. Then if we determine m and y from these two 
equations taken together, the resulting values will be the 
co-ordinates of a point of intersection of the two curves. 
Now this point, which we shall call P, must be some definite 
point as long as a is different from «, but if «' becomes 
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equal to a, it ceases to be a definite point, since then the 
two curves are identical, x and y therefore become illiisory 
when a = a, but of course they have some limiting value 
when a approaches « as in the example (92). We may 
determine the limiting values of .v and y as follows. 

By Lemma XXI. the equation (2) may be put in the 

f(.vya) + {/'(^ya) + Q] (« - a) ^ 0, (see 77) 
where Q is a quantity which may be diminished ad libitum 
by sufficiently diminishing u ~ a. In virtue of (l), and 
dividing out «' — a, this equation becomes 

/'(*»/«)+ Q = o (s). 

Of course we necessarily suppose in this process that a 
does not actually =^ a. 

From (]) and (3) we may determine .i? and y, which 
will of course be different for difi^erent values of a'. Let 
a' approach e; then, in virtue of (l) and (3), the limiting 
values of /(it) J a) and of /'(«j/n) + Q must be zero; if 
therefore x, and ^i be the limiting values of ai and j/, since 
that of Q is zero, we have by Lemma VIII. 

/(^,2/.«) = 0, and f'(^,y,a) = 0, 

and from these equations we may determine at, and y^. 

Since Xi and j/i are the limiting values of a? and y when 
a approaches a, it is clear that we may diminish the dis- 
tance between the points (my) and (^j^i) ad libitiim by 
sufficiently diminishing a - «■ The point x^y^ is therefore 
called the ultimate intersection of two consecutive positions 
of the curve (l), and its co-ordinates are the values of ai 
and y which are obtained from the equation 

and its partial derivative with respect to a, viz. 

a is called the variable parameter of the curve. 
12 
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'■ 250. To find the ultimate intersection of two consecutive 
positions of a line which always includes equal areas between 
it and the co-ordinate axes. 

Let - + - = I be the equation to the line, and 2c the 

constant area ; then a/3 = c, and the equation to the line 
becomes 

:-f-.=» w. 

a being the variable parameter. 

The partial derivative of this with respect to a is 

-J + ;-» W. 

from these equations we easily get 

'- + 1=0, or .V = - ; 

a a 2 

and then « = — . 
" 2a 

The value ,v = - shews that the line is bisected by the 

point of ultimate intersection. 

We may verify the correctness of this result thus. 

Let a be another value of a, then the equation to the 
corresponding line is 

f +^-1 = (S), 

(3) a' - (1) a gives 

(«'^_„«)|_(V_„) = o, or y = -^-, 

and therefore the limiting value of y when «' approaclies a 
is — , and therefore by (l) that of aj is -. 
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251. Hence we may fiud the ultimate intersection ofExampka, 
two consecutive normals as foilows. 

The equation to the normal to a curve ^ =/(«') at the 
point whose abscissa is a is 

/'(a) {»-/(»)! +'-«-0 (1), 

taking its partial derivative with respect to a we have 

/■(«){<(-/(«)!-{/'(<.)('-■-» «. 

and the values of at and y got from these equations are the 
co-ordinates of the point required. These values are 



s -/(«) + J 



/'M 
l/'WJ' 



Comparing these values with those of A and B in (249) we 
see that the point of ultimate intersection of two consecutive 
normals is the center of the circle of curvature. 

253. We may find the locus of all the points of ultimate How to 
intersection of the set of curves represented by the equation loewsofthe 
/(»>../o)-0, S^£„ 

by eliminating a between this equation and its partial deri- ^u^^,^' " 
vative 

/'(..S,i)-o. 

Let us take the first example, last article, in which Example. 



f(fvya) = 



f'(^y?)=-~ + -^ = o. 

Eliminating n, we find 

a = 2A', and .-. j;)/ = c, 
which gives a rectangular hyperbola referred to its asymptotes 

12 — 2 
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LAGRANGE 3 THEOREM. ELIMINATION OF CONSTANTS AND FUN( 
BY DIFFERENTIATION. EXPANSION BY MEANS OF THIS 1 



The following theorem, due to Lagrange, is often found 
useful in expanding functions which are given by equations, 

Lagrange's 253. Suppose that u, y, z, x are variables connected 

Theorem. , ,, J^ ' ■" 

by trie equations 

u = %) (0. y = z + >!^(y) (2), 

to earpand u in a series of powers of s. 

To do this, we shall find d/u as follows : 

y is a, function of the independant variables ss and x, and 
we have, by differentiating (3) with respect to x and w, 

d.y = <p(jj)+^<}>(.y)d,y; and .-. d^y = ^ ^.^.^■.•. > 
d,y=l + .vtp\y)d.y; and .-. d,y = ^ ^ ^^ ^^^^ ...(3); 

hence, d^y = (p(,y)d^y (4); 

and .-. d,u=f'(y)d,y=f'(y)<p(y)d,y (5). 

Now if -^(jy) denote any function of y, 

d, {^I'OAd^j/} = f(y)d^yd.y + '\'iy)d^d^y 

= d,{-^iy)d,y\ 
''d,{f(y)<p{y)d,y], by (4). 

Hence supposing that ^f(y)=f'iy)(plj/), and differen- 
tiating (5), we have 
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and again dj'u = d^d^[ J 

= dj'lf'iy) Wl/^^'i'P']' similarly, 
and so on; and finally, 

d/« = <*/"'[/'(;/){</. (y)S-43/]. 
Now when x = 0, x = y, and by (3) d,y = I ; therefore, 
when 01 = 0, we have 

d/« = d.-'[/'(s.){(^(s)}"]. 

Hence, by Taylor's series, if for brevity we put /'(«)= F, 
(f ()b) = Z, we have {since u =/(ar) when x = 0], 

»./W + rz.i^ + <i.(Fz-).^ + d.-crz')^... 

a?" 
in 

which is the developement required. The following example 
will shew the use of it. 

Let M = e", y = s< + xe^. ^ 

Here f(y) = ^: •■./'(*) or V = e% 

<i>iy) = e!': .: .^(sr) or Z=e'; 

which = 2°e% 3e^', 4^6", S'e'' ... when n = 1, 2, 3, 4, ... &c. 
respectively ; hence 

264. When we are given an equation between x and y EUmina- 
containing any constants a,, a^, a-^ ,,, a„ suppose, we ^^yf^°J^'^' 
eliminate these constants by differentiation, as follows. Let dLfferentia- 
the given equation be 

f'-o (1), 
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and let it be diflFerentiated n times, and so give the following 
equations ; viz. 

dU^o (9), 

rfn/= (3), 

d"U = (n + l); 

then from these « + l equations we may in general eliminate 
the n quantities a,, a.^, H^.-.a,, and so obtain an equation 
, dy d'y d"y , . „ , 

between a?, «, — , -r-:;...-; — , not containing any ot these 
^ dot dx^ daf & .> 

constants, 
tjample. Lg( j.jjg given equation be 

y - aai^ + ahm = (l), 

differentiating twice, we have 

p - 2aw + ab = (2), \p=~, 

q-^a^Q (3); U = ^- 

hence, 2a = q, and therefore, by (2), 
nb '^qx-p-, 
and therefore, by (l), 

q^^ 

y _ ^ qa:- - px = 0, 



or y+—.-p<K = 0; 

which is an equation between *, y, p, and q, not containing tlie 
constants a and b. 

^sTs^^' 255. It is evident that there be n + m constants a^, 

equations' a^...a„, a„j.i...«„+™ in the equation f7 = 0, we may eliminate 
fomedin '"•"y ^ o{ them we please between the equations 



du = 0, 
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Now there are — (= A' suppose) 

different combinations of the m + n constants a^, Un ... &;c. ; 
therefore there are A"" different ways in which we may form an 

equation containing x, y, -r— ..,-7—^ and m 01 the constants; 

and consequently we may in general obtain N diiferent equa- 

, , dy d"y , - , ,. 

tions mvolvine x, y, — ... — — and m or the constants Iroin 

the given equation. 

In the example just given, if we eliminate a between (l) Example. 
and (s;), we find 

a = -I— from (2) ; 
and therefore, by (1), 

-^-f^- <=). 

Again, if we eliminate b, we obtain 

y -p.v + aa? = (6), 

and thus wc deduce from (l) two different equations (.'i) and 
(6), each involving w, y, — , and one of the constants. 

256. We may eliminate the constants fflj, a^, a^ ... a„ Thisellmi- 
from w = somewhat differently, as follows. be effecwd 

Solve the equation u = for a, , and let the result bo differently, 
w, = «!, then, differentiating, wc find 

du, = 0, in which o, does not appear. 

Solve this equation for Wj, and let the result be M^ = ng, 
and then differentiating, we find 

dii.j = 0, ill which neither a, nor a.j appear; 
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and proceeding in this manner we may eliminate «,, %, a 
successively. 

Thus in the example just considered, if we solve for c 
find 



therefore differentiating we have 

b) =0, 







(.»• 


-b«,)' 




o, (.V 


^ -ba 


Op-y(2,.- 


which equation does 


not 


contain a. 


Again, 


solving 


for S, 


we get 






?!?,_ 


-«S_ 



and therefore differentiating we find 

{!^q - 2y) {xp -y) ~ (.v^p - 2wp) xq = 0, 
or ai'qy — 2y (arp — y) = 0, 
or .v'y = 3 (<pp — j/) = o, 
which is the same equation as before. 

This method is generally longer- than the former. 

257- In the same way that we eliminate constants from 
equations between two variables x and y, we may eliminate 
'" functions from equations between three variables *■, y, x. 

For let M = ... (l) 
be an equation between w, y, and sf, containing the n functions 
■^.("i); ^eCwO' 03("3) ■-- ^«K)' "i «2 ■■- •"« being any 
functions o? x y is. Then in virtue of (l) we may consider 
« as a function of the two independant variables a,' and y, and 
we have by successively differentiating with respect to x and 
y the following set of equations; 

it = 0, 
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d,^u = 0, dgit = 0, 
dj'u = 0, d^d^u = 0, d,f 



in all 1+2+3 ... + w, or ^^ — equations. Now in 

these equations we evidently have involved the functions 
^i(«,)' 0=(%)' ^-f"™)' 

■^.M".)- 'prC".). '?^"(''")' 

in all mn different functions. 

Hence if ^^ ^— be > mn, or = mn + 1 at least, we 

2 
shall be able to eliminate all these functions from the equations, 

and so form an equation between o! y z, d^s:, d^^ss, d^^x, ... Sec. 
...d"ss, d/"''rfj,« ... d/«, containing no trace of the func- 
tional letters ^^ ^a, <p3...<p„ 

(m + 1) m 

If n = 1 the condition > mn becomes 

9 

m + I , 

>\, and .-. m>l. 

2 

If n = a it becomes 

tn + 1 

->'2, and ,'. m>S, 

9 

and so on. 

Hence to eliminate one function it will be necessary in 
general to go beyond the first order of differ en tiatiou ; to 
eliminate two functions we must go beyond the third order; 
and so on. Often however it happens that, in consequence 
of the peculiar form of the equations, the elimination may 
be effected without proceeding so far; as the following ex- 
amples will shew. 
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Let the given equation be 

u = x<p (w + 2/) + aiy = . 
len rf,M = p(f>(a; ^y) + k^' (ai + y) -i- i, = o . 
dyU = qtp {x + y) + s:<l>' (w + y) + .V ^ . 
where p = d^z, 



■(1), 
(2), 
(3)> 



(2) and (3) give 

{p - q)<pi'V + y) +y- .« = 0, 
which by (l) give 

,v - y 

s + xy ^ 0. 

p-q 

Thus wc obtain from (l), by differentiation as far as 

first order, an equation which contains no trace of tp. 

^- Let the given equation be 

0(*' + s;) + f (y + ;K) = ... (1), 
then (I +p)<p'{a! + z)+py\,'{y^x) = ... (2), 
q<ly'{w + ^) + {l+q)^\,'[y + -z)^0 ... (3), 
(2) and (3) give immediately 



q ] +p 

from which i^ and vfr are eliminated. 

258. This sort of elimination is often useful in cx- 
I panding functions, as the following example will shew. 

To develope cos (mcos"' ir) in powers of ,r, assume 

y = cos (mcoa-'.^B) ... (l), 



v/r 



r sin (tocos ' ,r) , 



Wi 
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/ ^di/ . , , 

.-. Vl - 0)"-— -m sin {m cos"' x) = ; 
aw 

.•. differentiating again, 

/ ^ 'i^V m dv ni^ , , , 

V 1 - '^ T-i 7=- ~ + - ,-■ cos (m cos-' ,tO = ; 

dar ^\ — ,if- dec ^i _ .■^s 

or multiplying by \/l ~ ay', and putting y for cos (wj coh'',?;), 

Having thus eliminated the functions cos and cos"' (ly 
differentiation, we shall be easily able to developo y in the 
powers of {v by assuming 



Substituting this for y in (3) we find for the coefficient 
of W 

in + 2) (« + 1) ^,+ji ~n{n -\) A„ - nJ„ + »ra^ A = 

which being put equal to zei-o gives 



"'"' (n+ ()(« + 2) "'"' 




from which we evidently get 




, = ^,„ ...tj,^ 


"^A- 


...l^.,, ...C^Mf: 


--^A 



. fee. 
To determine Af, and A, , put ^> = O, and ,-, y = A^ and 
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Hence if for brevity we assume 

^-' rs"^^ r4 " re 

V = m,x — ■ -^ <r + .^ X ... i 

we have 



which is the general expansion of the cosine of a multiple arc 
in powers of the cosine of the arc. 
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259 If ?/ = mu, u and t- being two functions of -^j |^^^°^?™ "'' 



For 



dt/ = du .V + u. dv, 

d^y = ^u.v +Sdu.dv -^ ud^v, 

d^y = d^u. V + Sd'u.dv + Sdu.d^v + wd 



Let us assume that 

d"y = d''v.u + J„d"-^v.du + B„d"-^v.d^u 

then we easily find by differentiating, 

rf™+'»/= d''-*'v.u-\- (A^+l)itvdu + (B„ + A„)d''-'v(fu...; 

.: A^, = A.+ U -B.+i =-B„ + ^„, C„+,-C„ + B„ ... &c.; 

whicli shews that if the coeflicienta of d"y be the same as 
those of (l + k)' expanded, the same will be true when 
w + I is put for n ; but we have shewn that this law holds 
when n = 1 or 2 or 3 ; therefore it is true in general, and 
we have 

n n(n-l) 
d"i/ = d'u.i) + — d"''u .dv + — — d°''^u.d^v ... + ud''v. 
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This is called Leibnitz' Theorem, and is often of use in 
tindiog successive differential coefficients. 

ellS- ^^*^ To find the n'* differential coefficient of f(x) if 

effieienlof f (x) = ri) (a + bx + CK=). 

We have f(x + h) =(p(A +Bk + vh') ... (i), 

if A = a + bx + ca,^, B = h + 2cw. 

Now the general term of fp(J + Bh + ch^) expanded in 
powers of Bh + Cfi' is 

and the general term of this expanded in powers of e/*^ is 
B'-'if ,_. 

In this term let us suppose that r + « = m, and it be- 
comes 

-h' — Uyh", suppose. 

Now s is evidently not > r, and not < 0, i. e. w - r is not 

> r and not < 0, i. e. r is not < — and not > n. 

' 2 

Hence the sum of the terms formed by giving r all pos- 
sible values is 

(f7„+ ;7„_, + U„_., ... Unjh" if « be even; 

and (f7„ + ^„_i + f^„_e ... U"J:S) h" if n be odd ; 

and hence it follows that the coefficient of h" in the second 
member of (l) expanded in powers of A is 

cr„ + ^„_, + (;„_j ... &e. ^^- „ !±i. 
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Now the coefficient of h" in the first member of (l) ex- 
panded is, by Taylor's Theorem, f^f'i^) ^ 1^^"'^^ ^^ ^"''"' 

f(x) = rn(_U„+ f/.^,+ U„-., ■■■ C^»or^). 
where 

U, = <b'{a + 00! + car) ^77 ct^tt; X' 

which gives us the differential coefficient required. 



261. Let ^ia + b.v + cic^) = \/\ +,t; + *'=(1 +* + a;=)'', Example 

method, 
then <l>' (a + bx + cs^) 

. ^ ^ (- 1)' (1 + 1- + IT*)" '; 

„ l.3.5...(2r-l), ^, ,, ,,. (l+2,r)^'-" 



. (1 + ..•+. »')i-*'(l+ 2a.)- 



(l+l. + a>)l-"-(l +2»)- 



Hence, if for brevity wc put = s we have 

(l+2«.)- 
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* 1 2n-I 1.2 " (2n.-l)(2»-S) +'^*'-i' 



Let (p(a + bx + cw^) = log (a + 6* + x^) ; 
then 0'(a + fi,-» + c*^) = (-l)'-'r(»--l)(« + 6a; + -i;O-' 
. rr r(r-l).(~ir 



r(ji-r).r(2)--«) 

(6 + 2^)' 



(M + ft,^ + «^)-'(6 + 2«y'-"; 



. /V) = J'n(-l)""' 



(« + fe,r +<i^)" \n 2n-4. 



The Cycloid. 

Generatinn If a circle NPS (fig. 7S) roll on a straight line JX", a 
cycloid. point P in the circumference of it wiJl trace out a curve of the 

form APBX, which is called a Cycloid. It is a curve of some 

importance in Mechanics. 

Equaaon "We niav find its equation as follows: 

(0 cycloid. "^ '■ 

Let A be the point on the line AX with which P originally 
coincided, take AM^ — x) MP{ = y) to be the co-ordinates 
of i*; draw JVC from the center C to the point of contact N 
of the circle, join CP and draw PO parallel to MN, let a 
denote the radius CP, and Q the angle NCP--, then, since in 
the rolling of the circle every point of the arc PN has coincided 
with every point of the line AN, it is evident that 

AN^&rcPN = a9; 

therefore we have 

.V = AN - MN 



= «0-asin0 1 
CN- CO = a -«cos0| '■^'' 



.-. y = a vers Q ; and .■. = 
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also, sin = \/ 1 -- 1'^-^] =-\/2tti/ 



V = a vers - = 



which is the equation to the cycloid. 

The point B at which $= ir, which is called the vertex Equaiion 
of the cycloid, is often taken for the origin, the line BY' trverw"! 
parallel to AX for the axis of p, and the line BX' per- 
pendicular to JX for the axis of x. We may easily find 
the equation to tile cycloid referred'to these axes by putting 
in the equations (l) i/'+ AX' or y + wa for x, and BX' - as' 
orS« — a?' for y, which gives us 

y + 7r« = « (9 - sin 9), 



which, if we put tt + ^' in the place of Q, become 

.■e' = a (l — COS 0') J' 

and therefore as before (suppressing the dashes), 



(3), 



y = a. vers ' - + •^/'iais ~ x' (4), 

which is the equation to the cycloid referred to the vertex. 
To determine the tangent and normal at P. 
From the equations (1) we find 



rfa^ = H (I - c 



dw 
dy 



a (1 - cos S) 



MN 



Tangent or 
a cytloid. 
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194 MISCELLANEOUS THKOBEMS. 

therefore the equation to the normal at P is 

yi—y = tan PNX' (,)?i — .r), 

which is the equation to the chord FN. 

Hence the chord FN is the normal at P, and therefore 
the chord PS, which is perpendicular to PN, is the tangent 
at P. 

To determine the index of curvature at P. 

It follows from what has been just proved, that if i^ be 
the angle the tangent at P makes with the axis of x, 





+ =i- 


™c.-- 


3' 




dt 
■ l"dj/ 


ads 
° d» ■ 




Now <i.' . i!f + 


i'f 






-.■{(1 


- cos 6f + si 


in'ej dff- 




-2«'(1 


-C0!e)lJ9": 


.saydefi 




p'-et,. 






lich gives p. 








Since PN' 


'■ = SN.NO = 2ai/, tliis 


gives 




P 


-nFN: 





therefore, if we produce PN till NT = PN, T is the center 
of curvature corresponding to P. 

Let ^D"(=/3), (73'(=a) be the co-ordinates of T, then 

MN = iVU" = « sin e, 

and 177'= Pilf = a(l-cos0); 

.-. fi = ai9+ sine), 

a= a,(l -cos 9), 
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cycloiJ. 



MiaCELLAN EDITS THE0BEM3. lao 

and .-. /3 = a vers"' - + \/^aci - d'. 

Comparing this with equation (4) we see that the locus 
of T, i.e. the evolute is a cycloid JTVJTW, as represented 
in the figure, being equal in magnitude to the original cycloid, 
but having its position altered, its vertex being at A, and its 
cusp being at V. 

From the equation (l) we have ^1^."?"!°^, 

ds = \/div'^ + dy^ = \/9a''(l '- cosB)d0'' 

= 2 » sin - rf^ = - A-d (a cos - ) ; 

... cz(. + .«cos^) = 0, 

and ,'. s + ia cos - must equal some constant, C suppose. 

Now, assuming s to represent the arc AP it is evident 
that when »> 0, s = 0, therefore we have 

0+4o=C, .: C = a; 

( Q\ 

.-. s = 4(i 1 — cos- , 

which gives the length of the arc AP in terms of 9. 

When P K 3.t B, 6= IT, and . 
length of the arc AB is ia. 

Arc BP=avcAB~arcAP 
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6 MISCELLANEOUS THBO«EM«, 

Now chord PS = 2ffl cos FSN = 2a cos ^; 

.-. arc BP = 2 chord PS. 
If we denote arc BP by s', then since 

chord PS = s/SN. OS = \/2^, 



which is the relation between the length of the arc and the 
abscissa measured from the vertex. 
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APPENDIX. 



(A.) 







then ^'(^) = 6*, - 


«,r)-2a; 






/'W - 


6»(^ + l). 


- 2ar (3^ - 5) 




(«" 


+ !)■ 






- 


l6a! 




w 


/(«) 


n'-n 


* ' f(i 


, 2(»'+l) 


»' + « 


+ r ' ^ ' (»> + »+ !)■• 


(3) 


/w 


a^ + ] 


■ + 1- a', 

ar4- 1 




rw - 


-4.17 


2 
!■+(« + 1)' 


a!*-8a; + S 




(»-'-i; 


" ' (-'-I)- 


(4) 


/w 


a}'' + 1 


a' 

- H + ( 

a + I 




w 


/w 


(»=- 


!)(<. + 2) 


■#>(*) 


I 


e-3 






th 


en fU 


<;.■«(« 


,-S)-,^(») 



•/w 



(a-3)- 

^'(ai) = 2a7 (a; + 2) + (ar^ - 1) = 3a!^ + 4a! - 1 ; 
(3a7'+4a;-l)(a!~3)-(a;^-l)(a;+2) 2a!'-7a5^-12a7+fi 
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(7) /(.).. ..-l.i^, 






(B.) 

(1) /W-v/;.,^(»,), »r- ! + «■=.)-(»), 
then /'(»,).,(,-«,(,'(«,). -i^. 

(2) f(w) = t!msi = (p{si), j? = »»taii-'a! = -f.(a;), 
then /•(«)- 0'(.)'/'»=J^-Y^- 

(3) f(x) =\ogx = ({>(x), X = sin ^ 4- tan iP = \jf{a>), 
then /'(«) - ^'W f W - i («.» + ^) . 

W /W-eos-'« = ,;,W, s,.,-sin*-fW, 
then /'(«) - 0'W f '(ai) = 7== ■ •'(»in » + cos »). 

\/l -ST 



(C.) 
dy = (J..^. (1 ~ ««)-* + »<i (1 - «>■)"*. 
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.. ^^^,, ., .-f.^. ., ■-,,_^J, 


Or 


thus: 




logs-log»-ilog(I-y)i 




y a: ^ l~^ 3)' I - aP^ 




dy y 1 1 




" dt! «.!-»' O-ai")*' 


P) 


1/ = log(fl7sinai + cos^a?) 




^ a? sin X + cos= a; 




rfai . sin .v + x cos a; (/a; + 2 cos a?rf cos .v 




iBsinj! + cos^a7 




dy sin. V (1 -2 cos x) + x cos ai 




■• dw- xdnx + co^^a> 


w 


y=itRaa>y''-'; 




.-. log y = loff tan «, 




dy d cos a; Id tan a! 

_£. = — log tan ee + - — —- ; 

y cos^ if ° cos ee tan a; 




... __ = i,j^^ — logtaniP+ -; 5— J . 

dx [ cos^ a? " sm ar cos" fl?J 


w 


1 . -. 1 1 1 . . i- . 5 . ..^> . 


1/ - log .— — _ - log a^ ^ log {a +ar). 








. dy 




' ■ dx w id' + x^) ■ 
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(5) 3/ = tan-' —-^ ; 

\1 + e COS 01/ 

then log tan y = .v + log sin x — log (l + e" cos or) ; 

dtany dy co&xdo) e^ (cos a; — sin a?) rfic 

tan y cos y sin y sin j? l + e* cos x 

dy . (sin a) -(- cos a; + e'\ 



l(l+eVos*)sina! 



Now sin y = 



V/ 1 + tan-(/ x/l + 2e*cos af + e"'" 

1 (l + 6*' cos oc) 

\/l + tan' J \/l + Se'cosa? + e" 
e" (sin m + cos x + e^ 



Or thus : 



dy = 



-, where ss •= 



e*' sin * 



1 + e" cos .1? 

and therefore, 

d (f" sin a;) . (1 + e" cos «) -«" sin ji rf (e' cos ai) 
(I + e^ cos xf 

e°'(sin.i!+cosrt;)(l+e'cosrt;)-e*sina?e'(cosa;-Binai) 

dy 1 «" (sin ,t; + cos x + e*) 

' ' rf« 1 + £■■' (1 + e" cos ii')'' 
e°'(sin w + coSie.+ «^) 
1 + 2 e'' COB .-e + «" 



= log (,!■ - Vl - .*'^) - log {'^ 
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■ ^/r-. 



dy 1 



h v 1 — x' 



Vr^ 






\/l-.v' \2*^. 



then y = — -^ ; and .-. y ~ y' = 
.-. dy - 9,ydy = mai'"~^dx. 



dai 1 -Sy ~ Stf 



(8) 



(9) 



= log {x + sec it + sin ' af), 

1 + dsec X + d sin"' j? 
rTf + secaf + sin"' ,v 

y = tan"' 



.-. log tan y = logx~ ^log (l - a;*), 

dy d.v ,vdw 

sin 1/ cos »/ ,j! 1 — a,''' * 
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(11) 



, , /i + sin 9 
!/ - log V Y^TihTg 

= ^ log (1 + sin 0) -llog(l -sine 
, con 9dd , cos Orfi 



•s6d9 
- sin ' 



dy cos ^2 1 

rf^ ~ ~2~~ cos^e ~ cost! ■ 



J/ = log tan j - + ' 



dff = 



da; cos at 



(12) 



log cos n?/ = log (b + a cos a;) - log (« + & cos a-) f n = \/«^-fi^j ; 

d COS n^ M sin nj/d^ - a sin ieda? 6 sin atdw 

cos ny cosny b + acosx «+ 6 cos a;' 

dy 1 . f a 6 ^ 

.-. V- = - cot ny sm a; 

ax n V" + a cos m a + b cos */ 

= cotny sin if 
Now since 



(b + a COS*) (« + 5 cos,r) 



o + 6 cos « 
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~ 


20 
6 + a cos « 


dt/ 1 


|! » sin . ' 


■■ <iai o + Scos,»' 





(D.) 

(1) » - «-■ J-; - m . . 



(2) ?/ = A-'", ~^ = j».(m - 1)( ...)(«i -« + l)^""- 

(3) !, = log»,, g.(-)— .r(»-I).»-. 

(4) ^ = sin (^ + «), ^ = sin [^* + « + ---J . 



(5) s = tan », 


ii»' cos'a. ' 




d?y 2 6Bin^<j! 




4 6 
cos^a; ■ cos^dj 




&c. &c. 


Hence assume 


that in general 




Jn K C„ 


and we find 




*■} 2^. sin ,« 


4i3„sin.r 6C„sina; 
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fP"+'j/ 2^„ 4.B„ 6C, 



2.3j„sin'a) 4.5B„siii^*' G.jC^sivfa 



-2M, 2.3^„ -4^B„ i.sB^ - 6-C„ 
cosV cos^a? cos** 

Hence we liave 

A„^i = -2'^,, S„+, = 2.3^- 4' fi,, 

C„^.l =4.5B,-6'C, ... &c. &c. 

From these equations we may find by successive sub- 
stitution the quantities A^, B„, &c. 



this case. 

(6) i/ = ,ve''; 









(7) ,.^',-, 

— -^ = {a;'" + 2W.T'"-' + m .(m~ l) . ■ 
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By Leibnitz' Theorem, see Chap. XIX,, we obtain im- 
mediately, putting u = e^, d = a!". 






"■(o-l ) , 



(a) j-e'sin*. 

We find similarly by Leibnitz' Theorem, 
^y If- ^ n(n - 1) , 



dm" 



Jsmaf-t — COS* 



r2 



rs 



iti; + ... } 



•!{• 



M.(w-1) n(n-l).(n-2){n-3 



.(n-^)(n-s) 1 . 

TT -j" 

(n M (m - 1) (n — 2) 1 



rs 

- 1)"} sin a 



"^ ^/TT J ^^ + \/^)'' - - \/^)"} COS a.] . 

Now 1 ± \/- 1 = -v/s (cos - ± sin - \/~ 1) ; 

, . / v. \ , 'W" . »* T / > 

.■. (1 ± \/— ij" = 2^ (cos — ± sin — v - 1); 

4 4 

■ '. -I — = 2" e^ sin a; cos — + cos m sin 

dm" V 4 * / 

= 2'e'sin la? + I . 

Or thus more generally and simply. 
Let y = e'"' sin (a? + a), 



y Google 



then -— = e'"" {sin (w + a) + mcos (,v + a)\ 

-7^""*"+ " + ''>' 

if we put m = tan /3 ; 
in a similar manner we find, 



(y) f, = tan- 



= cos \2y + -j cos^j/, 

— = -2}cos!gj/+-Jsmi/ + sin)9j/+ -Icosj/fcosj/ -- 
= 2 COS (3^ + tt) co9^^ 



Now if M = j^( cos (tc*/ + /3) cos"y, 



M^ ^cos(ra2/ + /3) sin^ + sin (ni/ + /3) cos^|cos"~'y — 



from which it is clear, that if we assume 
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the same law will hold when « + 1 is put for n, but we 
have found this law to be true for 2 and 3, therefore it is 
true in general; and it gives us the to*'' differential coefficient 



(E.) 

d'ya 

where dot is constant, and ds^ = da^ + d%f ; to find what u 
becomes if s be made the independant variable. 

We have d'^y = dxd {~\ ; 

.-. ^ydx = ^ydw - dyd^w ... (l). 

Now since rfs^ = d*^ + d-if, and ds is constant, we have 

= dxd'x + dyd-y ... (2), 

(l)^ + (_^y gives, observing that div" + dy^ = ds", 

((Pyd^y = (d'yf + (d'a^y. 

Hence 



" x/id^yf + (d'a^f' 
in which expression s is the independant variable, 



where dai is constant, and /e = a cos nt, y = h sin nt ; to make 
t the independant variable, 

dot = — na sin ntdt, dy = nb cos ntdt, 

ds^ = n^(a'sm^ni + b^ cos" ni)df, 

dy b 
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da^d^y = d^d i-^) = - ~r-s — n'a^sm'ntdf 
\d,vj a sill ni 

= n^abdf; 



(F.) 

(1) y = e''tanM + log(M + t)), 

" \ u +v! Kcos'u u + vj 
+ h'tmu -~ r„\dv^ + 2{ — -, -. -\ dudv 

{2 e" sin M 1 1 , „ 

(2) y = u"*" ^ if*' ; 

put M + « = »j then y = M' + w' ; 

.'. dy = (w'logM + it'logw)d« + ssu'~^du + aw'"' rfw, 

and .-. since dx = du + dv, 

dy = {«"■*■" log M + «"''■' log ti + (m + j')m'"'""'} dw 

+ {«'"'■" log M + iJ^+Mogu + (m 4- tf)«"''"°"'J rfu. 

(3) ^ sin J? + « sin (/ - icj/ = 0, 

^ dy 
ycosx + siay -y + (sm w + wcosy - x) — = 

dy . ldy\'' 
-ysinJ;'+ 3(cosa7+ cosy - J)- ocsiay 1 — 1 

^{,m.'^..o.y-w)—=0, 
&c. ... &c., 
whence — , — f, &c. may be determined. 
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(G.) 
(l) Let y = sin"~',T; 



then 



1 .3 ... 2ft- 



."■ -; — r; = -— — ■ I'm + powers of .r 

J .a ... 2n - i 

= _ — __^ m, wJicn .V = 0. 

2.4...2ra 

Hence tlip general term of the expansion of i/ m powers 



2.4 ... 2m n -t X 
and .-. since sin" ',j; = to-jt when ,r = 0, we have 

sin~U? = TOTT + ^ +i-— +— - - ... &c. 
1 ^ .1 2 . 4 -S 

(2) We may often obtain developements of this Ifind 
more simply in the following manner. 

Assume t/ ^ A^ -i- ji,.v + A.,ar ... he, 

dy 
and .■. .-£- = ^, + ^J v + 3A.,,v^ „, &c. 

Comparing this with the above value of — we find 
d,r 
immediately 

J, = 1 , 4„ = 0, ^., = i 1 , J, = 0, J, = -L — ... &c. 

Also A = the value of y when .v = 0, which is wjr; 

hence y = wtt + - + 1 ~ + &c. ... as before. 
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270 APPENDIX. 

(3) y=sinx (I). 

Assume 1/ = J„ + J^i^ + J^.^^ (2), 

tlion from (l) we havo 

~-= -sina^= ~ J^-J,w - A^x" (y), 

and from (2) we have 

T-^ = 1 .9^3 + ^.3 A.,.V + S.A A,^ (4). 

Now Ao = y when .■t( = 0; ,-. Aa=0; 

and J, = — :- = cos.r when .1? = 0; .-. ji, = 1 ; 
rf,^■ 

and therefore, companng (3) and (4), we have 

A., = o, A^= ~ — , A,^Q, A-, = ^ — ... &c. ; 

rs 4.5 r5 

a.- ar' cc' 

(4) If we differentiate the result just obtained, we find 

'-r 4- — ...&c. 

(5) If tan y = a tan .v, to expand y in powers of x. 

(6) If sin J/ = a sin {y + x), to expand y in powers of .1;. 

(H.) 

(I) To expand cot x in powers of x. 

cot (I! = CO when ai = ; therefore there are negative powers 
in the developement, and Taylor's series fails. We may 
proceed as follows : 



cos w — 1 
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COS.. '-ri^F*-- 








, > -fi ■...*>- 




^.^-^.....c.' 


a.sume 


this to l)c equal to 




--("J+fi*+C,r^,,); 


tlicn wi 


;■ have 




(A^n.v + c^^...)(,i-~...) = i - 




„,.....(c-^).^.. = .- 



.-, Cot* = -(!-.- -.- &cO- 

(2) Let^ = (.^-0^. 

Here *-^ = -^ «•'■ (e^ - 1 ) - "1 = OT when a; = : 

therefore fractional poivers occur in the developement, and 
Taylor's series fails. We may proceed as follows : 



by the binomial theorem. 
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? (« + V^). 



iiml y = 



(!■) 
The following reiuark is of some importance, as it will 
often enable us to simplify tiie process explained in (l45). 

Suppose that we wish to expand «/ in powers of m, having 
given a relation between y and tv ; then if y = a when ,v = 0, 
is explained in ()15). 

result of this substitution tomes 



Now suppose that the 
lut in the form 



U,.v"^ 



■ U,W- -v U.X' 



and suppose that we can see by inspection that one of the 
indices r^ must be greater than another r, whatever value 
m may have, (m of course is always positive); then we may 
immediately reject the term U-^af^, since it cannot be one of 
the terms containing the loioest power of w, and therefore 
cannot affect the result, as is evident from tlie example in 
{14.5). 



(1) Let f~a 



vy ~ o 
> when 



Now here 2m-f 2.must be > m + 3 whatever m- be, and 
m + 2 must be >2; hence we may immediately reject the 
terms «'«'"'"•"' and atix'"'^^ ; and .■. we have simply 



which givi 



ind .'. '"' = ^ ) itnd .■. u = ± %/«, 
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Of course we must not reject these terms if we proceed 
to find the second and higher terms of the expansion, 

(2) J/' - ,v'y^ + «,»/ - a^x' = ; 

or since 9m +2 is >%m + I, 

Suppose that w is > 1, then imis >2»* + 1, and 2m + I 
is > 3, which cannot be; therefore m is < 1 ; .". 3 is >2»i+ 1 ; 
.■. a^fe' is to be rejected, and ,■- we have 

4m = 2m + ], and .■. m = ^, and .-. m = ± \/a; 

.-. y = i v^«.a.S + R. 



(i) Let y = x log x ; to find the limiting value of y when 
■V approaches zero. 

We have y = —~~~ = - wiieii ,*■ = ; 
log .!.■ 
.■- by Lemma XX., y and ■ " 

log,r 
have the same limiting value when .f approaches 0, 

log a: 

,'. y and — — have the same limiting value when w ap- 
proaches 0; 
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therefore, multiplying each of these quantities by - , ,» and 

y 

- y have the same limiting value when w approaches zero, 
and therefore is the limiting value of y. 

Here we assume, that if any functions IJ and V have the 
same limiting value when oo approaches a, the same is true of 
WU and WV, W being any other function; which is evidently 
true, since if A be the limiting value of V and F, and B that 
of W, then by Lemma VIII, BA and BA are the limiting- 
values of WU and WV. 

(2) Let y = we'" ; to find the limiting value of y 
when .j; approaches cc . 

'^^' " I. 
y = -"— = - when .r = x ; 



proaches co . 



.-, y and e '' have the same limiting vahie when x ap- 
proaches CO , therefore the limiting value of y is 0. 

(3) Let y = (sin.i?)'™*; to find the limiting value of y 
when ,v approaches 0. 

log y = tan w log sin ai = k log s, 

if we put gin ill = js ; hence, since sr approaches zero when ,*■ 
does, and since the limiting value of cosic is 1, and that of 
«logK zero, the limiting value of log*/ is zero, and therefore 
that of y is unity. 
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(K.) 

(1) To inscribe the greatest rectangle in a semi-circle. 

Let CM= ai, MP=y (fig. S3), then 2a)y is the area of the 
inscribed rectangle ; hence we have 

d (Qxy) = ; and .-. d (a;V) = ^ < 
or d {.v' (a^ - x")} = 0; 
.-. Za^x -4*= = 0, 
which ia satisfied by w = -—^^ and a? = 0. x = -—^ evidently 
gives a maximum. 

(2) To inscribe the greatest semi-ellipse in an isosceles 
triangle, (fig 34.) 

Let CM = a.; MP = y, then if CE = h, CF = k, we have 









■ ft^ 


+ ¥•■ 


= 1 (1) 


Also „ah is 


to be 


a niaximn 


n.i 








anil .-. a 


!(o6) = 0; 










■. Ma 


+ <.iJ6i 




and by (1), 




aia 


hih 










a 


b 










W 


~'a!?' 


which, 


.long 


with 


('). 


gives 


a and l>. 



(3) To find the greatest triangle that can be inscribed in 
a given circle. 

ABC (fig. 35) is a maximiini, supposing JB invariable, 
if AC = BC, as may be easily shewn. Therefore any two 
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sides of the niaximum triarifrle must be equal; tlierefore it 
must be an equilateral triangle. 

(4) To find the greatest quadrilateral figure that can he 
d re urn scribed about a circle. 

We may prove similarly that it must he a square. 

(5) To find the greatest triangle which has a given 
perimeter. 

(6) To find the greatest polygon that has a given peri- 
meter. 

Suppose alt the aides but three invariable. 



(L.) 

(l) The normal to any curve is in general the greatest 
or least line which can be drawn to a given point to it. 

Let ,vy be any point on the curve, a/y any other point, 
and H the distance between them ; then 

R^^(.v~.vy \ {y-yj, 

RdR = C* - w) d.v + {y- y) dp, 

but dR = if ff be a maximum or minimum ; and therefore 

■r - .* + (y -y)-£ = f ' 

which shews that oi'y is a point of the normal at wy. 

(9) To draw a tangent to a given curve, tutting off the 
greatest or least area from the space included between the 
co-ordinate axes. 

The equation to the tangent being 

(y--y)d.v-{w ~<v)dy = 0, 
the portions it cuts off the axes arc 

^ ydai - A-d y ^ ivdy - ydx _ 

' do! ■ ' dy ' 
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aji {ydw - xdyf 

and -^ or - — — - — ; 

2 2daidy 

Therefore, cinisidering dw as constant, we have 

- 2 (y<j,r - aidy) c«d''ydy - {ydn- - xdyfa'^y _ ^ 
dy^ 

ydm- wdy 



whicli 



dp 



this equation shews tliat the portion of the tangent intercepted 
between the co-ordinate axes is bisected at the point of contact 
when it cuts off a maximum or minimum area. 



(3) In the ellipse, if we assume x = a cos t, then we have 
= b sin t, in virtue of the equation 



Hence we may always suppose in the ellipse, that 

ai = a cos t, and y = 6 sin t. 

If we describe a circle on the major-axis as diameter, and if 
we produce the ordinate MP to meet this circle in Q, then 
it is evident that Z QCJ = f, for 

cos QCA = --— = - = cos t. 
MQ a 

This transformation is often useful. 

Differentiating, we have 

d,v = - rt sin /: dt, dy = h cos t dt ; 
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■V I 4- - cot'' t 



Equation to tangent is 

m cos t ygvat 
a b 

(4) To find the locus of the intersection of the tangent 
and a perpendicular upon it from the focus of an eUipse. 

The equation to the tangent is 

ft ft 

11 = cot t . X + — . 

a sin t 

The equation to the perpendicular upon this from the 
focus is 

.y = - tan /.(,(■■- ae), 

which equations may be put in the form 
ay sin t + bx cos t = ab, 
by cos t - ax sin t = - d^e sin t ; 
therefore, squaring and adding these equations, 
{of- + 1/^) («' sin^ t + \i' cos^ f) = «." (ft^ + c?^ sin^ £) 

■= a''(b^ccn?t + (i'sm'-i). 
Since a^e^ = «" — ft'; 



hence the locus required is the circle described on the majoj 
axis as diameter. 
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(5) To find what relation must iiold between a and /3 
the equation 



So that it shall be the equation to a tangent to the 
ellipse 



It is easy to shew that the equation to the tangent 
to (2) is 



Comparing this with (i) we have 






which is the relation required. 

(6) To find the curve in which the subnormal is a 
constant c. 



' dw 

.-. %ydy - 2cd.v = 0; 

-■. d(y^ - 2cx) = 0. 

Now in general if du = 0, m must be a constant; 

.-. y^ = 9.cse + some constant, which is the equation to a 
parabola. 

(7) To find the curve in which the subtangent is twice 
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Wo have v — = ^ix 
dy 



.-. d{\ogx~'2\ogy) = 0; 
.-. log.*' - slog (/ = constant = log C suppose; 

.■. — = C, which is the equation to a parabola. 

y 

(8) In the ellipse, if n be the normal and p the per- 
pendicular from the center on the tangent, 



dy h\v 



(jvr.) 

(1) Let the equation to the 



— when A' is > a and < 2a. 
and + when ,v is > 2«. 
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Hence tlie concavity of the curve is turned upwards when 
J? is <«, downwards when a.' is between a and 2a, and up- 
wards when ,r is >2«. And there are two points of con- 
trary flexure, one when ai = a, and another when w= 2a. 

(3) Let the equation to the curve be 



re is a change of flexure when .r passes through 
a, but none when /v passes through the value a. 



(N.) 
(1) To find f> in the ellipse. 
We have *■ = « cos /, y = h sin t, {page 217 (a), \ 



d.vd'y - dyd'x 
(a= sin= t+b^ cos' ()i 



(a) If n be the normal, 
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The negative sign indicates that the concavity of the 
rve is turned downwards, in which case -~ is negative. 
(3) To find p in the parabola. 
Let LIS use the equation 

then rfw = — da:-, 
am 

and tPy = (dfn being constant) ; 



(O.) 
(!) To find the cvohite of the eHipse. 
We have a ^ ,v - p sin \|/, 

15 ^ y + p cos f , 
ds'dp 
dwd'y ~ dyd'-w ' 

^ ^ "^ d^cPy-dyd}^' 
Hence in the eUipse, 

(«-sin'^ + 6*cos'i) 6cos^ 

^ - («^ _ a' sin' t - b' cos' fos t 
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Similarly /3 = — 7-— siii'^. 



Hence, since sin^ ^ + cos^^ = 3, we liavi 



0^^ (§)'-■ 



which is the equation to the evolute of an ellipse. It 
represented by UVWY, {fig. 36). 

(2) To find the evolute to the parabola. 

We have V = — , 

4m. 

and supposing dx constant, 

ds''dy 

d^ y d,v ' 



also rf«'= (^ + <'*"' 

du = — d.v, d^y — — ; 

/3 = ?/ + 2m (^1 + ^^ =3j/ + 2to; 
.■. ,v - — (4OT^a)*, // = — ^^; 
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■ /3 - «„ + ^ „S, 



which is the e(|Uation to the evoliite of a p;trabr>la. 
It is represented by UWV (fig. 37). 



(P.) 

(1) I,ct the equation to the curve be 
ttien dr = inne"''^ d$. 

Hence in this curve, which is called the logarithmic spiral, 
the tangent always makes the same angle with the radius 
vector. 

rf*= = }^de'' + di^ = flV'"^ (I + m^) dff- ; 

V^I +"*' ,«() . . ^ 

.-. ,v — a — e'"" = some constant, C suppose i 

if *■ = when = 0, then 



(a) The polnr equation to an ellipse may he put i 
the form 

cos'^fl sin^e) I 
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APPENDIX. 225 



Now (1) gives lis 

/I 1\ .,„ 1 I 



therefore squaring each side of (2) and substituting these 
values, we have 



or r'-{<i'' + b')r^+ ~ = 0, 
am <p 

which equation gives us r, the length of the diameter which 
makes an angle with the tangent at its extremity. 

Hence, since conjugate diameters are parallel to tangents 

at their extremities, the two values of )■ got from this equation 

are the lengths (a'b' suppose) of the two conjugate diameters 

which make an angle (p with each other. We have therefore 

«'^ + b'^ = a' + b\ 

a'.b'^= —r- — , or a b smd) = ab, 
sm^ ^ ' 

two well known properties of the ellipse. 
(3) In the spiral r = ae™^. 



Vr 
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rdr /— — - 

■■■ c-^-Vi + -'■'■• 

If O be the extremity of p, and SO = r,, then 

J-,' = p^ + r- -SrpcosSPO 
= p' + r^- 2pp 



Also if p, be the perpendicular from .V on PO, we have 

»■] 

Now ri and p, are evidently the radius vector of the 
evolute and perpendicular upon its tangent ; hence, com- 
paring this relation between p, and r, with (i), it follows 
that the evolute to a logarithmic spiral is a similar spiral. 

In general we may find the equation between pj and r, 
by eliminating p, p, and r, between the equations 

rdr r 

f' dp 'f^T) 

rf = 1^ + p^ ~ 2pp I 



p <= fir) being the equation to the given cnrve between 
p and r. In this manner we may obtain the equation to 
the evolute of a spiral. 
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(S.) 

(i) Let the given equation be 



■■• «& = ± ■*■ (■I' - «) V 



then we have the following table. 



... 


y 


^/ 




± 




~'2h 



imposs. 


CO 


- b 


± 


w 





i: 


±\/2 


. 





^-/^ 




± 




=3 


CC 


CO 



Hence the curve is represented by fig. 
AB = «, AC = b, AD = 2j 

(2) Let the given equation be 

y = ^^ - 

See fig. ;j(i,, ^B - a, AC = </. 
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(U.) 

(l) To determine the position and nature of the mul- 
tiple points of the curve, 

U = y^ + <v^ - 2a^p^ - 2aV+ «' = ... (l)i 

d^U = iar' ~ id^a! = Oi 

(3), 

which equations are satisfied by any two of the values 

,1^ = or ± a, and ^ = or i a. 

Now if ,r = 0, J/ = i a in virtue of (l), 

and if rt^ = ± «, y = or ± \/2 , a. 

Hence the only values of x and y which satisfy (l) and 
(2) are 

y = a) y = — a) y = 01 y = ^ ' 

Now rf/ U = IZai^ - ia!', 

d^dy U = 0, 
dy'U = iZt/^ ~ I'd'. 
Hence, using the notation in (l6l), we have 

A = 0, B = 0, 

C = - 4a^ if 0! = 0, or Sa^ if ,t = ± «, 

D = 0, 

E ~ - *a^ if y = 0, or 8a^ if .-c == ± a. 
Hence for the values (a) and (j3), we have 

dy 1 

-4«* + a«'?V = 0, and .-. «„ or -~ = ± -— =, 

d,v ■y^ 
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APPENDIX, a ay 

and for the values (7) and (^), we have 

8a^ - 4a'«|, = 0, and .-. m,, or ~- = ± Va. 
ax 

Hence if we take AB = AE = JC=AD = a (fig. 40), there 
is a double point at JS, at C, at D, and at £, as is repre- 
sented in the figure. 

This is an example which may be very easily solved by 
the method in (l56). 



For 


in 


this case 














P 


-- 


»■ - o',. 






y' - o'v ' 










■■■ P 


-- 


sr'-a 






(3</' - «•: 


Ip' 








if « 


= 0. 


and!,. 


,± 








P' 


-i 










and 


if «. 


= ^ 


0, and : 


y = 



In general the method given in (15.9) ought to be used, 
only when we wish to find — for the values ai = 0, y =0, 
or when more than two differentiations are necessary to find 

-— , in which cases it is simpler than the common method. 

ax '■ 

(2) Let U ■= a^f 'bx'y + x'' = ... {i), 

then d_^U == - Qbxy + 4j?^ ■= ,., (2), 

dgU = Say'' - bx^ = (3). 

2x^ 
(2) gives x = o or y= -^, 

if ,» = y = in virtue of (3) and these values satisfy (1), 
if J/ = -— - (5) becomes 
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which gives w' = and .■. w= — : 

these values do not satisfy (l), and are therefore to be re- 
jected. Wc have therefore to consider only the values i» = 0, 

Hence putting y - n.v in (1), we have 
au^ ~ hu ^x == 0, 
and ,'. au„^ — bu^ = 0; 

dy . /~b 

dJ,- a 

which indicates a triple point at the origin. 

(3) To examine the nature of the curve 
J/' + a,v^ — b--wi/ = 

in the immediate vicinity of the origin. 
Assume y = ujj'", then 

Suppose .'im = 4; .-. ra = i, and .-. 2m + 1 <4; which 
will not answer. 

Suppose 5m = 2m + 1 ; .■. m--^, and .", *>3)w + l; 
which will answer, and gives 

u^ - b^ti^ = 0, and .-. w = b^. 

Suppose 4 = 2m + 1 ; -■. m = f, and .-. .'iwi>4; which 
will answer, and gives 

a - Ifti' = 0, and .■. u =- ^ ^^ . 
b 

Hence we have 
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and y = ± — — .v^ + R . 

The former of these represents the portion PAP" of the 
cnrvo (fig. 4i), and the latter the portion QAQ'. 

We rejected the value 5m = 4, because it would give 
M = 03 when ar = ; this value belongs to the infinite branches 
of the curve; for putting 5m = 4, and -■- m=^, and as- 



- a^ when x ap- 



... y^-a^-+R 

= — asa!s + Jt, 
where R = 0, when (tr = w ; 
'. y = — as*' very nearly for large values of ,r; 

— - = when a? = <xi , as is represented in the figure 



urninf 


! ,. = 


- , we have 














(»' + «)^ 


';.-'•■'• 


g 1 


r = Oi 








or u^ + 


a-Wtii 


= 0, 


troat-h 


gives 
es 0; 


the 


limiting 


value 


ot 


a- 
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ADVERTISEMENT. 



The Collection of Theorems and Problems, submitted 
to the notice of the public in the following pages, is intended 
for Practice in the Applications of the "Principles of the 
Differential Calculus" as laid down in tho Author's Work 
upon that subject; and they have been distributed into 
Chapters agreeably to the plan there pursued, with occa- 
sional references to the particular Articles upon which their 
solutions depend. Although many original examples are in- 
troduced, it may be necessary here to observe that by far the 
greater portion of them have been selected from the Works 
of different Authors who have written upon the subject, and 
from Papers proposed at the public and private examinations 
in the University. The order observed in the arrangement 
of each Chapter is generally the same as that of the Arti- 
cles in the corresponding Chapter of the Work referred to, 
each individual question comprised in every Chapter being 
supposed capable of solution independently of those which 
succeed it : and to the whole has been prefixed a Summary 
of the principal Articles contained in that Work, for the 
purpose of enabling the Student to recur with greater faci- 
lity to the Exposition of any Principle that may be required. 



Feb. 20, 1B.S2. 
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A SUMMARY 



Of the moxt imporlanl Articles contained in. l/ie Prbwiphx of the 
liifferenlial CalmUus. 



INTRODUCTORY CHAPTER. 



METHOD OF LIMITS. 

Definition itiid Examples of Limits 1 

To prove that the limits of the ratios subsisting between the 
sine and tangent of a circular ai-c, and the arc itself, are ratios 

of equality S 

To find the Circumference of a Circle 4. 

To find the Area of a Circle 5 

To find the Surface of a right Cylinder 6 

To find the Content of a right Cylinder 7 

To find the Surface of a right Cone 8 

To find the Content of aright Cone 10 

To find the Surface of a Sphere 12 

To find the Content of a Sphere 13 



DIFFERENTIAL CALCULUS. 

ClIAF. I. 

1 . Definitions and Prdiminwry Observations 14. 

Chap. II. 
Differentiatioii of Algebraical Functions of me principal Variable. 
20. If « and v be two functions of the same independent variable 
"j, such that for every value that can be assigned to it, m = jj, 

then will -p = -j- , and du = dv 25 
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Vlll S U M M A E Y. 

23, If we have u =p — q + r -- &c., wherein p, q, r, &c. are 
all functions of the same independent variable x, then will 

du^dp_dq dr_^^^ 
dx dx dx dx ' 
and du = dp — dq-\- dr — &c 26 

24. If we have k = pq, p and 5 being functions of x, then will 

^ = 5jf H-i*^' andrfw = grfp+prfg 27 

27- If It = -, where p and o are both functions of x, then will 

q 

dx q^ V dx ' dx) cf 

31. If « — p"", where p is any function whatever of x, then will 

-p =; J7(p" -ji-, and du = mp'°~'ap, 

whether m he positive or negative, integral or fractional 30 

Chai". III. 

Differenliatinn (if Exponential and Logarilkmical Functions of one 
principal Variable. 

31,. If n = a'\ where p is any function whatever of x, then will 






and du = \ogaa''dp, 



where the logarithm of a is taken in the system whose base 

is 2.71828 &c. represented by e 38 

:i<}. If" = logjj, where p is any function of it, then will 

i^ = M^,.„dd. = M''-£, 

ax pax p 

where M is the modulus of the system of logarithms used . . 40 
42. If M = ji'', where p and q are both functions of the same inde- 
pendent variable x, then will 

-7^ = p'logp-f^-|-5p'~'T^, and du =p''}o^p dq-\-qp''-^dp 41 

44. If « = log of logj), which is usually written u = log^p, then 

,il, <i!! = -J^-,..dJ» = -iL « 

dx p logpdx p logp 
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Chap. IV. 



Differentiation of Trigonometrical and Geometrical Functions of o; 
principal Variable. 

i?. If u = smp, where p may be any function of x whatever, 

then will -j- = cosp -j- , and du = cos p dp ^ 

5fi. If J be the Arc of a Curve refen'ed to the rectangular co- 
ordinates a^ and y, then will 



= \/l + (^)', and ds = Vd^^ df. 



57- If S be the Area of a Curve referred to the rectangular 
co-ordinates x and y, then will 

^~=y,axvAdS=ydx S 

58. If S be the Surface of the Solid generated by the revolution 
of 3 curve whose co-ordinates are x andf/ about the axis of a:, 
then will 

andrf2=STr!/rfj:^l+ (-£\ =Qirt/ds 5 

59. If F be the Volume or Content of the Solid generated by the 
revolution of a curve about the axis of a:, then will 

-J— = iri/^, and dV = trifdx ° 

61. If * be the Arc of a Curve referred to the polar co-ordinates 
6 and r, then will 

62. If' S be the Area of a Curve referred to the polar co-ordi- 
nates 9 and r, then will 



dB 



= ^T\ &-nAdS = ^J^dQ 57 
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83. Given the differential coefficients belonging to the equation 
11 =y(«), to find the differential coefficients belonging 
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.03. To find the true values of functions which for particular 

values of the principal variable assume the form - 133 
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109. General Explanation of terms, &c 1*7 

110- To determine when a function of one independent variable 



md to investigate a criterion 
for distinguishing the one from the other ] 
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To determine whether all the roots of the eqiiatioii t- — <*, 
necessarily render the function u either a 



Tangents, ^. to Cunes referred to rectangular Co-ordinates. 

126, General Introduction to the subject 

!28. To find the angles which a right line, cutting a curve in 

two points, naakes with the co-ordinate axes 

129. To find the angles which a right line, touching a curve at 

any point, makes with the co-ordinate axes 

133. To find the angles in which a curve intersects the co-ordi- 

134. To find the rectilineal angle in which two given curves 
intersect each other 

136. To determine the points in whicli the tangent to a curve 
intersects the co-ordinate axes 

140. To find the equation to the tangent at any point of a pro- 
posed curve 200 

14.3. To find the equation to the tangent of a proposed curve, 

which shall make given angles with the axes 209 
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CORRECTIONS 
H the Principles of the DiFFERnNTi^u. Calculus. 



i from bottom, for log (4), read by (4). 

3 ffom hatOam, for iirr. AN =i,TAP^, read^xTAN—yiAPK 
% from lop, for Intranficendental, reod Interscemieiila), and the sb 
line U ti'oni tlie lop of the iiext page. 



read ~ j-^^ +&P, + ^ 
2 from top, /or a% reada'^K 

d'P 
7 f loiii top, /or u -^ , read u 


- l,a.3.&e.H' 
I Semi-cubical 










.0 and 13 frOin top, Cubical am 


must c 


bange plac 


es. 




4 from bottom, /oi- AT=~ 


--^.,re^A 


T=- 


.{m+l)x. 


, and hi 


dre 


next two hnea, for AW:^ 


-■{^+l)V,re, 


id AW='-^^^ 


J, and 


for 


LIV=~my, read LW = - 


y. 











2 from bottom, /or :c = l), reiid.'i:' = o, and/waxis of x, reod axis of y. 

1 from top, for Oi'ders of Contact, read Contact and Osculation, 

9 from botioii), far even read odd, and in the nest line hnt one, /or odd 

SPG, Tend Px = Si* cos SPG. 
,. 5 from top, for — r-'- ; i read —;^^l^=^., and in hne 3 from boltont/uc 

,. 4 from top, for 2\ read S'. 
.. 8 from bottom, /oc5e—a^, reodag —be. 
.. 6 fronibottomi/oi'xiandyi.reBiiszanil.T!:. 

.. 7 frombotlom,/orX-<iI/ = flandZ^P = (l,r™dX'jnr=?iandZ.iP = S; 
and in the next line but two, for rd^, readrdi, and /or jsin Sd6, read 

.. 2 from top, /ot-1 + P=+(!' — 7)R. r^d 1 + P=+ (^'- y) R = 0. 

.. 10 from top, for hi"—', reod x^-'. 

.. 5 fi'oni top, /or cos 6 fl, read sin S fl. 

„ 6 from topi/or (atanS-1-S'), reod (ntan6-j-i)'. 

.. 3 from top, /Br^,rM<i^-^. 

..10 from bottom, /nc Cube, rend ParaUtlopiped, and the same tbrougliout 

the Article. 
.. 7. from bottom, for tangent, rend normal, and llic same in Ihc next line. 
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EXAMPLES 



DIFFERENTIAL CALCULUS. 



TRODUCTOEY CHAPTER. 



inferior and superior limits of 

^ + b^ — c , a' + b 
and r 



ca; + d x' — ex +f 

Answer. - and - ; and a ; and co or accord- 

d c f l~e 

as a is greater or less than c. 

2. The convex surface of a right cylinder is equal to 
the area of a circle whose radius is a mean proportional between 
the height and the diameter of the base. 

3. In a right cylinder, the radius of the base : twice 
the height ;: the base of the cylinder ; its convex surface. 

4. The convex surfaces of right cylinders are to one 
another in the compound ratios of their heights, and the diame- 
ters of their bases. 

5. The contents of right cylinders are to one another 
in the compound ratios of their heights and the areas of their 
bases. 

6. The convex surface of a right cone is equal to the 
area of a circle whose radius is a mean proportional between 
the length of the side and the radius of the base. 

'7- The convex surfaces of right cones are to one another 
in the compound ratios of the lengths of their sides and the 
diameters of their bases. 
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8. The convex surface of a right cylinder : tlie convex 
surface of a right cone of the same base and altitude :: height 
of the cylinder : half the side of the cone. 

9. The convex surface of the frustum of a right cone 
is equal to a circle whose radius is a mean proportional between 
the side and the sum of the radii of the bases. 

10. The contents of cones are to one another in the com- 
pound ratios of their heights and the areas of their bases. 

11. The surface of a sphere is equal to the convex sur- 
face of its circumscribed cylinder, 

12. If a sphere and its circumscribed cyhnder be cut 
by two planes parallel to the b£^e, the intercepted parts of 
the surfaces of the sphere and cylinder will be equal. 

13. The whole surface of a hemisphere is equal to three 
times the area of its base. 

14. The convex surfaces of spherical segments are as the 
corresponding segments of the diameters and the diameters 
jointly. 

15. The surface and solidity of a sphere are each two 
thirds of those of the circumscribed cylinder : required a proof. 

16. The surface of a sphere is twice as great as the con- 
vex surface of the inscribed equilateral cylinder, 

17- The whole surface of the inscribed equilateral cylin- 
der is three-fourths of the surface of the sphere. 

18. The whole surface of a cylinder circumscribing a 
sphere is twice as great as that of the inscribed equilateral 
cylinder. 

19. The convex surface of any segment of a sphere is 
to the convex surface of the inscribed right cone on the same 
base as the side of the cone to the radius of the base. Compare 
them also for the hemisphere. 
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20. If the inscribed cone be equilateral, the surface of 
the spherical segment is twice as great as the convex surface 
of the cone. 

21. If a right-angled cone circumscribe a hemisphere, 
the surface of the hemisphere : the convex surface of the 
cone :: 1 : v2. 

22. The surface of a right-angled cone circumscribed 
about a hemisphere is twice as great as that of the inscribed 
cone, whether the convex or whole surfaces be taken. 

23. The surface of a sphere : the convex surface of an 
equilateral inscribed cone :: 8 : 3. 

24. The whole surface of an equilateral cone inscribed 
in a sphere : the surface of the sphere :: 3^ : i?. 

25. The surface of a sphere : the whole surface of the 
circumscribed equilateral cone :: 2° : 3^. 

26. A sphere is equal to a cone whose height is the 
radius and base equal to four great circles of the sphere. 

27. A hemisphere is twice as great as its inscribed cone. 

28. A right cone, sphere and cylinder of the same base 
and altitude are as the numbers 1, 2, 3. 

29. Sectors of spheres are to one another in the com- 
pound ratios of their radii and convex surfaces. 

30. Find the content and surface of the middle zone of a 
sphere. 

31. If the altitude of a cylinder be equal to the diameter 
of its base, the whole surface is equal to six times the area of 
the base, required a proof. 

32. If the bases of a cylinder and of a cone have the 
same radius as a sphere, and each of their altitudes equal to 
the diameter of the sphere, the solidity of the cone is equal 
to the excess of the cylinder above the sphere. 
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33. The content of a hollow sphere is equal to the frus- 
trum of a cone whose bases are equal to the exterior and 
interior surfaces of the solid, and height is equal to the dif- 
ference of their radii. 

34. A sphere has to its inscribed equilateral cylinder, 
its inscribed equilateral cone and its circumscribed equilateral 
cone, the ratios 4-\/2 : 3, 32 : 9 and i : 9 respectively. 

35. The right cylinder and equilateral cone circumscribing 
a sphere are to one another as 2 : 3, whether we consider their 
convex surfaces, whole surfaces, contents, bases or heights. 

36. It is required to divide the area of a given cil-cle 
into n equal parts by means of concentric circles. 

37. Divide the area of a circle into n equal parts whose 
perimeters shall be equal. 

38. Divide a given sphere into n equal parts by means of 
concentric spherical surfaces. 

39. The wliole surface of a cone is three times as great 
as the area of the base; find the vertical angle. 

40. Find the radius of the sphere which can be inscribed 
in a given cone. 

41. Compare the sum of the contents of all the spheres 
that can be inscribed in a cone, having their centres in its 
axis, with that of the cone itself. 

42. Divide a right cone into two parts, whose contents 
shall be in the ratio of mi : 1, by a plane parallel to its base. 
Also, that their convex surfaces may be in the saine ratio. - 
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CHAP. I. 



MISCELLANEOUS EXAMPLES. 



Peove from first Principles the truth of the following 
formulje, as in the examples of Article (l8). 



1 . If M = aas* 4- h'it! + c, then -- 

di 

a b > 

2, If M= — + ca:, then ■ 



= T +-1+C- 



1 , du 3 . 1 . 

3. lfu = aaii — bx^-i-c, then -— = -aa;^— -bai-i. 

dx 2 2 

4. ltu = a!'(b + xy - 6= (a - ^y, then 

^=2ia + b){ab + ia-b).T]. 

du -a, 

5. lfu = V\~' x', then -— = — 7-= - . 

da: ^1-3^ 

du aw+b 



6. Utt = '\/aa^ + 2bx + 3c, - 



■\/ aa^ + iiba: + Sc 



7- If M= - 



= , then 



du X (A<(E' -\- .T') 

dx ~ 2 (a? + w^)i ■ 



10. IfK^sin.r 



yGoosle 



MISCELLANEOUS EXAMPLES. 

By means of the rules laid down and observations made 
in Articles (20) — (33), it is required to prove the following 
fonnulEe. 

■ 1. Itu^ax^ — bx' + c, then — — =3afl;^ — 26iK. 
die 

2. li zi = aiv'"~baf"-^ + cw'^-^ + c, then 

—- =maaf"-^ — (m~ I) baf"''' + (m~2) cx'"~^. 

3. If « = (2«- 1) iP^"-^' - (2?i + 1) a^"-', then 

4. If w = (aa^'' — 6.i7" + c)"', then 

— !=mn (a/^" — ba. 
dx 

5. If7/=(l~ii;)(l+ic 
e. If M=(<P— 1)* (;r + 2)^ then 

^=(7* + 6)(a.-l)=(^ + 2)^ 
7. IfM = (« + a^) (& + 2a7)(c + 3a;), then 

_!^ = 183^ + (12a + 66 + 4c) .r + 3a(» + 2tie + 6c- 



!). If M= - + -, then - 
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(«^+^)^' 



da: (af + a'^f ' 

du ISajfa^ — ip^ 
in --- = — — -^ i . 



let Tf a + Sbx du &o¥x 

12. If M = — — , then — = . 

(a + bmy dx (a + bxy 



{a + ba^f 



dw (« + 6,r^)*- 



— 6a?^+c'a; ^ — ea; ^>, then 



16. IfM=={i-.^i + *^p, ^ 



12 {a + 6«^.+ ca;3i 



((1 -af2+.a;3)sj 
17. If u = -{3ie~2){l+ai)% -^=6a^Vnji-^ 



dx 



18. If M=(a + a;)v'ffl-a^, 



rfw 






dw 



ni T^ ,1 . y-T^ — -, du- i Sft'-fSiB* 

21. If M = (2 a» + x5) Vai + a^^, -— = - 



dx , 2a/^ -\/a^ + ,^"' 



3 (a + 5*)5 
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23. If » 

21. If II : 

25. If » = 



= (.«»-.„)(« + *.)!, - = ^6.,^„-^». 






(8a^ — M6a? + 36V) vo + 6a;, 



27. If » = 



^ , then 



dw «^ + a^a!^ — 4a;' 



dw 



-6»" 



-a;= 



then 



du 



fV«'-^ 



«3 , du (s<t — 2,v)a:^ 

= , , then -- = i '-^ . 

^/a-x dai 2(a-^xy 



30. 
31. 



If U: 
It U, 



(o+S.')3 



3o(<i + Sj?)S 



^ , then 



^a + bx dm 2(o + Sa;)» 



\/«* + 6*^ 



l(aa: + ba/')' 



_(», + o)3 



3aa? + 26^ 
(o + ia;')! ' 



(«--.,•)* 



(<. + 6y)5 
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37. If t 



2a^ — a^ /— du 3a* 



du _ 2(a^ + ai'—ai'^+i) 



*+' <i'^ (x + iy^.v' + l 

2ai'''—a' du a^(a^ + 4^) 



*'■/«'. + -t^' (^* ,ir^ (a^ + a;^)* ' 



(«^~a^)« rf* (m + ^)v^(^^^' 



y/^d,^ {/- ^n a, a' — aw 

V^«= + a^ du a" IS {a - x) 



/V+^(«' + *')^ 



44), If ^(= 55(a?~lf + 21 (,r — if + 3Sfl?} yV^, then 



/|+a^_^l_a^' 






46. If M.T~a.r — fcj/ = 0, then- 
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47. If ux (a~^) = a\ tliei. — = ~ 'ti^-^ . 
«*' w {a — X) 



liu^ — ux^ — a!^=:0, then 



du _ x(Qu + Sx) 



dot Su^ — .v^ 
49. If {ttHaj'^y — *a^«V = 0, then 

du _ w i Su^ + (6'j;^ - 4n^) w^ + 3 j;' l 
dx M\3M' + (6a;^-4a^)a^ + 3,r4 

60. If M^ + a7^=: 2 «%/.«*-«% then 



51. If MiP = (a + m) Vfe^ - mS then 

dM _ M (a + m) (6^ — M^) 



52. If M = ai + 1 a;' + ^ iv^ + j ^^ + &c. to n terms, then 

— — =1 -\. ijc -\- ic' -\- a? + &c. to n terms = . 

dx .x~\ 

53. If u = V ^ + ffi^ + -n/.t^ + a^ + V'&c. in m/. .- then 
du 



-— =^ + 



•s/Aiij^ 4- 4w^ + I 



54. If M = -^/c^ + 2ffla7 + \/,'B^ + Srta7 + v/&c. mm/:: 
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CHAP. III. 



MISCELLANEOUS EXAMPLES. 

It is required by means of the Articles (34)-(4()), to 
deduce the folloiving results. 

1, It u = a;' , then -—=«■'+— logn. 

ft'' ax \ a"! 

% If w = {,^'-l)«^ ^=«-*-log«-aog«-')«^- 

3. If u = e'x'\ then— = e" w"'-^ (m + x). 

4. If u = <i'{x^-Sx^ + Qx-6), ~ =a^V. 



5. 


«' ■*» , . ""+' 


"" a"^^' d« '"f" K.-l)'- 


6. 




7. 


— ^/--S-^- 


8. 


/(f—\ du e 


9. 


J J .^/r+^ <i« (2 -»■)«■ 



.» (l-,T)^/l-,r■■ 
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^ d!e (a:^i)^t>-\' 



u = e'\/^ 



thai 



(a^ + 2)e' 



<(■>■ (.«« -.»+!) y,,' + ,»> + 1 ■ 
12. It ii = 2<!Vi(i«_3i+6«S-6), then — =,tc« 
hi + \/e^— 1 rfw e'^' 



13. If B = 



14. If M = 2 iog(a^ + 2)— log(a' + l), 



(/.* ,r^H-3,5? + 2 



IS. If« = log -+-^ , then^ = --i:l^. 



16. If » = Iog(,. + ,^')--log(l + '"'). 



17. If » = log **"'""'*' , then 



«, (1 +,,<)■ 



+ 3 log I 1 , then 



19. If !>=(«■-<.■) log(^^-i^W2o,», then 
-=2..1og — - . 
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du _ (a-6)^^■ 
di^ („ + .,)'((, + .,)•■ 

21. If !, = .,.i|(|og,i)"-(loga;y+jlogi-|j, then 



log (« + -•«'+ 1). ''■»"; 



^r-H-i 



log(l + <l + A/!!o» + rf'), - 



Og (3«- 1 +2 ^/x^-X-i), 



~ ^/2a,^ + af'' 



'^^ \/.^-x~l 



25. 


If w = 


/a' -of , rfw a«'d/ 
og V — , then -— = . 


26. 


If » = 


"g V, .,_,,. ten ,^ ,^^,- 


27. 


If « = 


/<.-^/l-«,'•^l fc « + Vl— ' 


'■I x/l-x' )' dt (2a?-l)(l-it') 




If « = 


o,!"'"^^"! thn,'*'' ' 




^l~V'l <*'" 3.,t(l-:,l) 




If » = 


,_v/.'+---<. ,^^__<i» 




° V'ffl'' + af' + «' rf« a^^/(T' + *^ 




If »» 


v',# + o»-.r ^ rf« 2 




V«' + «" + »' <'■» A/..' + a- 
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If «= 

If U: 

U U-. 
If n-. 
If U-- 



7i + \/a^~l , 
og- y==, then 



dw y/d 



(a,' + 2)° du _ X 






a + 6ai + 2 A/a6a^ du 



Va + haf-^a du 



:V5- 



■Vbx" 



= v: 






' Vl +v^a? + l' 



'V.+V^' 



x — 's/a — w Ax x-^/a^~x' 

a^ + x-\/~i du I / 2 






I H 



x/= 



rfa; 1+,-K ^ 1 _a!-t-,i!^' 
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1 +x' + ,v\/2 du ^i +a^ / 2 



44. If M=:v'V+"^' + «Mog(,r + v'^^T^), then 
a + l)ti7^\ du 3a 



dw 




18. if„=-i!v5J±?+i„gi±^!5i±Z,,h„ 



■xf^ '\/ a? -\- ar' 



If w = 2 V — ^ + log ^^^3^ 



V^^T^ 






yGoosle 



3.V + 1 -J \/f+*- 
. + - log — 



52, If « = (log«'_i)y5M^--l 



^5^:;^-. 






53. If ,j = i V r log -^- == 

^ V a + 9 V«a7 — a;^ + V9ra 



+ A/ff + 2 a/w 



-v'S 



54. If a = 1 («■ + a?)" log ^-j^ +(<.■ + 4') Vo- - 



-'-,{<•'+«') -(«'+vy 



i o' + 6' + •/<>■ + »• a/o' + t" 



If M = -^ log (\/l-,^+ .1' -\/^), 



dx y/u~a^ ' 



56 . If '-^'-.y ■'- — ^ = log - - ~ . "' ... " , then 
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MISCELLANEOUS EXAMPLES. 

It is required by means of what has been said in Articles 
(47) — (54), to establish the following result^, 

1. If M=sinmi,i;, then — =»; cosm.v. 

ax 

^ T- - rfw 

2. it M = a! — sm« cosa;, — =2 sm^x. 

d,v 

du 

3. If w = a; sin i» + cos ai, -— = -J^ cos is. 

aw 

4. If M = tan w — iv, then -j— = tan^ts. 



du 
5. If M = cot iP — tana?, then 



dx (sin a? cos xY 

„ „ , , rfu 3 sin^a; 

6. If w = sec^ii!~3 sec a?, then -;— = — ■ ^ - ■ 

a<p cos".!? 

7. If « = vcosec w, then -;— = —^ . 

' diB 2(sina;f 

du , 

8. It u = 3a/ + S cotw — corir, -— =S covx. 

dw 

9. U u = ixsmx+(2-~ar') coBx, -z-=a!^dTXX. 

du . , 

10. If « = ('2 + sin"',i;) cos .v, -7- = — ■' sm^a?. 
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11. If K = (3 + 3 cos*^) s 



sin a; (2 — cosj;) 



14. If t 



15. If * 



; 4u cos^a; — sin^a? 



1 -t tan iC dai (cos te + sin a;)^ 

,^, , du „^, , 
16. If M = e smiD, --=e (cos^j.' + cos<p— 1). 



17. If M = e'^^' cot a;, - 

18. If M = e""^cos"'a', -r- =me"''cos'"-'* (cosa,'— sin j;). 

aa; 

19. If M = a''"e''"^ -— =a!""''e"''"'(in-i-x cosx). 

20. If M = log (a;e™"), -7- = sin a^. 

21. If M = e=''(rasin.r-cosa;), ^ = (a= + l) e""' sina;. 

22. If M = e™-'log.^!, -r-='^ { sinailog.rV. 



23. 



If M=iog\/; 



1 ^sin'^^ 'du 2 sin"" 



1 — sio^a;' dx 1 — sia^"a? 



/ 1 + v — 1 tan a;\ '" rf« y 

24. If « = log( y - . - 1 , -r- =^m\/~i, 

Vj — \/ — I tana'/ a^ 
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25. If H = alogBin* + cosec'iF, -— =— Scot'^, 

26. If u = 2\ogt!iTiiV + sec' X, — = 2 sec^ a? cosec af. 
DT Tf . 1 . ^„ ^^ ^(^ sin 2iC + 1) 





' ' dai (aunwf 


28. 


2 .S COS J! J? 


ii w — — r^ 7—5 + 3 10s tan — , tlien 

sm%i7 cos^d? sin%p ° 3 




<i» s 




rfa^ ~ sin' a; cos' i'' 


29. 


^ 1 +x'' d.v i +^' 


30. 


du 1 


IfM = cos (2a;— I), -7- = y- 

d,v ^x-x' 


31. 


If .-,'"' "i" ' 


^/TT?' ii« l+a;"' 


32. 




33. 


■--'"- ^/¥>£-^^/^■ 


3*. 


, 2a! rfw 2 
\—ar d.T \-\-.r 


35. 


/Y^ du 1 


"^ .V ' da, ^•/ic-if 


36. 


,Vl + .^-i du 1 


""-'» X ' d, 2 {>■+>)• 


37. 


_, 1 d» 2 


"-"""= 2^^i^/T^'' "fa; V^^^' 


38. 
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39. If«=~7Ttaii- 



w^/h du 



\/'> ^ax-ba^'' da.- y/am-ha?' 

1 _j2o — 6a; du \ 



S\/a 



_^2(ba^~a) du 



42. 
43. 



If M = 
IfM = 



biG^ d,r ,v^/bw--a 

a~bx du 1 

a + bi'j' da!~ (^a + bx)\/'^' 



■s/ab 

_^ 6 + 3c.i; du v4ac— 6^ 



•v/ittc — fe^' da; a (a + bo; -\- coj") ' 
bw — 9.a du ya 



= sin ' (3,1; — 4,^), — : 




l?u 

liu 
Uu 



bf+bgar' dx (/+§•«') yV+l^ ' 
/a' - fc' sin ,«\ d m V" «^ &^ 



6 + acosa? 7 dic 



= (,m-'^.)% 









0-,.5)I 
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5i. liu= --;==-hlogV'l~*'» ^ = 77:1^ ■ 
55. If s( = (2d?— tan-^a;)taii-^a;~log(l -\-ar), then 



5d. 1im= ;7^1og— 7= h ■ ■ ■ w tan 5, 

4\/2 l — Wy/2 -tw^ 2V2 ' - ^^ 



d« I + .ir* ■ 

57. Ir M= ; — + — — i — 

l — m-\-n l + m~n 

Ti(l — 'm—n'\a3 siii(/ + ra + «-)^ f^^ 

i ■■ ■ ■ - — ■, —- -■i&iamissmnivco&la). 

l~m~ti / + 7»-j-« da: 

01 du 1 

58. If ?( = tan~'sin ^— , -— = 



59- Given the differential coefficient of vers x = sin ,v, 
it is required to deduce those of sinai, cos a;, tan^i? and secar. 

60. Given the differential coefficient of sec a/ = tan x sec ,t, 
deduce from it tho differential coefficients of sin x, cosie, &c. 

61. From the diilerential coeflicient of each of the Trigo- 
nometrical functions, it is required to deduce those of all the 
rest. 

62. Having obtained the differentia! of the are of a circle, 
infer those of the sine, cosine, tangent, &c. of the arc. 
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CHAP. V. 



IISCELLANEOUS EXAMPLES. 



I. Successive Differentiations as in (65) and (66). 

1. If u = aw^ — ba^ + ex — e, then 

--- = 6aa) — 2b and -- - = 6a. 
dar dar 

2. If M = m.r'"-^'~(m + l) *™ + l, then 

-— =m (»M + 1) j™*"-'— (m— 1) af~^\. 

3. If it = a^+aad;' + 2aV + 2a'a; + «', then 

d'w , , , d^u 

-—r =13 (2* + m) and -—- =S4. 

djr ' dij;* 

4. If u = ipe", then -— , = (.v + 2) e% 



-— - =2a^"', ■ = —1 .ilx-^, &C. 

dji-' d .f?^ 

™ ,, . „^ , d^tt 

6. If M = 1 — 2 sm^ - , then -— - = — cos x, 

2' dx" 

d'li . rf'w 

— -— = sin w, —r— = cos x = u, &c. 

>. T- . 1 f^"'" 

7. u u = X sin X, then — i^- = — 3 sin .e — x ct 
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- = - Se'(sinaf + cosa;), — = — 4e''coa j;= — 4m, &c, 
9- If w = see it?, — ^ = sec a? tan .r (fjsec^a;— l). 



10. IfM = .rtana;, -— - =2 sec' a; (1 + a; tana;). 

11. If M = e-'cota;, --^ =6" (S cot^'j; — 2cot*3; + S cot.r-2). 

dw 

12. If M = siii-'a', -— - =9(1 — a;^)^ 2 

+ 2.5. !3,r' (I -a,'^)"^ + 3 . £ . 7«' (l - a'')" ^ 



13. If« = tan 

14. If « = (1 +a.-^)tan-';i-, 

15. IfK = sec' 

16. If 



(Pu 4 

d^M _ 1 1 

d^M 94 — 240a;^+I20,i'^ 



d"M 

da;" 

18. IfM=-2wa; + «^ = 0, --- = --^^ -/. 

dar (m ~ oof 

d^u 2«a; 

19. If fflM^-a;M-« = 0, --- = -- r--T3' 

d"« 

20. Ifit = a;(«- j;r, find the value of —~ . 

^ ' daf 
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22. If tt = in'" log w, find the value of 

23. If M = .u™ sill «, find the value of 



d''u 



25. If M = e'"sinii;, it is required to prove that 

d"M ^'^ sin (a! + n(h) , ^ ,_, 

= ^^ — ^^) where <p = cot ^m. 

daf sin"^ ' 

For the solution of the last six examples see Ex. 6. of 
Article (66). 



II. Ehmmation of constant Quantities and irrational or 
transcendental Functions as in (67) and (68). 

1. \i u-^aai + h = 0, the two derivatives of the first 

du , du 1 1 ~ , 

order arc u—--v — ■ +6 = and -r— +a = 0; and that or the 
da) dm 

, , . d'u 
second order is ce -r—., = 0. 
dar 

2. If {ifi — ^au + a^ = b^, the two derivatives of the first 



- , - V . - , ; and 

oa? dx 

, , , dw d^u 

the derivative of the second order is^-; '>^~n: =0- 

dx dar 

3. If c he eliminated from the equation w'^ -r y' = cte, 

— dy 

then y~pw = a!\/l +p'^, \ip=-T-. 

4. If X ■s/l — y- +y-\/ 1—1)1^ = a^, it is required to prove 

1 p 

that --^ - ^^ ' ^ - + - ■■ —^-^ = 0. 
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5. I{vi—ai'+\/i—y^ = c(w~y), then will 

1 P 

6. If (a^ — y){2a+A' + yy = b% then will (a-^a! + Sy)p 
= a + 2a? — 'y by the elimination of b. 

7. If (j, - ,r)"-' (y + wr^' = «^™, then will 

01 y \y .%■} ' 

8. If y = aa!-^c'>/l-^ie\ then will {\ + !C^)'p = d-^a!y. 

9. If f^ = «(,^ + ^I+*^f-|6('^ + 2^/I+a;^), 



^/i + *^ 

10. If a?e" = c, then will i(?y + ^=jf)a.'^. 

11. If c (,i? + y) = e"--'', then a? + ;/ + 1 =p {oc + y— I). 

12. If (ii' + »/) log- =me'^ then will 

j)a^y = »^ + (aj + »/fe". 

■V 4-11 w 

13. If log ^ + =0, then will py + x-{-2y = 0. 

a x + y 

14. If log- =sin" -, then will px-—y = •s/w' — y'K 

{is — ay)p = a/e-\-y. 

16. U ay'-\-9.xy—bw^=:0, then will 

{my — ha?) p + hwy~y^ = 0, xy + ay^ — iao'' + axy)p = 
and (jJiP — ?/)' = 0. 

17. If y = 3?e", then will pa^ = j/ 1 1 +log - | - 
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18. If - = ae'-'' + -(2j!' + 2iP + i),then mil p ■\-2y = .v^y^, 

19. If --c^y — a! = a tan — , then will p + ^ H = 0. 

20. If y = /se'^''~''', then will pai(l-{-x^) = (l +a! + a^). 

21. If «= — then will «^1 —«^. 

22. If y = a sin (ai -f 6), then i; + w = 0, if o = — ^ , 

23. If J = 06" + fie-', then will 5 -y = o. 

2*. If 2y = «e'' + 6e-'' + c, then will 9=:'v/a64V- 

26. If j = log sin (raic + 6), then will q+p^+a^ = o. 

26. If 0^ = 0^ — 6", then will p — §ii?=jp*a'. 

27. If j/* + afl; + 6 = 2cir log .r, then §<i?j/-|~J>*i^ = c. 

28. If ^ = ma' log ~— -, then mqa^ = (y—pa/y. 

29. If ^ = log(e" + e~''), then will 2 3) = log ( —] , 

\l~pj 
and p' + (^ ~ 1 . 

30. If j = e™ ', then will y = (l—w'')q~px. 

31. If j/ = e" cos a', then will 7 — 2p + 2»/=:0. 

32. If y = ^sec.:c, then will {p + y)qy=p^ + p'- 

33. If- = - J ■ then will qaf^ + «a? = 4«^ 

34. If {1 —x)y = ai)!^ + ba!-{-c, then will 

(1 -a?)r-So' = 0, if r= -^. 

35. If j/ = e'''(«4-6fl^ + ciK^), then r — 3g + Sp~y = 0, 
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36. If y = ae' + be" + c sin (x +e), then will s — y = 0, 
if s = -— . 

37. li y = 6" (a + bai) + c sin (a^-i-e), then will 

5-2r + 2g — 2p + y = 0. 

38. If y^Mfi"" + 66^*^-1- ce^"-|- &c, to m terms, where 
a, (3, 7, &c. are the n roots of I, then will ■— -y = 0. 

39- If p;e + (l—c){y + a/)=c, it is required to elimi- 
nate c. 

40. Eliminate a and 6 from, the equation 

rta;^ + 6/ = «« + 6j/. 

41. Eliminate sin -r and sin 2 a? from the equation 

y — a sinx-\-b sin 2,t. 

42. From y^ae'"-^be''-~- — cosw^, it is required to 

mn 
eliminate the terras involving a and b, when & and I are the 
roots of the equation a:^ + ra.K + n' = 0. 

43. Eliminate the constant quantities and exponential 
function from the equation y = e'' (a + bie -\- C'V' -\- he. + Ix"''). 

III. Developement of Functions, S^c. as in Articles (69)— (86). 

1. If M = (« — *)*, then u— a* — 4^a^(V + Ba^.v"-— 'lax''+ a;*. 

2. If u = {a^ + a)y, then will 

i{ = a"' -{- 5a^ af + 10a^a!^ + lOa^ x^ + 5a^a^ + x'". 

3. IfM= -v/TT^, then will 

_ 1 1 .»^ 3 w^ 3.5 ,1;* 

~ 2' 2^1.2 2M.2.3 2* 1.9.3.4 

4. IfM = o=(l-.,-c^)~i then will 

, a^af- 6a^x' S.Ua^af' fi.Jl.lSttV 

M=:rt^+ + H + +&C. 

5 5.10 5.10. 15 5.10.15.20 
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5. I{u=ia + w)~\ then will 

1 4,ai 10.^ SOji* SSiP* 
~ a* c? t^ a' a" 

G. If « = (a + x)i, then will ti=a^ multiplied into 
la; 1.2 a^ 1.2.5 a;' 1. 2.5.8 ,i;* 

Sa '¥' l.aa^''" &' i.2.3«= 3' I.2.3.4a*"^ 

7- IfM = e*''% tlienM=i4- — + — + -i 

' —11.2-1 .2.3 



If 2( = iog (a + 6a?), then will 



6 .v 6* ^' 6* a;' 6' a;^ 
M = log (sH J"~H — ^^ 



/?- d' a^ ?/■ af- b'' aP \ 

Va «« 3 a" 5 a' 7 7 

10. If u = sin (a + bx), then will 

M = sin ffi 4- & cos a 6^ sin « &' cos a 1 

1 1.2 1.2.3 

11. If M = cos(aa;~6), then will 

— cos a .sin ^ a s y^ 1.2.3 

x .V a? 

12. IfM = sin-'-, thcnwiU ?(= - + ^^ +& 



13. If u = tan iP, then ?« = ~ + + 4 

] 1.2.3 1.2.3.4.5 

14. If M = tan-' -, then will 



15. IfM^e""', thenw==i 
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16. If M=tos"'^, then u=l- ~^ +(3m-2)m 

17- If« = sec<J7, then win 

,1;^ 5a^* 61. 'if' 



9.3.4 1 . 2 . ,S . 4 . 5 . 6 



18. If M = log sec a;, then will 



— ■ , ■ + — T4-&C. 

1.2 1.2.3.4 1.2.3.4.5.6 

19. IfM = e™% then will v, = e-~ 1- -^ 

1.9 1.9.3 

20. If M = e''seca', then«=! +x+ -f ■ " - ■ 

1.2 1 .2.3 

21. If (* = «''""'■% then will 



-{(log ay +4(logfflfJ- 



.9.3.4 

22. Expand — to six terms by means of Maclaurin's 

Theoreni. 

23. Develope tan {a + bw) in a series of the form A + Bai 
+ Ca?^ + &c. by Maclaurin's Theorem. 

24. Expand log cot (45° — -^a?) in a scries ascending by 
powers of iv. 

25. Expand e"""' to four terms by means of Madawin's 
Theorem. 

26. Develope e^'^i'-^'+'i by MaclaurirCs Theorem up to 
the term involving w"^. 

27. If sin J/ = m sin ii^, express j/ in a series of the form 

28. If tan y = m tan a?, expand y in a series of the form 
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29. By Madauriii's Theorem expand sin (a+6a;+ca!'+&c.) 
into a series of the form A + Bai+ Cx^ -f &c. 

30. Having given 1 -J- •'' sin j/ = tan y, find y in terms 
of a? by Madaurin's Theorem. 

31. If ij7 = j»tan (x — niv), prove hy Madaurin's Theorem 

that when — is very small, a/^ — — ~ very nearly. 

z ■' 2 WIM + COS^S ■' ^ 

32. Expand ffl+'>'+'^'''*'^ by J/ac/awrin's Theorem. 

33. Prove the following formula ; 

w — x - -^-^ ~ 3^ 5 . 7 3'^ 5^ 7 ~ 

1 a? liar' 

34. Shew that cosec x= - -{ 1- — — — + Stu. 

.V 1.2.3 1.2.3.4.5.6 

35. By Madaurin's Theorem find the developement of 
— in descending powers of a:. 

36. Apply Madaurin's Theorem to express the arc of a 
circle in terms of the secant. 

37. If mu^ — a;« = m,then w= 1 +— ; — - + -— — , — &c. 

38. If m^ — i>fy — maf' = 0, then will 



39. If f — 2*/ + a^y- 



■40. If jf — 3y + « = 0, then 
also 
and p= — iCl — -; 



/- 1 _ \/i . 
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41. If y' + a'y —2a' + awy~ x' = 0, then will 

« = « 1 &c. and y = x-\ — H |-&c. 

42. Iiif — a'y + axy — a^ = 0, then will 

and »/= ^ ^— &c. 

43. It is required to prove that 

44. Find the developement of M = e^'' to five terms. 

45. Given the differential coefficients of ■ ■■■ , it is 
required to deduce the diiferential coefficients of log — — ■ 

46. From the differential coefficients of cos x, it is re- 
quired to derive those of log cos a;. 

47- Given the diiferential coefficients of log <p, to deduce 
those of log of log !V, or of log^ x- 

48. If u =/(.«), it is required to prove that 

., , ., , xdu se'd'^w iv'd^u , „ 

/(„)=/(.) _-^+__,-__^ + 8,0. 

49. On the same hypothesis will there result 
»/3a;\ _, , du ce d'u a?. 
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50. On the same supposition v/\llf(m,v)=f(,v} 
+ (m-l) 









da^ 1.2 (1 +my 



dx^ I , 2 . 3 (l -t- a^y 



^"'^/fri) =/W- 



1 .2.3d«= 
51. IfM=.a;'", then will 



(t^) 



+ & 



(« +«3^)'™ or (1 + ny w"'=ai"- + in.yf-' n.v + "" j 3 ^ a^-'w 
m (m - 1) (ra - 2) ^ 



1.2.3 

52. IfM = logaf; then will log2^ = loga?4-l — -^ + "3 — 
andlogmfl7 = log.i? + (m-l) — l(»w~l)^ + ^(m- 1)' — &i 

53. If M = sin a!, then wiil 



= sm X + a; cos <r — ■ 

3.2 1.2.3 



and sill mce 



54-. It is required to prove that 

— 1.2.3ffi^ Ve^±a;/ 
55. If M=/(ai), it is required to shew that 

/(.)=/(»+*) j^ — Y7i+ — d? — 1.2.3 
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56. It is required to prove by Taylor's Theorem, that 
tan (x + h) = tan .v + sec^.-c - + 2 sm a; sec'a? — 1- &c. 

57- Shew by the same Theorem, that 

.,,,,.,, I ft sc h^ 
sm~' (.v-Yh) =siii \vA -. - H ^ 



58. By the same means it is required to prove that 
. A 2w h" 



tan '(« + /*) = tan" 



! +<r' 1 (H-a?')M .2 

1 i __ _i i. — - + 5jc. 

(1 +*''')'^ 1.2.3 (1 + .^^)' 1,3.3.4. 

59. Given m = (o - fi,!^)", to find the vahic of'~ . 

60. Given u^{\-.v'y, to find the value of -p^. 



62. Given m=(i +2.^ + 3^^)% to find the value of -—, 
and to determine the greatest value n admits of. 

63. Given ?( = 



64. Given 7/ ;= — — — — -, to find the value of — — . 

1 d"u 

65. Given u = , to find the value of ■ . 



B6. Given 

E 



■■■ — - — — Ti to find the value of --— ' 
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67- Given u = =, to find the value of -,— ■ 

{a-irboo + cx^f ^^ 

For the solution of the last nine Examples, the reader 
is referred to Ex. (2) of Article (82). 

68. If (^ — ««)-- ay-i-.v'' = o, where a^ is the inde- 

^^ 

~aa; + i^ = 0, where y 

is the independent Variable. 

69. IspL^lW, ■"■■ 

dx \aaij 

variable, then will cc-—^ + j— -1 =i, where y is the inde- 

df \dyj 
pendent variable. 

70. li y~+2 f-^) =y, where a) is the independent 

a at \dw) 

. .1 1 -.. ^^^ jdco\^ dx , ... 

variable, then will y — — + « — = 2 -— , where y is the in- 

df \dyj dy 

dependent variable. 

71. I! .pL-''J +4''-f]=«, where » is the in- 

da}' dm XaxJ 

, , ■111 .11 '^^* fdx\^ dee , 

dependent variable, then will w 1- — =w^, where 

dy \dy/ dy 

y is the independent variable. 

,„ , d^v X /dy\2 dy 

72. If (ar + (i)--4 + - -^ - 3^ = 0, where .^! is the 

dai^ b ydx/ dx 

independent variable, then will 

, d^x idwV X jdx\ 

where y is the independent variable. 

73. If {dy' + dx^)^ + ada>d*y = 0, where ,v is the inde- 
pendent variable, then will (dy'-^dx^) —adyd^ai=0, where 
y is the independent variable. 
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-r^ d'^ 1 fdxY dx , . , . , 

74. If — + - -r- - -T- = 0, where y is the mde- 

dy' a) \dy) dy 

.„ d'y dy fdy\' , 

pendent variable, then will at —— — ^ '^ [-j-j =^! where .7; 

is the independent variable. 

75. If X be the independent variable in 

dar dw dx 

find the equation when y is the independent variable. 

76. Transform a-~~~bx-~-=r cai' -^ ~x'y = 0, where 

djr dw' dm 

w is the principal variable, into a formula where y shall be the 
principal variable. 

77- If i^ be the principal variable in 
d'w #M d^w d« 

dar' «a?' rfar rf.r 

find the corresponding equation when y is the independent 
variable. 

The last ten Examples are dependent upon the principles 
explained in Article (8S). 

78. If a> -^ ~ay=:0, where ai is the independent variable, 
then will •- ay = 0, where ^ = !ogfr is the independent vari- 

79. If he the independent variable in 

d^y dy 

= 0, where .v = tan 
■'■ a,v 

is the principal variable. 
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80. Chance ~ — —„ -^ + —^ — = 0, wliere ,v is the 
dw' I ~ or dot 1 — ai' 

independent variable, so that d=<MS~'x shall be the independent 

variable. 



ai is the independent variable, find the equation wherein ;E=log*' 
is the independent variable. 

82. Reduce the equation a- — r+6— ^+fw = 0, where 
dw' da; 

dsG is considered constant, into an equation wherein y/dx^ + di/ 

is constant. 



83. If a'^ {d^xf + (d^yf^ds", where ds=\/dx' + dy' 
is invariable, it is required to find the corresponding formulEe 
when 31 and y are respectively the principal variables. 

d^x d^x 

84. If wrfa;' be invariable, and for --— , ---, &c.- there 

, . , p So" — qy , „ 

be substituted , ;— , &e., a horaoeeneous Junction 

y P' 
of an order above the second, wherein neither *' nor y is the" 
independent variable, will become a function of y and its 
differential coefficients relatively to w : required a proof. 

85. Apply the formula -^ ■= - — —to find the difFe'ren- 

^^ -^ das aydw 

tial coefficients of M = (a'') and «^ 

86. From the same formula, if i/ = a (3 cos - cos 2 0) and 



87. If .v—f{t) and y = (p{t), it is required to e.'^prcst 
dy d'^y 

—~, ^-;t) &c. in terms of t. 
ax da;'' 

The last ten Examples are illustrativ.; of the principles 
explained in Articles (84) and (S5). 
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■ r.ANEOUS EXAMPLES. 



- ~, T. ; when w = 1, u = a, 

it?'— lya^ + so , 7 

- ^r-~ ; — -— ; when ^' = 2, u=-, and 



when X = 3, 



1 + Sof + 2a!^ -r 2a,^ + a.'' 



l_6^'^ + 5;tf' 1 

5. It u= — T— — — r ; wtien a,'= -^ —7= , i 



7- If M = -7 ^ T - - ~ ; when a:=:3, m = 10, 

a^ - 3a)^ - 7a;H 27.1? — 18 

and when x = —3. u — ■ — . 



when uo= —a^ «=— 2 b. 



b{jr-\<?')-'i.hiii 
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- ; when x = 0, u = 



v'« + 2«!--/3 



— - — : when .r = B, u = -^\/b. 



15. If t 

16. If « 



(8--1)' 



Iog,« 



c'!og(j+») 
. e'-l-l°g('+ •") . 



If K=(l-»)log(l-,.); when,i. 



3(.in^)' + ,ir 
' 2 (sin j7)^ - 3 si 



tan ,7; — sec a: + I 



when .i; = 0, ?/ ~ 
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tan X — sin x 



(sin iP)' ^ 



27. It u= -, — ; when^ = 0, M = l, 






— - \ when a? = 0, 
ar- 

-— ; when x ■■ 

%x tan ,1; 

31. If M— ^^^ — ■■— tan — ; wheTii» = fl, «= 

ixf' S« IT 

nrx 1 2 

32. If w = sec — - log - ; when ,1; = 1, m = — . 

tan (« + a:) — tan (a — ai) , 

33. If M = \~l^ 1— — i— ; when a? = 0, 

tan"' (a + a^)— tan-'(a — a;) 

34. If M=(sec — I versa-jT.i;; whena7=l, M=8.'!.t 

35. If M = a; tan<i?— — sin a' ; when a7= — , «= — 1. 



\/lse- 
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37- If It 



%ce^{\ — x^) 'Zwtan-Trce 



log tan 2 a 

;9. If M = 2*taii -^; when a? 

a" sill a,!?— b' smba. 



'" sine*— e'' sin ea' 



;" when iB = 0, M = 



log (1 + w) 



-; when.i! = 0, M = ^' 



2^ ,,(«"- !)• 

l—.i)-\- log a^ 



-viffi 



„~^^d'.^ 



17, If ..^y^!?!!!^!?;^^^; when,, 






/gc — ViT + fi + v'.'c — 



^; when * = c, f. 
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50. If t 

u = \/a. 



\/«^ + «»' + n^ — i/a^ 



'^'Zd^ -V'i.cD^- 



5a. 11 M = , . — — — ; when a 



oA. W 11=^ ; when !jc=a, m=0. 



- a\ by the methods of Articles (103) and (lO'l.). 



»^vi, 



by the methods of Articles (103) and (104). 



56. If?/==- 



■ya'x + 7a=-V2a.i? + 2o^ 



160 



when ,'c = B, u = ~ , by both the methods. 

57. In ^- a^ + 2a^*^ — a?* = 0; when ,^ = 0andj/ = O, 
the values of -^ are ± ^/a. 

58. In (j^+a«)^=«^(«^+2aa^— ,T^); when ic—O andj/ = 0, 



59. In {y^ — x'y=: af'~~2a.Tif-; when .^^ = and y = 0, thp 

values of -— are + - . — and so . 
«■*■ V2rt 
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CHAP. VII. 



MISCELLANEOUS EXAMrLES. 

1. 1.1' u^w^—^aw+lf; when X = a, u mM he a, mmimum-, 
whose value is b^ — a^- 

2. If u = a:^ + aa! + h'; when ,v=-i«, u = b'-la% 
wili be a minimum. 

3. If u=!t^- 9a,^+ 24„v + l6; when « = 2, 7( = s6, a 
mammum; when a? = 4, u = SS, aminitmim. 

4). If 7t = a!-'— I8a^ + 96a7 — 20; when a; = 4, m = 140, a 
f»(M;tf»»t»; when 37 = 8, 7* = 108, a minimum. 

5. If « = 3iB* — 28aa)= + 84a^a;^ — 96«'a!,-f 48aS when 
x = a, w = Ila', a minimum; when w=2a, «=l6o*, a 
mawimum; and when a! = 4«, ?t=— l6a', -a Wimimwm.. 

6. If M = 12a;'— iSiB' +40ar^; when a; = 1, « = 7, a 
when a) = % u= -~l6, a mmimvmt; and when 

is neither a mammum nor a i 



7. If Mssa;* — 6«ar' + 9a^a^ + a*; -when a! = 0, m = (I^, a 
mitmtifiMn; when a! = 2a, M = l7a% a mafl?imMm; and when 
a; = 3a, M = ffi°, a.minimwm. 

8. If M = lOa^— 19a^ + 15a;*-20ir^ + 20; when x = Q, 
M = 20, which is neither a maximuim nor a «ji«'i»7i«m; and 

when a: = I, « = 13, a niiMimum.. 



9- \iu = -</a^ -\-2b£e-\-mai'~na:; when 
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than vi', provided m — n' and in<^ — }r have the same sign; 
and when 

h n /nd' — W _ 7ih — \/ (via" — J}') {m — ii') 
' ~ 111 m ti — n m 

a mmtmum or a mavimum, on the ame hjpothesis also, 
when m — n" ind ma''~l? ha\e different si£;ns, the values 
of w and w become impossible, and consequently by (115)' 
theie can be neither i mcunmum nor i minimum 

Xi m= 11 = 1 and 6 = when ■»=— -7-, u = — j=, 
V- VS 

a Sa 

a minimum; and when «= j-, u=—tt^, h maadmum. 

10. If w =24ir' — 135a?' + 280,1?^ — 270a^+ 130i» + 180; 
when a? = -^, m = I.99b> ^ maximztm; when teanS, u = lS8, 
a minimum: and when a; = I, ^ = 199, is neither. 

11. If M = (ai — «)°; whena' = a, w = 0, which is a wiini- 
tnum if M be even ; but neither a maccimum nor a minimum 
if n be odd, as appears from (112) and (lis). 

12. If u = a^(a— aiy-, when a; = 0, w = 0, aminimum; 

when ,i! = a, m = 0, which is neither a maximum nor a mini- 

2a I08a= 

Miwm : and. when x=: — , m = — , a majnmtim. 

5 3125 

'13. If w = (fl;— l)'(,i? + 9)';- when a?= — 2, m = 0, which 
is neither a maximvwm nor a minimum; when a!= , 



u= — , amawimum; and when rt? = l, u = 0, ^minimum 

7' 

14. If u = ai°' {a — sJ)"; when ,r = 0, m = 0, which is 
minimum when m is even, but neither a maximum nor . 
OTiHMKMm when «i 18 odd; when x = a, u = 0, which is . 
. when n is even, but neither a mMwimum nor . 



(m + »)"+" 
which IS a mannmum as appears from (114). 
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15. litc= — ; when a' = 0, u = a,, a minimutni 

and when as~—^a, u= —3a, a maatimum. 

16. If M=- f--; when ji=-2+-v/7, J(= ^-—=2.220,, 

(l+.r) If) 

a maximum ,■ when a; = — i! — V7) w = ~— = _ ,0950, 

16 
a mhiimum, and when .i;=i — 1, w = 0, is neither. 

17. If H= -— -—; when a;=— ,1, m= , a mawi- 

{w + Sf 4' 

mum; when 37= — 3, ms= oa , amawimuni; and when a;=-- —2, 
« = 0, which is neither a maaiimum nor a mmtmtim. 

18. If M=— — --; when «■= ^, and m and n 

(x + iy n-m 

are both positive whole numbers of which n is the greater, 

rrf /n — m'\"~"' . 1 -^ , , , 

w = — I , a mawtmum ; but ir n be less than wj, 

H" V 9 7 

m™ / 2 \ "•-" 
M = — ( , which will be a maximum or a mmimttm, 

n" \n-mj 

according as wi — m is an odd or an even number. 

\f m = 3, andM=i2- when ,t;= — 5, 'W= — 13^, amaximum. 



19- If M=— ; ; when x = 0^u= ~ i, a. mawimum; 

i^ + X—1 

and when a' = 3, u = -p , a minimti/m: for these see (l23). 

20. If u--= ''^ ,'~ ; whena' = \/2, u = V2\/2-17, 

*M-3* + 2' 

and when x = ~ \/2, n = — 12 \/3. — 17 , a 
mammmn: as may be proved by (133). 

21. If M= ■■ — - - ■ -; when iF=I,M = 2, a. maximum: 

(a^-iy + a}^ 

and when i» =— 1 , ?(=i — 2, a minimum: see Article (123). 



y Google 



33. If «= -: -„ — ; when <«= ± — , u= ±1, 

a mawiimtm and a wiJMzniJtm , and when ■!? = + I — — — ■- I ; 
M=: + 4, a mammum and a minimum: see Article (123). 



1 mtmmum; 



- \/ ah. M= ~ ■ — 1= ^ i a maximum. 



24, IfM= - ; when^ = 



25. It u^V a' + '<:''+ V«'+(^)'; 
when a? = \/a^j '^ = 2 \/(i (« + 6), tl minimum ; 
and when 3?= — ■v/f&i M = 2\/«(a + 6), a wtojrjJWMM. 

'26- If «= ■■■ -■ ; whena! = e, M = e, a minimum. 

27- If « = sin a; cos 2 a;; when (B^sin"' [ — j^l , « = — 7= , 
' WCJ 3^/6 

/ ~l\ 2 

a maximum ; and when ,r=sin~' —7= , w = -7=5 a minimum. 

\\/6' 3V6 

28. If u = cosmxcos'" (a + s!)t when «= , 

"^ ' m+i 

m. i^ + ma\ 

;( = cos -(tt— a)eos' — — ~ , a maximum. 

29. If M = « sec x + b cosec ■%' ; when sin w= + —7==== , 



(f«3 4-^3)^, a minimum and a mawimum. 
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30. If M = sill ,x vers .r; when ai = ^tt, w = ^ -v/s, a 
maximum ; and when « = 0, m = 0, which is neither a maximum 
nor a minimum. 

31. If M = siniK cos^a;; when 3!=: 90", m = 0, a minimum; 
and when j7 = cos~^Vg, M = g\/3, amaximum. 

32. If M = cos a; sin (a — ,s) ;. when ,i? = -^a + 45", 
M= — ^(1 — sina), Aminitmim; and when a; = -^ a — iS*^, 
w= .^(1 -I- sin a), a maximum. 

33. If w = e' cos (« — «); when ,r = a + ;iTr, « = ^ _ ■ 



- — T= , a minimum. 
V2 



-, u = \/''Ze' 



sin (a^-«) ' 
mtmmum ; and when ^ = aH ,« = -v2e *, a maximum. 

35. If «^ — a^« + a? — a;^= 0; when aJ=— 1, w=:I,- a 
maximum; and when ai=— 1, m = 0, which is neither a 
maximum nor a minimum. 

a 2* 

36. If ;^-«?a? + ,r' = 0; when x= ~ - .- , m= 7 «, 

a wiiMiwiMWi ,■ whenaf = — -=.-, u = —Ta, a, maximum. 

37. If w^ + 2a;^M4-4a7 - 3 = 0; when a7=— l, m = 2, 
a maximum; and when iC = I, m^ — 1, which is neither a 
maximum nor a minimum. 

38. If M* — 4«M + a.'^ +2 = 0; when .r = l, m = I, which 
cannot he considered either a maximum or a minimum,, because 
the values both immediately preceding and following it arc 
impossible ; also when ;c = — 1 , m = — 1 , to which the same 
observation applies. 



y Google 



47 

'39- If 11=^ \/u'- + .%'' — x\ when ,t'=o=, it = o, which, 
according to the criterion, is neither a mawimum nor a mtnir 
mum; but since it cannot become negative, w = 0, may be con- 
sidered a mmitnum. 





'+• 




' + 5.+». 


^ = 








m^/n!y' + 


(rf- 


4») 


ina" 






n(m-- 


4») 










i'~4n 



, a iwintJMMm. 



1 



If m = 0, 37= , and « = + — \/nb^ ■— in^a", which 

are respectively a maximum and a minimum. 

If M=0, a;^ o) , and u = , which is neither a mami/mum 

nor a minimum. 



m'h mh 

is a minimum. 

41. If w = 2a? — a7= + (l — a')^; wheniP=:l, m = ] 



and when a? = l, w = I, which is also a maximum of the second 
kind. 

42. If « = cos .i? + cos2^ + cos,3i(f; when w = 0, u = 3, 
- 1 + \/7\ 17 + TVV 



a taaaiimttm ; when x = 



-\/7\ H-lVl 



a vmicmmm. 
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43, If M^ — 4ffl-Ma7 + <r* = 0; when ,i; = a\73, M = a'\/27, 
md when k= — av 3, u — — a vSTj a minimum. 



il. If 2«wa7 — (ra — 6)«^= a'; when 




which is a minimum. 

■16. If M = w»'+'-a'-.i;; wheii.r=- " '\ ' ^ * , 

log a 

t(=! ! P '' — - — -, a mtmmum or a maximum ac- 

loga 
cording as a is greater or less than 1. 

47. I? u = a (cos. vy + b |cos(ci — ^)j%- when 

,r = +tan"" ^ — tan a , 

2 ^ U + 6 y 

M = <.|cos g_itan-(^-tana)]| 

+ fe|eos - +itan-M — ,tanai >,a 
\ L2 ^ \a + b /Jj 



mafljtmwm. 



If w = (tana;)'" jtan (a — iK)J"; when 

a , , fm— ti \ 

«= - +i^tan"^ tana , 

™g-Jt.n-(^tm„)]J, 



mawrniwrn. 
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CHAP. VIII. 



It is required by means of Articles (126) — (l89) to effect 
the solutions of the following Theorems and Problems. 

1, If m and j/ be the co-ordinates of a parabola, whose 
latus rectum is a, corresponding to the arc s, then will 



and - 



2. In a common cycloid, the radius of \ 
circle is a, it is required to prove that 




^^ 



V — a 



_ ^ -and- 
da' 

3. If ^y = a^, be the equation to a curve; then will the 
secant, passing through two points whose abscissje are a and b, 
intersect the axis of x in an angle whose trigonometrical tangent 

. a^ + ah + l? . , , 

IS : required a proof. 

c 

4. Find the angles in which a secant drawn through two 
given points of the curve whose equation is y = aa? — bx + c, 
intersects the co-ordinate axes. 

5. Determine the angles in which a secant to any curve of 
the second order intersects the co-ordinate axes. 

6. Find the angle contained between the two straight lines 
drawn from the vertex of an ellipse, to the extremities of the 
latus rectum and axis minor. 

7- Find the angle which a straight line, equally inclined 
to each of the co-ordinate axes, drawn through the focus of an 
ellipse or hyperbola makes with the distance from the centre. 
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8. If p-= — ; then may tlie inclinations of tLe rectilineal 

tatieent to the axes of co-ordinates be determined from the 

. _, p _i I 

equations ^=sm ;■■ — : =cos .— ■ - ■ 

V 1+ J>^ V 1 + P^ 

9. What are the inclinations to the axes, of the rectilineal 
tangents at the extremities of the latns rectum of each of the 
conic sections referred to rectangular co-ordinates ? 

10. At what angle does the I'ectihneal tangent of the 
curve -whose equation is a^ = n*a;-|-a^, meet the axis of a?, 
at a point where « = «? 

11. Find the angles which a tangent to the cycloid makes 
with the axes ; and prove it to be parallel to the corresponding 
chord of the generating circle. 

12. Determine the inclinations to the axes, of a tangent 

to the trochoid whose equation is y = win vers"'- + -v/s ra* — ic% 

, . . {m + i)n 
at a point wliose abscissa is — . 

' m 

13. If any ordinate of the curve whose equation is 
J/* — 3raiC7/-|-a^ = be drawn; prove that the sum of the tri- 
gonometrical tangents of the angles which the lines touching the 
curve at the points of intersection make with the axis of e = 0. 

14. Find the angles at which the cissoid of Dioclen is 
inclined to the axes, where it intersects the generating circle. 

15. Determine the points in a circle at which it is in- 
clined to the axis of a? at the angles 30'' and 60"; and find the 
distance between them. 

] 6. Required the inclination to the axis of a?, of the curve 



whose equation is log (a -]- \/ a^ — jf) = ___ |-]og(/, 

at a point where y = -y^ . 
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17. In the curve whose equation is a^p=:ai(¥-~a^), it 
Is required to find the points at which the rectilineal tangents 
make with the axis of it', the angles of 30'', 45", 60'' and 75"; 



18. If ■ 



y- 



required to draw a tangent to it, and to find the points at which 
it is parallel to the axes, 

19. ■ In the curve whose equation is ay=m-\/ li — :^, find 
the points at which the tangents are equally inclined to both 
tile axes. 

20. Shew that the rectilineal tangent to the curve whose 
equation is {ss — %)y={w—\){w — ^, can never be equally 
inclined to both the axes, 

21. Prove that the curve whose equation is (o^+,i^) y=h^a!, 
intersects the axis of x at the origin of co-ordinates in an 

angle whose trigonometrical tangent is ~- 

22. Required the angles in wliich the curve whose equa- 
tion is y + aj/ = «ic — w^, intersects the co-ordinate axes, 

23. Find all the angles of intersection with the axes, of 
the curve whose equation is y = asina;-|-6sin2a;. 

24. Find all the angles in which the curve whose equa- 
tion is (a;'' +»/^)^ = 2a*(iP" — ^), cuts the co-ordinate axes. 

25. Prove that the curve whose equation is iby^iabse — 
■(a^-i-l)x^, cuts the axis of .v in two angles supplemental to 
each other. 

26. The equation to a curve being (a - xf (a:^+ if) = a~y'^ ; 
it is required to find the angles in which it intersects the axes 
of X and y. 

27. Two given rectangular hyperbolas have a common 
vertex and their axes perpendiculai- to cacli other : find the 
angles in which they intersect each other. 
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28- A tangent is drawn to a given ellipse whicli cuts the 
circle described on its axis major at an angle of 45"; determine 
the co-ordinates of the points in which it intersects the circle, 
and thence shew that no such line can be drawn if the eccen- 
tricity be less than — -= . 

29. The centre of an ellipse coincides with the vertex 
of a common parabola, and the axis major of the ellipse is 
perpendicular to the axis of the parabola ; find the eccentricity 
of the ellipse when it cuts the parabola at right angles. 

30. A parabola and hyperbola have the same vertex and 
principal axis ; it is required to draw a tangent to the former 
which shall cut the latter in a given angle. 

31. The vertex of a parabola is A and tlie co-ordinates 
of any point in it are AM, MP : in MP a point Q is taken 
always equidistant from A and P; it is required to find the 
angles in which the locus of Q cuts the axis and the arcs of 
the parabola. 

32. Find the angles in which two concentric ellipses 
having their axes in the same directions intersect each other; 
and explain the result when the ellipses become similar. 

33. The focus of a given parabola is situated in the centre 
of a given circle ; find their angles of intersection and the length 
of the portion of the corresponding tangent of the parabola 
included within the circle. 

34. Find the same when any given point in the axis of 
the parabola coincides with any given point in the diameter 
of the circle, their principal axes being in the same directions, 

35. Prove that the rectilineal tangent to the cissoid of 

Diocles cuts off from the axes of x and y, portions represented 

ax / « \^ 

by — — and — a 1 respectively. 

■' 3a-a> \2a-ie} ^ ■' 

36. In the curve whose equation is )/™ = «af ~' +*"', the 

portions of the co-ordinate axes cut off by the rectilineal tan- 

a^ .ay . 1 - 

gent are and — r r: required a proof. 



yGoosle 



37- Find the distances from the origin at which the recti- 
lineal tangent of the curve deiined by the equation ay'"*" = 
baf" (a + aiy, intersects the co-ordinate axes. 

38. Determine the points in which the rectilineal tangent 
to the curve defined by the equation a^y'=-{^ — x^ {h-\- xy, 
intersects the axes. 

39. In the logaritlimic curve whose equation is y = o,'', 
the distances from the origin at which the rectilineal tangent 

meets the axes of a: and y are — r— and {} — ,T\ogd)y, 

and the subtangents are j— — and tsy log a : required a proof. 

40. Find the points of intersection and the angles of incli- 
nation, of the rectilineal tangent to the co-ordinate axes, when 
ai^-^if = -n/ a^~y^ is the equation to the curve. 

41. Determine where a rectilineal tangent to the quadra- 
trix of Uiwosira^MS defined by the equation y={\ — a?) tan-^^ra:, 
intersects the co-ordinate axes. 

42. Find the subtangents in the quadratrix of Tschirn- 
hausen whose equation isy = sin ^wx. 

43. Determine where the rectilineal tangent to the cy- 
cloidal curve delinpd by the equations a; = «(l— cos6) and 
j/ = «(m0-t-TCsin6), intersects the co-ordinate axes. 

44. Find expressions for the subtangents of the cardioide 
defined by the equations a; = « (2 cos 9 — cos 2 9) and 

y = a (2 sin 6 — sin 2 6). 

45. If the equation of a curve be my (je ■\- y) =■ a' ; it is 
required to shew that the rectilineal tangent meets the axes 
at distances from the origin represented by 

- and ■ 



46. If the focus of a parabola be the origin of co-ordi- 
nates, it is required to prove that the perpendicular from it 
upon the tangent = ^\/ a? (w^ + if). 
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47- Find the vakips of the perpendiculars from the ver- 
tices of an elhpse and hyperbola upon the tangeTit at any point ; 
and determine what they hetonie for a circle and equilateral 
hyperbola. 

48. Required the same from the centres and foci gene- 
rally, and for the above-mentioned particular cases. 

49. Find the parts of the tangent of an ellipse intercepted 
between the point of contact and the co-ordinate axes through 
the centre : and thence prove that their rectangle is invariable 
when the ellipse becomes a circle. 

50. Determine the same in an hyperbola generally; and 
deduce a similar conclusion when the hyperbola becomes equi- 
lateral. 

51. If a diameter and a tangent at the extremity of the 
laius rectum of a parabola be considered the co-ordinate axes ; 
it is required to find the points in which tlie tangent to any 
other point meets them, and also the perpendiculai- upon it 
from the origin. 

52. In an ellipse referred to a pair of conjugate diameters^ 
one of which bisects the angle between the semi-axes, it is 
required to find the subtangcnts and the lengths of the cor- 
responding tangents. 

53. Determine the angles in which the rectilineal tangent 
to the cjssoid of Diodes, at points whose subtangent is equal 
to ^a, intersects the co-ordinate axes. 

54. In the trochoid whose equation is 



y=:ma-vers ^ — f- ^/s ax ■— w", 

find the subtangents when the tangent is equally inclined to 
the co-ordinate axes ; and determine for what values of m tliis 



55. The equations to the tangents of an ellipse and hyper- 
bola whose centres are the origins, are a'yy +b^fvx' = +0*6*; 
and the portions which they cut off from the axes of <i7 and y 

are — and — respectively: required.-" proof. 
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56. Find the equations to the tangents of an ellipse and 
hyperbola in which the vertices are the origins of eo-ordinates ; 
and determine the portions they cut oft' from the co-ordinate 
axes. 

57' The tangent to tlie cissoid of Diodes is defined by 
the equation {9,a — !c)^y' = (Saw —one' ~ aai)!K^: required a 
proof. 

58. Prove that the equation to the tangent of the con- 
choid of Nicomedes is . 

and find what this becomes when ^ = a = b. 

59. The witch is defined by the eqyia.tioTtxy=a\/aw—w^; 
it is required to prove that the equation to its tangent will be 

2:vt/aa!-.v^y' + a (a.v +2x^--3aa!) =0, 
which cuts the co-ordinate axes at distances from the origin 

expressed by - (3a-2.v) and - - - . 

« ^Yax — ai'' 

60. rind the equation to the tangent at any point of 
a cycloid : prove that it is parallel to the corresponding chord 
of the generating circle, and determine what portion of it is 
intercepted between the co-ordinate axes. 

61. Find the equation of the tangent to the companion 
of the cycloid defined by the equations n; = a vers and y~a9. 

62^ Required the equation of the tangent of the curve 
defined by y=(\/ a — 's/aff; and by means of it prove that 
the sum of the portions of the co-ordinate axes cut oif by the 
tangent is of an invariable magnitude. 

63. Find the equation to the tangent of the curve defined 
by a;"3" + j/3" = ((3; and from it shew that the length of the tan- 
gent intercepted between the co-ordinate axes is invariable. 

64. Determine the equation to the tangent of the curve 
defined by '^ :^ .'^-f—^'- = log " "^ "^ -^-^ ; and thence prove 
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that the part of it between the point of contact and the axis of 
;v is of invariable length. 

65. If the equation of a curve be x= j — log—; 

find the eq^uation of its tangent, and thence prove that the 
difference between the tangent and subtangent belonging to 
the axis of of is invariable. 

66. Of the curve defined by e^^w^—a^, find the equation 
to the tangent ; and thence prove that the sum of the tangent 
and subtangent varies as the rectangle of the corresponding 
co-ordinates. 

67- T"ind the equation of the tangent to the curve defined 
by (tn— l)'°^'y'° = ni"'a'"~^iv : and thence shew that if AD be 
drawn from the origin perpendicular to the axis of x and meet 
the tangent PT in D, AD"' = a''^^JT. 

68. Required the equation to the tangent of the curve 
whose equation is a!\/^(a)^ + tf')'=a{it'~y^); and find where 
it intersects the ases of co-ordinates. 

69. In the curve whose equation is (l +logip) j/ = 3;, find 
the equation to the tangent; and thence prove that at any 
point, the subtangent : the distance of the intersection of the 
tangent with the axis of x from the origin :: the abscissa : the 
ordinate. 

70. From a point in a curve whose co-ordinates are o) 
and y, a straight line is drawn making with the curve an angle 
whose tangent is a ; prove that the equation to the line will be 

, a+p , , . 1, <iy 

if —11= ^ (it) — w), where p = -^ . 

^ ^ l~ap^ ' ^ dw 

71. If straight lines be drawn perpendicular to the major 
axis of an ellipse at its extremities ; find the points in which 
a tangent at any point of the curve meets them, and prove 
that the rectangle of the parts cut off is invariable. 

72. In the curve defined by logva;^ + y^ = a tan"' - , find 
the equation to the tangent; and prove that the angle in which 
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it intersects the line drawn from the origin to the point of 
contact is invariable. 

73. Draw a tangent to the curve whose equation is 
9.a''ai'!f"'^ = y^'' — a^'" ; and prove that the distance of the point 
of contact, from a given point in the axis of w, varies as the 
segment of the said axis between that point and the tangent. 

74. If any tangent be drawn to an ellipse, and four per- 
pendiculars be drawn to the axis major, from the centre of 
the ellipse, the two extremities of the axis major and the point 
of contact, these four perpendiculars are proportionals. 

75. Find the genera! equation to the tangent at any point 
of a curve when the co-ordinates are oblique ; and apply it to 
an ellipse where the co-ordinate axes are parallel to any pair 
of conjugate diameters, 

76. If a and h be the semi-axes of an ellipse or hyper- 
bola ; the product of the tangents of the angles at which any 
system of conjugate diameters are inclined to the axis major is 

^ *' -A 

; or --: required a proof. 

ffl <r 

77- If a system of conjugate diameters of a conic section 
be produced to meet a tangent whose position is given ; the 
rectangle of the parts of the tangent intercepted between those 
diameters and the point of contact, is independent of their 
position : required a proof. 

78. The equation to a straight line drawn from the point 
a, /3 of a curve whose equation is y=f{a'), perpendicular 

to its tangent is y' - ,8 = — -^ {ai'—a) : required a proof. 

79. In the ellipse and hyperbola referred to the centres 
and principal axes ; prove that the equations to the perpendi- 
culars upon the tangents from the points a, /3 of the curves are 

{af -a) a'y± iy - ^) h^a) = 0. 

80. The point- of intersection of the rectilineal tangent 
with the perpendicular upon it from a point a, fi of any curve 

H 
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, free + a — p (y — &) 

may be found from the equation *=— .<_.?__J;-i; 

■' ^ l+f 

required a proof, 

81. If a perpendicular upon the tangent from the focus 
of an ellipse be drawn ; prove that the distance of the point of 
their intersection from the centre of the curve is invariable. 

82. Given the length of the perpendicular from the centre 
of an ellipse upon its tangent ; to find the point of contact. 

83. In an hyperbola, given the length of the perpen- 
dicular from either focus upon the tangent ; to determine the 
point of contact. 

84. In the lemniscata of Bernoulli whose equation is 
{a^-^y'y = ^o?{a? — 'f), find the equation to the rectilineal 
tangent which shall make equal angles with the co-ordinate 
axes. 

85. Required the equation to the tangent making equal 
angles with the axes of a curve whose equation is x' -\-if = (^-^ 
and find where it meets them. 

86. In the curve defined by w^if = {a? — a?^) (a? - bf, it 
is required to find the equations to the tangents inclined to 
the axis of x at angles whose trigonometrical tangents are 

+ \/ 1 : and to determine the points of contact. 

87- Required the equations to the tangents inclined at 
angles of 30" to the axes of the ellipse defined by the equation 
J/'— 2a!y4-3jc^ — 2j/ — 4a; + 5 = 0; and find their points of inter- 
section with the axes. 

88. Tangents to an ellipse, from a given point a, )3 with- 
out it, may be drawn by means of the equations 

d'y" -1- Ifa^ = a^W and a'fiy + b^as; = a?b^ ; 
required a proof. 

89. It is required to prove that the equation to the 
straight line joining the points of contact as determined by 
the expressions in the last example is d'fiy ^}^ax=^{^b^. 
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90. TIiu equations for determining the tangents to an 
hyperbola, drawn from a given point a, /3 without it, are 

a^i/^ — f?x^= — a^b' and a^(iy—(r'ax= ~a^}^; 
and that of the straight line joining the points of contact is 
a^(iy — b''a<v= —a^b^i required a proof. 

91- From a given point without a circle, two equal 
straight lines may be drawn to touch it : prove this, and find 
their inclination to each other. 

92, If from any point in the directrix of a parabola, 
two tangents be drawn to the curve, they shall be at right 
angles to each other : required a proof. 

93. From a given point in the axis of the curve whose 
equation is (a«)^ + {6)/)^ = (a.^ — &')3, it is required to draw 
a tangent to it ; and to find the limitations under which this 
is possible. 

94i. From a point whose co-.ordinates are a and Sa, it 
is required to draw a tangent to the curve whose equation is 
e7ay^=4 (iB — 2a)'; and to determine its length. 

95. Find the angle included between two tangents to 
an ellipse drawn from a given point without it ; and detemiine 
the distance from its centre at which this is a right angle. 

96- Find the portions of the axes, through the vertex 
of an ellipse or hyperbola, cut off by the normal at any point 
of the curve. 

97- Find the points where the normal to a cycloid meets 
the co-ordinate axes, and its lengths intercepted between them 
and the point of contact. 

98. Determine the portions of the axes, through the 
centre of an ellipse or hyperbola, cut off by the normal at any 
point ; and prove that the rectangle of the parts of the normal 
intercepted by them is invariable. 

99- Find the equation to the normal of the curve 
defined by w"- + y^ = « (,t — j/) ; and determine the position of a 
fixed point through which it always passes. 
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100. Required the equation to the normal of the conic 
section defined by y'' = mx-i-nw'''; and thence deduce the values 
of the subnormals on the axes of w and y for the parabola, 
ellipse and hyperbola. 

101. Find the equation to the normal of the curve 

/x^ y^ 
defined by — + -r- —l; and determine the distances from 
ay bat 

the origin at which it intersects the co-ordinate axes. 

102. Determine the equation to the normal of the curve 

defined by 2y = a(e" + e "); and the portions of it intercepted 
between the curve and the axes of co-ordinates. 

103. Prove that the equation to the normal of an hyper- 
bola between the asymptotes is ahxy^~^w^ — <ih^-^.7t* = 0; 
and thence construct it. 

104. Find the equation to the normal of the cissoid of 
Diodes ; and thence determine where the normal at the point 
of its intersection with the generating circle meets the axes. 

105. Required the equation to the normal of the curve 
defined by y^ = ax~' + as', which shall make equal angles with 
the axes of co-ordinates. 

106. Determine the equation of the normal of a conic 
section which shall pass through a given point a, /3 ; and find 
the points of intersection with the axes. 

107. The equation to the straight line drawn from the 
point a, /3 of a curve perpendicular to the normal is 

,,-,= - gK-„,: 

required a proof. 

108. The intersection of the normal with the perpen- 
dicular upon it from any point a, y3 of the curve may be 

p'a + ie—p (3 — y) 
determined from the equation ^^= — — — — ^ : re- 
quired a, proof. 

109. If a straight line be drawii from the origin of the 
co-ordinates to any point of a curve, another straight line 
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equally inclined to tlie normal will cut off from the axis of 
w a portion represented by --^ ■ / ., ■ required a 

proof. 

110. Determine the limits of the length of the normal 
in each of the conic sections, by means of the general equation. 

111. Express the co-ordinates of a point in any curve 
in terms of the angle which the normal at that point makes 
■with the axis of w. 

112. If 6 be the angle made by the normal with the 
major axis of an ellipse ; then will the co-ordinates from the 
centre be expressed by 

b^ sin 



-. and 



\/a^cos'f) + ('^sin''0 "'" \/a^cos'e + f^sm''e' 
required a proof. 

113. On the same supposition, it is required to prove 
that the suhtangent and subnormal are represented by 

6= sin tan , b" cos 

— ;. ■■ — - - and — ,- . . - ^ . 

yVco^^T+^^n^ \/a^ cos^ 9 + 1^ &m' 

Hi. The same notation being retained, the tangent and 
normal will be expressed by 



fc^tanS 



^ and - 



^/a^ cos= e + b^ sin^ \/a^cos'0 + b''sm^0 

respectively : required a proof. 

115. If the equation of a curve be d'f/' = b^ (Qaie + x^), 
and the notation of Article (l5l) be retained; then will AW=a 
and AZ = b: required a proof. 

116. If y^ = aw^ — ai'^ be the equation of a curve; then 
will AW= - ^a and AZ = ^a: required a proof. 

117- If ('^ — 1) y = (a; + 1) .T be the equation of a curve ; 
then will AW=2 and jiZ = 2: required a proof. 

118. If (<T -a)f = (x + a)a^ be the equation of a curve ; 
then will AW=a, and AZ= + a: required a proof 
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119- If y'^ — ax'" ' — *'" — be the equation of a curve; 

then will AW=— and AZ = — : required a proof. 
m m ^ 

120. In the curve whose equation ia ay"'^''=b,'if"(a-^ my, 
it is required to prove that 

121. If the equation to a curve be -^ + 'tp = a^; then will 
AW=0 and AZ = 0, and the asymptote passes through the 
origin, making 135" with the axis of a;: required a proof. 

123. If (ffl — a») jf* = (a + x) x^ be the equation of a curve ; 
then will AW= —a and AZs= + » , and the asymptote is 
parallel to the axis of ^ : required a proof. 

123. If (a" — ■T^ y^ = (a^ + x') a^ be the equation of a 
curve; then will AW= ±a and AZ= ±co, so that the 
asymptotes are parallel to the axis of y: required a proof. 

124. If the equation to a curve be (a+c+x) y = h {c+x) ; 
then will AW=<xi and AZ=b when x is infinite, and the 
asymptote is parallel to the axis of x: also, AW=a + c. and 
AZ = M when y is infinite, and the asymptote is parallel to 
the axis of y: required a proof. 

125. If u^=' be the equation of a curve; then 

^ x + a ^ 

will AW=v> and AZ=:^l, or there are two asymptotes 
parallel to the axis of x and equi-distant from it: again, 
AW=a and AZ=05 , or there is another asymptote parallel 
to the axis of y : required a proof. 

126. Apply the principles of Article (151) to determine 
the position of the rectilineal asymptote of the curve whose 
equation is w^ + a^xy — y' = 0. 

127- Find the equation to the rectilineal asymptote of the 
f .v' 
hyperbola defined by the equation — -^ = — 1. 
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128. If the equation of a curve be wy = a\/aai — x'; 
then will 1/= —■ to or a'' = 0, be the equation to its rectilineal 
asymptote: required a proof. 

129. The equation to the rectilineal asymptote of the 
curve defined by (iU — 2)1/ = (.i; — !) (a: — 3), is y —a/ + 2 = 0: 
required a proof. 

130. If the equation of a curve be (ai + 1) y = (* — I) « ; 
then will the equation to its rectilineal asymptote be y — m' Ar 
3 = 0: required a proof. 

131. If the equation of a curve be j;^ — ^^—a^ = 0; it is 
required to prove that the equations of its rectilineal asymp- 
totes are y' + x' = 0. 

132. The equation of a curve being y^ — ait'^-|-i5^ = 0; 
it is required to shew that the equation to its rectilineal 
asymptote is 3 (w' + y') — a = 0. 

133. The equation of a curve is a_^ + a^y — o^ = 0; 
then the equation to its rectilineal asymptote is y' + a = 0: 
required a proof. 

134. If the equation of a curve be (a?*— l)y=(fl?* + l)aT; 
it is required to shew that the equations to its rectiline^ 
asymptotes are ^' = + 1 and y = af. 

135. If the equation of a curve be »/*— Sic^+aj'y— a^ = 0; 
then Avill those of the rectilineal asymptotes be iJ — af^O and 
y'=-0: required a proof. 

136. The equation of a curve is aiy^—y=a!t^+bx^+c(e+e ; 
then the equations to its rectilineal asymptotes are 

. ,/-'', , /- ^ 

y =x va-! 7=, y = —x y/ a — ._ , and a; =0: 

required a proof. 

137. rind the equations to the rectilineal asymptotes of 
the curves defined by the following equations ; 

(1) 4/(«=-.i!') = (2ffl^-a?=f: (9) i<!'i/ = a^-a!' + {is-bf'. 
(3) {9,aai - aP)ico^ + y^)=^Va^: (4) {x-\-lfy = x^{w~\): 
(5) (a= + ««)»/ = («a7-a7=)=: (6) f-.v^-a'^y^O. 
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138. The hyperbolic asymptote of the curve whose equa- 
tion-is w^-~y*-]-a^wy — 0, is defined by y =a:' ^ ;: required 

a proof. 

139. The hyperbolic asymptotes of the curve whose 
equation is ^—2xy^-\-cv^y—(^=0, are defined by the equations 

y —x + \/ ~, =J) : requited a proof. 

140. In the curve whose equation is 

a-j/S _ a^j, = a;3 + 2a^-t.jc -I- 6, 
the hyperholic asymptotes are defined by the equations 

y =x' + 1 -^ 7 and y = —w —I ; : 

required a proof. 

141. In the curve whose equation is y^—Sawy-\-aJ^ = 0, 
it is required to prove that the rectilineal and hyperbolic 
asymptotes will be defined by the equations a/ -\-y' -\-a^(i, 
and ai'y' + w'^ + aie' + o^ = 0, respectively. 

143. The curve whose equation is 

y^ — 2 aiy + 3 a?* — 2 J/ - 4.r + 5 = 0, 
is concave or convex towards the axis of x, according as the 
greater or less value of y is considered : required a proof. 

143. In the curve whose equation is ix—^)y = (w-^i)'», 
it is required to prove that the branches have their concavities 
upwards or downwards according as the abscissa is greater or 
less than 1. 

144. The curve whose tangent is of an invariable mag- 
nitude is always convex towards both the co-ordinate axes: 
required a proof. 

145. The branches of the curve whose equation is 
{a -\- w) y = (^ + ax + a^, are convex towards both the co- 
ordinate axes; required a proof. 
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146. Prove that the curve defined by tlie equation 

{y — of = <i? — %d^a) -\- an?, 

is always concave towards the axis of x; and find how it is 
situated with respect to the axis of y. 

147. Required the direction of the curvature of the curve 
whose equation is (a' — w^) y == a'. 

148. Find whether the curve whose equation is (y — Vf 
= j?(a?— af, is convex or concave towards the co-ordinate axes. 

149. Find the direction of the curvature of each of the 
«urves defined by the following equations: 

(1) aY = 6^a!(a>-2a): (2) {a-w)f={a + ai)x': 

(3) (* + (()»/* = 6^ (a? + 2 a): (4.) y^ + !^ = 3aaiy: 
(5) »/* + 2ai»;y* = aiP*: (6) (m^ +y^y = 4ia!'a^p'': 

(7) ivy^ = ab^ — b(^a + b)w+(a+Sb)af — it^: 

(8) f + Sx(w--Sa)f — 3aai' + a''.-c^ = 0: 

(9) a>*~ax^y +|oY~«S^ = 0- 

150. Determine whether the curve whose equation is 
(ff — wy (3^ + y^) = (^y^, is convex or concave towards the axes, 
at the points where the values of eo are -^a and 5a, 

161. If yocw" in one curve and yocaf in another, m 
being greater than n-, it is required to prove that the former 
curve always falls between the latter and its rectilineal tangent. 

152. Determine the conical parabola which shall have 
contact of the second order with an ellipse at a given point, 
and have its axis parallel to the axis major of the ellipse. 

153. Define the circle of curvature of the curve whose 
equation is 2y = e" + e'" ^ and prove that its radius is equal to 
the normal. 

164, Determine the position and magnitude of the circle 
of curvature, when the equation of the curve is ,i!^-oa! = a5-^. 
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155. If !e', y' be the co-ordinates of the circle of curva- 
ture at a point X, y of any curve: it is required to prove 
that tho equation to the circle is 

\W -'v)q^(,\+p')pY+ \{y' -y)q-{\■^f)Y = (^+ff■ 
\5Q. Required the equation of the circle of curvature of 
the curve defined by the equation - = cos ' I - — ~ 1 ■ 

157- Determine the equation of the circle of curvature 
of the curve defined by a; = sec 2 y; and thence find its magni- 
tude and the position of its centre. 

158. Find the equation to the circle- of curvature at any 
point of the tractrix. 

159- If 5™— ^ = V a™ — J/™ be the differential equation 
of a curve, it is required to shew that the radius of curvature 
at any point is tn times as great as the normal. 

160. Determine the radius and chords of curvature of 
the curve, whose ordinate is equal to the circular arc of which 
its abscissa is the versed sine, 

161. Required the radius and chords of curvature parallel 
to the axes, of the curve traced out by taking a portion of the 
radius of a circular arc drawn through its extremity, always 
equal to the sine of the arc, 

162. In any curve, find an expression for the distance of 
the centre of curvature from any given point a, h ; and also 
from the vertex, 

163. Determine expressions for the portions of the axes 
of any curve included within the circle of curvature ; and 
apply them to the case of the common parabola. 

164. Apply the expression for the chord of curvature 
through a given point, to find the diameter and principal 
chords of curvature in each of the conic sections. 
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165. If be the angle which the normal at any point 
of a curve makes with the axis of ar, then will the radius 

required a proof. 

166. Apply the expressions above written to prove that 
in an ellipse the radius of curvature is equal to 

^ 

(a' cos' e+b' sin' 0)1 ' 

167- Determine the magnitude of the radius and the 
co-ordinates of the centre, of the circle of curvature in each 
of the curves defined by the following equations : 

(1) f = a^w: (2) (l+iv^)y = ai: 

(3) (i'y = w{}?~a?): (4) a''y=w'{w-{-bf: 

(5) a{y-l}f = aj{x-ay: (6) ai^ = xXw + bf: 

(7) {a-a!)f={a + x)^: (8) «V = ^=K-^): 

(9) ai^ + f = a''i (10) y = sma!-. (11) y = tAaa!. 

168. Determine the radius of curvature of the curve 
whose equation is t^ = aar' — ai^, at the points where .1^ = and 
« = «■ 

169. Find that point in a parabola at which the curvature 
is one fourth part of the greatest curvature, 

170. If a circle of curvature to the vertex of a parabola 
be described, and another circle touch that and the. arcs of 
the parabola, and so on continually : it is required to prove 
that the radii of these circles are as the odd numbers 1, 3, 5, 7, 



171. Find the points in which the circles of curvature 
at tile extremities of the principal axes of an ellipse intersect 
each other, and also the angles at which the circles are there 
inclined to each other. Is the intersection always possible? 
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172. Find the evolute of the curve defined by the eqaa- 
tion ^ — aai-~^d^ = 0; aad determine whether it meets the 
involute. 

173. The evolute of the curve whose equation is 

is defined by the equation (aaY - (b^)^ = (li^ + P)'-': required 
a proof. 

174. The equation to the evolute of the catenary is 

H = „ log 1' + ^^=^'] _ ;t^^ZBl 

if the distance of the vertex of the catenary from the origin 
of co-ordinates be a : required a proof. 

175. The evolute of the tractrix is defined by the equa- 
tion a = n log I ' I ; required a proof. 

176- Piiid the equation to the tangent of the curve 

defined by (aai)^ + {bp)^ = (a^ ~ b'^)^ i and prove it to be a 

normal to the curve defined by —; + :^ =1- 
■ ■' or b' 

177- Required the equation to the tangent of a cycloid, 
and prove this line to be perpendicular to the tangent of its 
involute at the point of concourse. 

178. Required the length of any portion of the arc of 
the evolute of the common parabola. 

179. Determine the length of any portion of the arc 
of a common cycloid, the radius of whose generating circle 
is given. 

180. In the curve whose equation is ay = xy/ai^~a^y 
it is required to prove that the square of the distance of any 
poijit in the curve from the origin is equal to half the rectangle- 
of the corresponding abscissa, and the line intercepted between 
the vertex and the normal. 
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181. In the curve whose equation is m(e~"'—l) = w — y, 
it is required to prove that the portion of the ordinate included 
between- the curve and a straight line through the origin 
making equal angles with the axes varies ,as the cotangent 
of the curve's inclination to the axis of w. 

182. Describe a circle with a given centre so as to touch 
a given parabola, both when the point is within and without 
the parabola. 

183. A straight line drawn through the focus of any 
conie section to the point in which a diameter meets the direc- 
trix will be perpendicular to a tangent at either extremity 
of that diameter : required a proof. 

184. If from any point in a line parallel to the axis 
of a common parabola, two tangents be drawn to the curve ; 
it is required to prove that the sum of the cotangents of their 
inclinations to the axis of ai is invariable. 

185. If ^ = ma; + csin — be the equation to a curve; 

it is required to shew that the sum of the tangents of the 
angles in which two ordinates at the distance a from each 
other cut the curve, is constant. 

186. If with a radius equal to the line joining the extre- 
mities of the axes of an ellipse, a concentric circle be described, 
two tangents drawn to the ellipse from any point in the cir- 
cumference of this circle will be at right angles to each other : 
i-equired a proof. 

187- If with the co-ordinates of any point in an elliptic 
quadrant as semi-axes a concentric one be constructed, this 
will be touched by the chord of the first : required a proof. 

188. Shew that the ellipse whose equation is 

f — 4.atu-\-^.x^ = 0, 
always cuts at right angles the parabola whose equation is 
jf' = m(_a — .v), whatever be its latus rectum-. 

189. Prove that the part of the tangent of an hyperbola 
intercepted between the asymptotes is equal to the diameter to 
which it is parallel, and is bisected by the point ol' contact. 
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190. If two equal parabolas have a common axis, prove 
that a straight line touching the interior and bounded by the 
exterior will be bisected in the point of contact. 

191. Two parabolas having a common axis, it is required 
to find a point in one of them, from which two tangents drawn 
to the other shall include a given angle. 

192. A curve is constructed by cutting off from the 
ordinate of a circle a portion equal to the diflerence between 
its abscissa and ordinate: find the angles in which it intersects 
the diameter and the circumference of the circle. 

193. If a straight line equal to the sum of the semi-axes 
of an ellipse have its extremities in the axes and cut the curve, 
and the parallelogram of which this is the diagonal be com- 
pleted ; it is required to prove that the line drawn from the 
angle of the parallelogram to the point of intersection will 
be a normal to the ellipse. 

194. If between a rectangular hyperbola and its asymp- 
totes any number of concentric elliptic quadrants be inscribed, 
the rectangle of their axes will be invariable : required a proof, 

195. The ordinate MP of an ellipse whose major axis 
is AS is bisected in Q and AQ is joined and produced so 
as to meet the tangent at S in T : prove that the straight 
line TP will be a tangent to the curve. 

196. An ellipse and hyperbola being constructed on the 
same axes, if from any point in one of the curves two tangents 
be drawn to the other, the straight line which passes through 
the points of contact will be a tangent to tlie first curve : 
required a proof. 

197- -^P is a portion of a common parabola, PT n tan- 
gent at P, PG a normal and TR a perpendicular to the axis at 
T: prove that if GP be produced to meet TR in R, GR 
will be equal to the radius of curvature at P. 
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CHAP. IX. 



MISCELLANEOUS EXAMPLES. 



By means of the principles laid down in Articles (190) — 
(212), it is required to prove and solve the following Theorems 
and Problems. 

1. If 6 and r be the co-ordinates of the logarithmic spiral 
corresponding to the arc s, it is required to shew that 

2, In the lemniscata of Bernoulli whose equation is 
r^ = a^cos20, it is required to prove that 

ds a (^ , ds i t^ 

- ; and ■— = - 



dQ v'cosS^ »• ' <^'" sin 20 v'o'—r'" 

3. In the spiral of Archimedes whose equation is r = a9, 
it is required. to prove that the tangent of the angle between 
the radius vector and a straight line through two points whose 

abscissae are a, & is expressed by -, t ,-- - ■ ■ , — — rrr — ~ , the 

(2a-_/3)cos(a~/3)-a 
said radius vector belonging to the abscissa a. 

4. In every curve referred to polar co-ordinates, it is 
required to establish the formulse 

. rd0 J, ^^ . ■.'iO 

smi'= — r— , cosl'= — and p = r^^-. 

as as ds 

5. The equation of the reciprocal spiral is r = a0~' ; then, 
if the notation of Article (193) he retained, tan P= and 

p = —y — . ^ : required a proof. 
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6', If the equation of the spiral be r = ad"'; it is re- 
quired to prove that tan /*= — ( - j'" and p = — j- -;, s ■ 

* m'a'" + r'" 
7- If the equation of the lemniscata bo r'^ = a' cos29i 
then will 

,^ ^ 

tan P = — — ■ ■■ ■ and j) = — : 

required a proof. 

0. In the cardioide whose equation is r = «(l+cos9), 
prove that tan P= -== and p = 

9. If the spiral be defined by the equation ?• = « sin 20; 
then will tan7*=i— 7= and »= — - — — ■ ; required 

a proof. 

10. The equation to a spiral being r = asinm0, it is 
required to prove that 



11. In the spiral defined by the equation r^ = ff^tan 20, it 
i reqiiircd to prove that 



and p= - 



12. If the equation of a circle, of which the fixed axis 
is the chord of a quadrant, be r = a (cos0 — sin^); then will 

tanPs: -■■ and j3= —y=; required a proof. 



13. The equation of an equilateral hyperbola from the 
centre being r' = t^ sec 29, it is required to prove that 

: and p = — : also that I' = ^ir -~^Q and 
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14. The equation of a rectangular hyperbola referred to 
e of its asymptotes being r^ = 2 «* cosec 2$; it is required to 



prove that tan P= — 



2a^ 



= and p= 



~: also i\iaXP=w -9.9 



and p = fflva sin 20. 

15. The involute of a circle being defined by the equatio 
6= — sec"' — ; it is rec^uired to prove that 



taiiP = 



- and p = 



16. If the equation of the helicoid parabola be {a-)-)^= 



!(•■ 



and p = 



then will tan jp = — 

quired a proof. 

17. The equation of the trisectrix b 

it is required to prove that tan P = 






yr=a(2cose±l); 
-- and 



■\/sa^±2ar- 



's/3a^±2ar' 

18. If the equation of a polar curve be r=a (sec 0— tan 6); 

prove that tan P= and p = — ; — ■ ■. . 

a' + f^ '^ V^o' + 6aV + / 

19. In the elliptic spiral defined by the equation 



it is required to prove that sin P = 



= and ps 



In the hyperbolic spiral defined by the equation 



it is required to prove that sin P = 



- and p = - 



br 
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21. In the spiral whose equation i 



it is required to prove that sin P ; 

92. If a spiral be defined by v a^+ Wd = 



then will sin P = , and p = ■ : required a proof. 

Vr^ — W -s/r' — W 

23. If (r — «)0^ — r be the equation of a spiral, it is 
required to prove that 

sinP= - and p= —p^:.- . ■ ■....— -. . . 

V«V + 4 (r — ay \/aV+4 {r — ay 

24. Find the values of tan P and p in an ellipse and 
hyperbola referred to the centre, focus and vertex as a pole. 

25. In any conic section, given the angle included between 
a tangent and the diameter through the point of contact, to find 
that point. 

26. Required the same, when the angle included between 
the tangent and the distance from the focus is given in each of 
the conic sections, 

27. The polar equation of a straight line being 

it is required to prove that P = tt — a — and p = a sin a. 

28. Determine the values of tan P and p in the spiral 
defined by the equation )- = alogtan (45 + -^0). 

29. In the spiral whereof the equation is (a'^+r'") p^=r'"-^'', 

it is required to prove that tan P= [ - j . 

30. Find the values of tan P and p in the spiral defined 
by the equation r = a (1 + 2 sin 10), 
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31. Required the values of taiiP and p in the curve 

whose polar equation is r = asecdtaTi^9. 

32. One of the polar equations to a rectangular hyper- 
bola being r = a (cosec 9 — sec 0) ; it is required to find the 
corresponding values of tan P and p. 

33. In the rectangular hyperbola as defined by the equa- 
tion r cos26 = 9ocos0, it is required to find the values of 
tan F and p. 

34. If the notation of Article (196) be retained, it is re- 
quired to prove that in the spiral of Archimedes whose equation 

is )• = ad, the polar subtangent ST = - and the polar tangent 

35. In the circle referred to a point in its circumference 
when r = acos6, it is required to prove that ST= ~ ■■-; ■■■■---■ ; - 



36. If a spiral be defined by the equation r = asec6; 
it is required to prove that 



ST = 



, . and PT = r \/ — ^. 



37. If r = aO'" be the equation of a spiral ; it is required 

to prove that ST= — and PT= - V^T^- 
'^ mm 

38. If a spiral be defined by the equation 



it is required to shew that 
.S'7'= ^4^-ar 
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39. If the equation p = ■■■ . -. belong to a polar curve ; 

then will ST= . "^.^ „ and PT = r V "'""'^' : 

required a proof. 

40. Find the values of the polar subtangents and tan- 
gents in all the conic sections referred to the centres, foci and 
vertices: in the cissoid of Diocles and in the conchoid of 
Nicomedes. 

41. If a line be drawn through the focus, of an ellipse 
making an angle 6 with the major axis, and tangents be drawn 
at the extremities of this line ; it is required to prove that these 
tangents will include an angle 0, such that (l— e^)tan0=2esin9. 

42. If a and b be the semiaxes of an ellipse, and and <p 
the angles which any two conjugate diameters make with the 
major axis; prove that a^ tan 9 = t^ cot ip. 

43. A line drawn parallel to the focal distance of aa 
ellipse or hyperbola, through the centre and meeting the 
tangent, is equal to the axis major: required a proof. 

44. Prove that the tangent to any point of a conic sec- 
tion makes equal angles with the focal distances. 

45. In the spiral defined by the equation r = a sin 2 9, if 
a straight line be drawn through any point parallel to the polar 
subtangent, it is required to shew that the length of it inter- 
cepted between the rectangular axes through the pole is in- 
variable. 

46. If from any point without a conic section, two tan- 
gents be drawn to the curve and two straight lines to the 'foci : 
it is required to prove that the angles between the tangents and 
straight lines will be equal. 

47. If a be the radius of a circle and $ the angle at 
its centre, then may a tangent be drawn to it by means of 
the equation r' cos {9 — 6') = a, if r and $' be its polar co-ordi- 
nates : required a proof. 

48. If (p be the angle which a tangent to any point of 
the logai-fthmic spiral makes with the fixed axis; then may 
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this angle be found from the equation tan (0-0)log«=l : 
required a proof, 

49. If the notation of Article (199) be retained, it is 
required to prove that in the reciprocal spiral the polar sub- 

normal SG= and the polar normal PG= ■ 

50. If the equation of a spiral be r = a&", then will 
SG = ma^r^, and f G=:r \/l-|-mM^| : required a proof. 

51. In the spiral defined by the equation r= - ^- —§ > ^^ 

is required to prove that 

SG= - -y/a'~7^ and PG= ^Vaa'-A 
a a 

52. In the spiral whose equation is rcos^9 = a, it is 

required to prove that 



53. If a spiral be defined by the eq uation r = a — bd^, 

then will SG= and PG= ^ ^ , 4-^^— : re- 

2(a-r) 2(«-r) 

quired a proof. 

54. In the involute of the circle whose radius is a, it 
. is required to prove that SG = — y ■■■ ■ and PG 



55, If the equation of a spiral be r^ = a^cos20; it is 
required to prove that SG = — — — and PG = ~ ■ 

56. If a spiral be defined by the equation r = « sec ; it 
is required to prove that SG= -v/— a' and PG= — . 
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57- The equation of the pai-abola being r = « cosec^ ^$ ; 

A"^ /r 

it is required to prove that SG=-~r 'V and PG=r \/ —. 

58. In any conic section, if normals be drawn at the 
extremities of a chord passing through the focus so as to 
intersect each other ; the sum of the squares of the parts of 
the normals between the curve and their intersection will have 
a given ratio to the square of the chord : required a proof. 

59. The notation of Article (200) being retained, if the 
equation of a spiral be r = « + 6 sec 0, it is required to shew 
that z LSX= 90" and ST= - b. 

60. If the equation of a spiral be r^ = d^ tan 2 9 ; it is 
required to prove that /. LSX=4>5'' and ST=0. 

61. If a spiral be defined by the equation 1^ = 0,^ sec 26 ; 
it is required to prove that .; LSX='i'B^ and ST = 0. 

62. In a spiral defined by the equation r cos 9+« cos 2 6=0, 
it is required to prove that /. LSX^QO" and ST = a. 

63. If the equation of a polar curve be r cosSfl = 2« cos6; 

then will z LSJC='i5° and ST= —i=-- required a proof. 
\/2 

64. The equation of a polar curve being r cos = « cos 20 ; 
it is required to prove that z LSX=^^ and ST= —a. 

65. In the curve defined by the equation 

r (%m- e + cos= 6) = a cos^ 6, 
it is required to prove that Z LSX= 135" and ST= 7^ . 

66. If a curve be defined by the equation r^=a^(tan^S—l) ; 
then will Z LSX=9<^ and ^7'= ± a : required a proof. 

67- If the equation of a curve be 

2r (sin' 6 + cos' 9) = Sa sin 20 ; 

then will Z L^VJ'= 1,55" and ST= ~ : required a proof. 
■\/2 
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68. If a curve be defined by tlie equation 
)''(cos^0— sin^0) — a?i 
it is required to prove that Z LSX= iS" and ST= 0. 
69- In the polar curve defined by the equation 
r= cos^ (tan 9 -l) = a' (tan 6 + l), 
it ia required to prove that £LS'J^=9<^ and ST= ±a give 
two asymptotes : and l LSX= 45" and ST= 0, give a third. 

70. The spiral being defined by the equation r cos — = ra ; 
it is required to prove that Z LSX=m— and ST = 'ma. 

71. If the equation to a curve be r sin (m+l)0=« sin m^; 
it is required to prove that 



72. It is required to draw asymptotes to the polar curves 
defined by the following equations : 

(l) r^sin20 = 2a^: (2) 60 = asec-'-: 

(3) r = a (cosec 6— sec &) : (4) r (cos + cot 0) = 2« ; 

(5) )-sin2e = (isin9sin30: (6) r (e^- l) = a(e^ + l): 



(7) rv'&'cos'e-«'sin'0 = ab : (8) r (0^- 1) = «e=. 

73. In the reciprocal spiral whose equation is T=:a9~'y 
the arc of the curve is always concave towards its pole: re- 
quired a proof. 

74. If r = «"~^ be the equation of the logarithmic spiral, 
it is required to prove that the curve is always concave towards 
its radius vector. 
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75. Tlie equation of a circle being 

r = 6 cos + \/ d^ — W ain^ Q ; 
it is reijuired to find when the circumference i 
convex towards its radius vector. 

76. Find whether the spiral defined by the equation 
r-=aQ^, is convex or concave towards its pole, 

77- Determine whether the curve whose polar equation is 
r =,a (cosec Q — sec 0), is convex or concave towards its pole. 

78. If the centre of the generating circle be the pole, the 
equation to a cycloid is r^ = a'^ (l +^-j-20sin6) : find the 
direction of its curvature. 

79. Find the direction of the curvature of the curve 
defined by the equation )' = ffl (cosS — sinfl). 

80. Determine whether the curve defined by the equation 
r cos S0 — a cos 9, is convex or concave towards its pole. 

81. Find the direction of the curvature of the curve 
whose polar equation is r^ = 2a^cosec20. 

82. Prove that the curve whose polar equation is 

r cos0 = «cos20, 
is always concave towards the pole. 

83. Shew from the equation rcos0 = 3asin^0, that the 
arc of the cissoid of Diodes is always concave towards its 
radius vector. 

84. If the notation of Article (205) be retained, prove 
that in the spiral of Archimedes, the radius of curvature 

CP= ^ ; \ , and the chord of curvature PV= — \ ■' . 

85. In the reciprocal spiral whose equation is r = ad~', it 
is required to prove that 
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80. In the lemiiiscata of Bernoulli whose equation is 
j^=a*cos29, it is required to prove that CP= — and 

87. In the cardioide whose equation is r = a{l +cos0), 

2 4, 

it is required to prove that CP= --s^aT and Py= - r. 

88. Determine the radius and chord of curvature of the 
curve whose polar equation is r^ = «^ (tan^S— l), 

89. Determine the radius and chord of curvature of the 
curve whose polar equation is r = « cot Q cosec 0. 

90. Find the circle of curvature of the polar curve whose 
equation is r^cos*0 = a^coB20, and the magnitude of the chord 
passing through its pole. 

91. Determine the radius and chord of curvature of the 

curve whose polar equation is t^' (e^ — l)^ = ia^e^. 

92. Find the magnitude of the radius and the position of 
the centre, of the circle of curvature of the curve whose equa- 
tion is r = a (cos0 — sinS). 

93. Determine the radius of curvature of the curve whose 
polar equation is rcos99 = 2fflcos0; and find where the centre 
is situated in terms of the co-ordinates, 

9't- Express the radius and chord of curvature of the 
curve defined by r = fflsec0tan^0, in terms of the polar co-or- 
dinates. 

95. Determine the magnitude and position of the circle of 
curvature of the curve whose equation is r = tt(l + 2 sin ^6), at 
a point where = 4,^'^. 

96, The equation of a curve heing 

)• sin (»w -|- 1) = a sin mO, 
it is required to find the radius and chord of curvature at 
a point where = 90". 

L 
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97- If the equation of a curve her = a (cos + 2 sin d), 
it is required to find expressions for its radius and chord of 
curvature at any point. 

98. Find expressions for the radius and chord of cur- 
vature of the curve defined by the equation r (l — esin 2 9) = « sjn^ : 
and determine the points at which they are equal to u and /3. 

99- Prove that the radius of curvature at any point 
of a parabola referred to, the focus is equal to half the polar 
subnormal. 

100. If the equation of a curve be 



V^ 



it is required to prove that tlie curvature at any point varies 
inversely as the radius vector. 

101. Apply the expressions investigated in Article (905) 
to determine the radii and chords of curvature of all the conic 
sections referred to their centres, foci and vertices. 

1 02. If the equation of a spiral be r = a*"" ; it is required 
to compare its radius of curvature with the normal, and its 
chord of curvature with the radius vector. 

103. If u denote the inverse of the radius vector of a 
spiral, p the perpendicular upon the tangent, -y the radius 
of curvature and 9 the spiral angle: then will 

required a proof. 

104. Express the radius of curvature at any point of 
a parabola in terms of the angle which it makes with the 
fixed axis. 

105. If the ordinary notation be retained, it is required 
to prove that — = ~ — , when the circle has contact of the 
third order with the spiral. 
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106. The ecjuation to an epicycloid being 

e r^ — a^ e (r' — ti?) 

9= - tan"'— — -T, — tan , ,;■ - .:, t 

a e'— r aye'—r) 

it is required to prove tliat p' = — ~ — , where e = (« + 2 fi, 

if a s= the radius of the base and b = the radius of the gene- 
rating circle. 

107- It is required to find the evolutes of the epicycloid 
and hypocycloid. 

108. Find the evolute of the spiral defined by the equa- 
tion r = a"-^. 

109. If the equation of a spiral be ■s/r'-a?=a9+a sec"' - , 
it is required to find that of its evolute. 

no. If d'X — , it is required to prove that the polar 

subtangent at any point : the corresponding circular arc whose 
radius is r :r m : I. 

111. If B'xr, the number of revolutions made by the 
radius vector varies as the square root of the polar subtangent : 
reqmred a proof. 

112, If a spiral be defined by the equation r^cos20 = ffi^ 
it is required to prove that the sine of the angle at which the 

radius vector is inclined to the tangent oc — - 

113. Given the radius vector at any point of a parabola 
and the angle it makes with the curve, to find the position 
of the vertex and the magnitude of the latus rectum. 

114, If log- =lf>g sin ( — — ^1 be the equation 

of a polar curve, it is required to shew that two tangents 
drawn to the curve at the extremities of a line passing througK 
its pole wilt always include the same given angle. 
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lis. In any spiral, if O be the point of iiitersectioD of 
perpendiculars to two consecutive radii vectores through their 
extremities, it is required to prove that SP^ = fSO. Sy- 

116. In the focal distance SP of a parabola, SQ is taken 
equal to the rectangular ordinate MP: it is required to draw 
a tangent to the locus of the point Q. 

117- If Q be a point so taken in the radius vector SP of 
a parabola that SQ is equal to the perpendicular upon the 
tangent from the focus: it is required to find the values of 
tanP and p in the locus of Q. 

118. Prove that the spiral whose equation is 
(tt — 20)r = 2acos0, 
cuts off equal arcs from all circles passing through its pole 
and having their centres in its axis; and that the distances 

from the pole at which the spiral cuts the axis are as - , - , - , 

&c. the tangents of the angles in which it cuts it being as 
1, 3, 5, 8ic. 

119- Determine the asymptotic circle of the curve defined 
by the equation 6^ar — r^ = l. 

120. In any polar curve, if r be considered the inde- 
pendent variable, it is required to prove that the radius of 
curvature is expressed by 



^)t 



di^ dr \dr/ 

121 . If the arc s of the spiral be taken as the independent 
variable, it is required to shew that 
d9 

CP^^^--;.-- 
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122. If neither 6 nor r he considered the piiticipal vat 
able, it is required to prove that 

fdrV drd^B d'-r ' 
^3 1 2 __ 1 4- ). __ . J. 

\de) d6de^ dff^ 



......J-^^l*. 



3} 



123. It is required to apply the criterion deduced in 
Article (211) to ascertain whether the spiral whose equation 
is r (e*+€'"')=2(i, is concave or convex towards its pole. 

124, If the tangent to a spiral make an angle ip with 

the rectangular ordinate, and p he the perpendicular let fall 

upon it from the origin : it is required to prove that 

da d^-n 
4 =1)4 i-, 

- d(p ^ d(jf' 
where the upper or lower sign is to be used according as the 
curve is convex or concave towards its pole. 
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MISCELLANEOUS EXAMl'LES. 

By reference to Articles (313)~(25l), the solutions of 
the following Theorems and Problems may be effected, 

1. The equation of a curve being y— 1 = (« — 3)', it is 
required to prove that it cuts the axis of x when ai-=l and 
tan X=^ S : and the axis of y when y= —'J and tan F= — g . 

2. The curve whose equation is a^ = i:^ {x — h), meets 
the axis of x when x = and a; = 6, and corresponding to them 

tan jr= ± 'V - and tan X= co : required a proof. 

3. If a curve be defined by the equation 

,v(a-ie)=y(a + y), 
it meets the axis of a? when*=0 and ,v = a, so that tan JC 
= + 1 : and it meets the axis of y when y = and y= —a, 
so that tan ¥= + 1 : required a proof. 

4. The curve whose equation is •>/loy = a + ,r, meets the 
axis of w when x= ~a and tan X = 0: required a proof. 

5. If the equation of a curve be a'y = a:* — baJ^ — Wie'; 
then will it meet the axis o? x when /k = and w = ^l(l x^/^), 

tan X=0 and tan Jir= I- j ; and the axis of y when ^ = 

and tan Y= m : .required a proof. 

6. It is required to prove that the ellipse defined by the 
equation y'^ — ^oiiy + 3ijc^ + %y—'^a! — s = 0, meets the axis of so 
when a; = ^(2 + a/is) an^ tan J^=j(5 + -\/l3); also tlie axis 
oiy when the values of y are 1 and —3, and tan F=3 and 2. 
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7- The pai'abola defined by the equation •^~i-xy-\-'^a!^ 

. . , -3 + \/41 
8»/ + 3^ — 2 = 0, meets the axis or x when w=: 

(1 tan-y=— — ~ : and the axis of 1/ when ^=4 + 3^/2 



and tan F=- '~- - -: required a proof. 

8. Determine where the curve whose equation is ^ — ar' 
+ a' = 0, meets the co-ordinate axes, and the angles it makes 
with them. 

9- Find where the curve whose equation is (« — ai) y'^ 
= (« + ;") ^j intersects the axes of co-ordinates, and the angles 
in which it cuts them. 

10. The curve whose equation is ay^ (x--a)=x\ has 
an infinite ordinate when w^^a, which is an asymptote to the 
curve : required a proof. 

11. The curve defined by the equation a'ivy = x'' — b*, 
has an infinite ordinate through the origin, which is an 
asymptote to it; required a proof. 

12. It y {a + c + af) = b (c + iv) be the equation of a curve, 
it is required to prove that when a? = ~ (a + c), the ordinate 
parallel to the axis of y is infinite, and becomes an asymptote ; 
and when y = b, the ordinate parallel to the axis of x becomes 
infinite, and is then an asymptote. 

13. The equation of a cUrve being (a!+a)if = l^(a}+2a), 
it is required to show that when a:=- —a, the ordinate parallel 
to the axis of y is infinite; and when y= ±_h, the ordinates 
parallel to the axis of is are infinite. 

14). Find the positions of the infinite ordinates in the 
cui'ves whose equations are y = tan is and y = sec tv. 

15. The equation of an ellipse being ^t^—ixy+5i^—3a>=0, 
it is required to prove that the two values of y are equal to 
one another when x = and whena? = l: that the two values 
of a; are equal to each other when J = -J (2 + v!0) i ^"^ t^^t 
the corresponding ordinates are tangents to the curve. 
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16. In the curve whose equation is y^ —2a,vy^ + w'' = 0, 
it is required to prove that two values of y are equal when 
a! = and a! = o; and that the corresponding ordinates are 
tangents to the curve. 

17- In the curve whose equation is y' — 96a^^^ + lOOffl^a;^ 

— x':=0, the values of y become equal when a?^ +6a and 
,7; = + Sra, and the corresponding ordinates are tangents to the 
curve : prove this, and shew that the valuef. of a' can never ho 
equal to one another. 

18. If '!/'=■ a? — a? be the equation of a curve ; then, when 
/xi = 0, y=- +0, a positive and negative matcimum; and when 
y = 0, a? = ± a, a positive and negative inainrmtm : required 
a proof. 

19. If (y — o)^+(a? — 6)^ = c^, then will the values of y 
be» + c, a.maa!vimim and a minimum when a-^b: and the 
values of is will be 6 + e, a maximum and a minimum, when 
y=.a'. required a proof, 

20. If the equation to a conic section be y^—Zexy-^-w^ 

— ay = 0, it is required to prove that when a; — 0, y = 0, a 

mininmm ; and when w= ■ ■ „ , y= -, a maximum: 

1 — e^ 1 — e^ 

also, that when y - 



2(1 + 8) 

and when y = — , .r — — — , a minimum or ne- 

2(1 — e) 2(1 +e) 

gative mawi/mv/m. 

21, In the curve belonging to the equation ia? + i/)y 
= a(w-i- py, it is required to prove that when w = 2a, y = 2a, 
a maximum ordinate; and when x=<a , y = a, which is neither 
a maximum nor a minimum. 

22. In the curve whose equation is .%'^ — a^x^ + a^y^ = 0, 

it is required to shew, that when <v= ±~y=, y=+^a, 

which are maxima; and when y = 0, ,v=^ +u, which are also 
maa/ima. 
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23. If the equation of a curve Ite (y — a)' = .r (« — by, 

it is required to shew that when .T = ib, and w = aH y^b% 

the upper is a maximum and the lower a minimum ordinate. 

24. Determine the maannrnm and imnimum values of the 

co-ordinates of the curves defined by the following equations : 
(I) a<^-ay = 3?-^f: (2) co'y' = a' {^'~f): 

(3) a>Y = (^-9)('P-2)^- (*) ay' = {<^^-d?f: 

(5) f{a-w) = {a~^.v).v': (6) «Y=^(^' + S^): 

(7) K + sT = «'^ + 6y: (8) (^~^^y = aw*-^b^: 

(9) «y = #(2«-^): (10) aHa>^~~yr=(a^+fy: 

(1!) ?/(a!-2a)=a;(a7-«): (12) (2a*-Ji')j/^=(aa^-a;^)': 

(13) (%a-a:)y'=^-ia+b-xy: (14) (*■* + j,y = 4«^a'y : 
(15) (y±xy = Qax-~w': (iff) a?= + a'fl7»/ = j;=: 

(17) (a-f-a))°j^=ia;^(3a^ — 2aa? — it^): 

(1 8) (a^ — .tf=) 1/ = a; \/2a^-2fflV-|-«^ 4- «^ie. 

25. Prove that the curve defined by the equation y = ax 

+ bx^ — ca^, has a point of contrary flexure corresponding to 

b , 9a6c + 2fi= 
a^ = — and y = . 

26. The curve whose equation is y=y— I2a;'+48ii;^~64.r, 
has points of inflexion corresponding to .r = 2 and y-=. —16: 
also to a; = 4 and y = 0: required a proof. 

27- If the equation of a curve be a'*y=3ai' — ?>5aiB'* 
-f 140ffl^a^ — 240aW, then corresponding to points of inflexion, 
the values of x are a, 9.a and 4o : required a proof. 

28. In the curve whose equation is i/ = cc^ — a^, it is re- 
quired to shew that when j? = and y= —a, also when x = a 
and j/ = 0, there are points of contrary flexure. 

29. The equation of a curve being y = h-^^(jv — ay, it 
is required to prove that there is a point of inflexion when 
^ =3 a ; and to verify it by the substitution of « + A for x. 

M 
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30. If the equation of a curve be ay = x'\/9,ax — d: 
then corresponding toa?=0 andy=0, as also to a) = ^a(S—'\/s) 
and y = -iav fivF — 9) there are points of contrary flexure: 
required a proof. 

31. In the companion of the cycloid whose equations are 
x = aB and y = a{\ + cos &), it is required to shew that there 
is a point of inflexion when w=^'7va and y = a. 

32. The quadratrix of Tsehirnhausen being defined by 

the equation - = sin — , it is required to prove that there 

are points of contrary flexure corresponding to a? = 2»i« and 
y=a sin«Jjr = 0. 

33. The syntractrix is defined by the equation 



= a log - 



and it has points of inflexion corresponding to 



/-ii=i+^u-J, _^^ ^ u- 



w = a\o& = ft \/ and y = b \/ -: 

^ y/^ ^ Sa-b ^ ^ 2a-b 

required a proof. 

34. Of the Witch defined by the equation wy^ + a'x = »', 
the points whose co-ordinates are x = ^a and y= ±_ —y^ , are 
points of inflexion : required a proof. 

35. If a curve be defined by the equation y = ae™^% 
then will its inflexions correspond to cos ic = -^ ( — 1 +\/5) 
and y = ae^'~''' ' : required a proof. 

36. If a vers y = <v be the equation of a curve, its in- 
flexions correspond to w = a and y = (2m + l)— : required 
a proof. 
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37- If the equation of a curve be y=^a vers 2a7, then 
will its points of inflexion belong to a; = (2»M + l)- and y = a: 
required a proof. 

38. It is required to ascertain the positions of the points 
of inflexion in the carves belonging to the following equations : 

(1) ,i'y = lf^-i': (2) a'g = ^(fl'-^y. 

(3) ,.' = <.Y+''y: (*) (»' + !/")* = o'«' + iy: 

(5) (a* + it!^) 1/ = a* : (6) afj' = a^ (a — a?) : 

(7) {a-.v^f^cfa,: (8) «!,' = o(»-6) (»-»): 

(9) {ii-.i)2irs"=(2o»-,i-')': (10) (o -»)}'= oV (2 o -«:) : 
(ri) («-o)s'=(2o-«:)a,': (12) (o'-Oj,' = (oV«')»': 

(13) logj/ = a?i: (14) y = a? + cosa!; 

(15) oY='»'-(''+«')»'+l'V: (16) <^j> + ft>»'=0'6": 
(17) (2o-»)(ai' + !/')=S',>i: (IS) a!'-oV + <iY = 0: 
(19) (2o-a;)j,' = »(a;-io)(»-|o). 

39. In the curve whose equation is ay^ — a? -^ bx' = 0, 
it is required to prove that the origin is a conjugate point. 

40. If the equation of a curve be (a — *)>y^ = i»*— 6ii^, 
prove that the origin of co-ordinates is a conjugate point. 

■il. If the equation of a curve be ary^ = (a' — 9) (a; — 2)', 
it is required to prove the existence of a conjugate point 
corresponding to a; = 2 and y = 0. 

42. The equation of a curve being a{y — ay = a^ {w — a), 
it is required to prove that there is a conjugate point when 
a! = and y = a. 

43. If the equation of a curve be a{y — by=(w — cy, 
it is required to prove the existence of a conjugate point 
when w = c and y = h. 

44. In the curve whose equation is a*/^ = (6 + aifx, it 
is required to shew that there is a conjugate point when 
-u = — 6 and t; =^ 0. 
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45. The curve whose equation is y = {.i? + 2)\/^+ 1 + 3, 
has a conjugate point corresponding to ,t=— 3 and y = S: 
required a proof. 

i6. In the curve defined by the equation 
y -\- a = (a — b-\- a/^-s/ai — bi 
there is a conjugate point when ■x=~(a — b) and y= —a: 
required a proof. 

47- If the equation of a curve be y + a={a)—h)'\/w — ^b, 
it is required to shew that when ai-=b and y=—a, there 
is a conjugate point, 

48. It is required to prove that the curve whose equation 
is n^(y— &)^=(2cai — a^) (e4 i»)^, has a conjugate point cor- 
responding to if = — c and y=b. 

49. If the equation of a curvebey^— 1 = (,v+ l)\/a'~l, 
there will be conjugate points eorresponding lo w= —I and 
y = + 1 : required a proof. 

50. The curve defined by the equation 

iy-SY = {w-^f{\-xf, 
has a conjugate point when a; = 1 and y = S: required a p oof 

51. The origin of the coordinates in the cu who e 
equation is {y^ — ^ay = \a'' +9,a'iK^ - Sa^wy:, is a j at 
point: required a proof. 

52. It is required to prove that the curve defined by the 
equation aig'~h') = iw'' — c^)\/c^-2ai\ has four conjugate 
points corresponding to «= +c and y^ +f>- 

63, It is required to determine the positions of the con- 
jugate points in the curves defined by the following equations : 
(1) (.v'-ay+(y^~}fy=.0: (2) a(y~ay = a^ (w-b): 
(3) c^iy+ay=i.T-2b)iw-by: (4) (w + a)f = iw-b)a>>': 
(5) a'(y-^af=(.v-3b)(^~by: («) .r (*^ + ^) = 3*-2 : 
(7) xy^ + .t^=.7ai^—15aj + 9: (8) ai'~aa^y-ay^+a^if=0. 

54. In the curve whose equation is y' = «^ + aie, it is 
required to prove that the curvature is a mawimum when 
,-v= —a and y = 0. 
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55. Ill the logarithmic curve whose equation is j/i=«', 
it is required to prove that the curvature is a maximum when 



-v/aloga 
56. It is requh-ed to prove that the maximum curvature 
the curve, whose equation is a'y = ,v(tP — i^), takes place 

h S¥ 

leii X = -j-r= and y = -, — . 

57- The equation of a cycloid being 



it is required to prove that the curvature is a 
^ = 0, « = 0; and a maximum when x = 2a. 



68. In the catenary whose equation is 2 - = e" + e ", it 

is required to shew that when j? = « and y = 0, the radius of 
curvature = a a mmitnum. 

59. Of the curve defined by the equation 

^^(y-6)=V^(*~a), 
it is required to prove that the mamtmim curvature corresponds 
to .T = and y = b. 

60. If the equation of a curve be (a —x)y^ = (a -[• ai) a)^, 
it is required to prove that the curvature is a niawimum 
when <»= — a and y^O. 

61. The equation of a curve being 

it is required to shew that when x = and y = a, the curvature 
is a mammum: when x = a and y = a, the curvature is a 
minimum: when .v=2a and j/=a, the curvature is a TnaximMm. 

62. Determine the points of mammum and mtnittmm 
curvature in the curves defined by the following equations : 

(I) f = Z(l-a^}: (2) 4?/^ + .i!* — 4a? = 0: 

(3) aY=^f>'.x(,x-2a)-: (4) a (,c-y) = a;y : 
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(5) y - >r + .c^ = : (6) -s/y = \/« + \^x : 

(7) (*^ + ^f = «^*|/: (8) bf = aw-by: 

(9) (e'— I) «*' = «'+ 1 : (10) V''»y = « + *': 

(U) a^y = a!'-bai'~yx': (l2) (a' + ,t") 2/ = a=a;: 

(13) (2o-a7)«/^ = a7(a + 6-*)^: (14) «Vi/^ = (a,''4-J/')'. 

63. In each of the examples just given, prove that the 
order of contact subsisting between the curve and its circle 
of curvature at the points there determined exceeds the second. 

64. Prove that the curve whose equation is 

has a double point corresponding to i» = and y = 0: and find 

the directions of its arcs. 

65. The equation of a curve being (a — a;) j^ = x (h — wy, 
it is required to prove that there exists a double point cor- 
responding to i» = 6 and y = 0: and to find also the directions 
of its arcs there, 

66. Prove that the curve defined by the equation 

has a double point at the origin of co-ordinates : and find the 
directions of its branches. 

67- The curve whose equation is 

has a double point corresponding to a: = a and y = a: required 
a proof, and find the directions of the arcs which form it. 

68. In the curve whose equation is {(^—w') y'={a^-^a?) a?, 
there is a double point at the origin: prove this, and find, 
the directions of the branches. 

69. A curve being defined by the equation 

2/ — a — (a? — 6) \/a; ~ c, 
it is required to prove that it has a double point when x = b 
and y = a: and to find the directions of its branches. 
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70. If the equation of a curve be (y ~ 2)" = (w ~ lyx, 
it is required to prove that it has a double point corresponding 
to a; = 1 and ^ = 2 : and to find the directions of the arcs form- 
ing it. 

71. In the curve whose equation is ay'^ = x{a±xy, it is 
required to shew that a double point corresponds to 

af= +a and y = 0: 
and to find the directions of its branches. 

72. The equation of a curve being x^=ia (is — hf, it is 
required to prove the existence of a double point corresponding 
to it; = 6 and y = : and to find the directions of its branches. 

73. The curve whose equation is ^' — «^^ + 2«°af' — a?' s= 0, 
has a double point at the origin of co-ordinates : prove this, and 
find the directions of its branches. 

74. If the equation of a curve be 

there will be a double point corresponding to <p = 2 and y = 9.: 
prove this, and find the directions of the branches. 

75. The equation of a curve being 

j/i + a^ — 2mY — 2^^'^ + 6^ = 0, 
it is required to shew that the curve has two double points 
corresponding to a; = +6 and p = 0'. and to find the directions 
of the branches. 

76. The curve whose equation is 

has two double points when 01 = and y= ±a: and also two 
double points when iess +a and y = 0: required a proof, and 
find the directions of the arcs forming them. 
77- The curve defined by the equation 

has a double point corresponding to ai = b and j/ = 0: prove 
this and find the directions of the branches. 
78. The equation of a curve is 

«' - 2iaw^ + 2 a^a^ — a^y^ — ay* = ; 
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it is required to shew that there are double points correspond- 
ing to d^ = 0, ^ = 0, and w^at/^f y = 0: and to find, the direc- 
tions of the arcs by which they are formed. 

79. The curve whose equation is (w^—a^y^ay' (^y + 3a) 
has double points corresponding to ai = a, y = 0: w= —a, 
»/ = and a! = 0, y= —a: required a proof, and find the direc- 
tions of the arcs at those points. 

80. Prove that the curve defined by the equation 

ai^ — b s^y -|- «■* = 0, 
has a triple point at the origin of the co-ordinates, and deter- 
mine the direction of its arcs. 

81. The curve defined by the equation 

{f -V awf = a? (a= -}- %ax ~ ay'), 
has a triple point at the origin of its co-ordinates: prove 
this, and find the directions of its arcs there. 

82. If the equation of a curve be (y^ — ai^y = aa^ — Zbaiy^, 
it is required to shew that the origin is a triple point, and 
to find the directions in which the curve proceeds from that 
point. 

83. Of the curve defined by the equation 

y ~ 2 3?=^ -F *' -)- 2 aiBy* — 5 a a?' = 0, 
the origin is a triple point : required a proof, and determine 
the directions of its branches there. 

84. In the curve whose equation is 

it is required to prove the existence of a triple point wlien 

85. In the curve whose equation is 

.r' — ay' + Zaa^y 4- 4a.i^ + Sa^'f + *a^a-y + +n^j?^ — a^y = 0, 
it is required to prove the existence of a triple point cor- 
/v= —a and « = a. 
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B6. It is required to prove that the origin ifrthe curve 
whose equation is (^^ -]-^y= a'(ai^ — j/')^, is a quadruple point: 
and to find the directions of the arcs meeting there. 

87- In the curve whoso equation isff-a = (ie~by\/<v — i; 
it is required to prove that two branches of the curve have 
contact of the first order corresponding to a) = b and j = a. 

88. In the curve defined by the equation 

there will subsist a contact of the second order between two 
branches of the curve corresponding to x = b and y = ai 
required a proof. 

89. Determine the positions and natures of the multiple 
points in the curves defined by the following equations : 



0) 


(;»= h y'Y = iacBy : 


P) 9-{2a»,-«').(.j,-,^)- 


(3) 


ia+xYf=^{Sa^-%ax-^): 


(4) (I-»)s-.«(2-«)'; 


(5) 


f (^a-x)=w (l^-Saw+at'): 


(6) s'(o>-y)=«-(»-»)': 


(7) 


tf-aif-ie'^O: 


(8) »(6 + s)- = »--(= + -): 


(9) 


(»^+l/')(2<.-.)=6-,.i 


(10) a'{,--y-) = „y: 


(11) 


«y — a?* — &a?' = 0: 


(12) »y' + afN/-6ar^ = o: 


(13) 


af-^ahy=d-vca^~a}? : 


(14) !l.(a?+f).a(a?^f): 


(15) 


(^-aiy+S„.if-Taa>-ia'i 


r'+lSra^l;''-20a^¥^-8a^=0 : 


(16) 


y' + a^tf — Say^ — iaxy^ — i 


a^y + ISa'f -i- iGa^xy -\- Sa^ai' 



90. Prove that the semicubical parabola whoee equation 
is ay^'=^x^, has a cusp of the first species at the origin, the 
tangent of which is the axis of x. 

91. The curve defined by the equation a (t/—aY = (a— a;)^, 
has a cusp of the first species corresponding to x^^a and y = a: 
required a proof. 

92. It is required to prove that the curve whose equa- 
tion is a (x — py = (*' + yy, has a cusp of the first species at 
the origin, and to find the direction of its rectihneal tangent. 

N 
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93. The curve defined by tlie equation 

has a cusp of the first species corresponding to ,t=: — 1 and 
y=2: prove this, and find the direction of its rectilineal 
tangent. 

94 The equation of a curve being 

»(,r-j + i)' = (» + j,-5)', 
it is required to prove that there exists a cusp of the first 
Species when a; = 2 and y = S: and to find the direction of 
its rectilineal tangent. 

95. It is required to prove that the curve whose equa- 
tion is X (j/ — ly = (_^ — ,v)\ has a cusp corresponding to a? = 2 
and y = l : and to find the direction of its rectilineal tangent. 

96. Prove that the curve whose equation is 

has a cusp of the first species at the origin of co-ordinates : 
and find the direction of its rectilineal tangent. 

97- 111 the curve whose equation is 

a' (Qy + xY = 2 (2b — x)'; 

it is required to prove the existence of a cusp of the first 
species corresponding to a? =26 and j/= — 6; and to find the 
direction of its rectilineal tangent. 

98. U y=a cos"^ l'- j +'\/2aa! — af^ he the equa- 
tion of a curve: prove the existence of a cusp of the first 
species corresponding to as — O and y=.'ffa: and find the di- 
rection of its rectilineal tangent. 

99. The equation of a curve being (y ~ a> — of = {w—ay,- 
it is required to prove that there is a cusp of the first species 
whenaf = a and^=:2a: and to find the direction of its recti- 
lineal tangent. 
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100. The oi[Liatio;i of a curve being 

^ = log (■ ■ ■ 1 ~\/]-i>r, 

it is required to shew that there is a cusp of tile first species 
corresponding to <i7--=l and y = 0: and to find its' tangent. 

101. The equation of a curve being a'if^(_a,^ — ay, 
it is required to prove the existence of two cusps of the first 
species corresponding to te= A^a and y = 0: and to find the 
directions of their tangents. 

102. The curve defined by the equation 

a- f — Sa iL^y = 3 .v* + 6 .v", 
has two cusps of the firsit species corresponding to ai = 0, 
f/ = 0, and a!=—\h, y=—-\ required a proof; and find 
the positions of their tangents. 

103. The equation of a curve being 4aj^ = (it^- «^)% 
it is required to prove the existence of two cusps of the-first 
species corresponding to ,* = +a and y = 0: and to find thcr 
directions of their tangents. 

104. In the curve defined by the equation 

y-a = b^v^ + i.v-l)K 

it is required to prove the existence of a cusp of the second 
species corresponding to ^-^=1 and p = a + b: and to find tlie 
position of its rectilineal tangent. 

105. If the equation of a curve be 

(2,. +S-»^)'= («-])■, 
it is required to prove the existence of a cusp of the second 
species when .r = 1 and )/=~i: and to f7nd the direction 
of its tangent. 
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l06'. A. curve being defined by the equatioii 

ft is required to prove that there is a cusp of the second 
species belonging to .r = and p = 2: and to find the direction 
of its tangent. 

107. If a curve he defined by the equation 

there itill be a cusp of the second species corresponding to 
a.' = and y= ~l: p)fo*e tbis, and find the direction of its 
tangent. 

108. In the curve defined by the equation 

h Is required to prote the esistence of a cusp of the second 
species at the origin of Co-ordinates ; and to find the direction 
of its tangent. 

lO^. Determine the positions and species of the cusps 
belonging to the curves defined hy the following equations : 

(1) &-»)■ = „■; (S) (!,-«)- = (»_i)-i 

(3) (<J + bv^f = d'!,: (4) (y-<.)' = fr-J)'; 

(5) (2j( + , + l)' = 4(l-»)': (6) &-«-«)>=(»-«)<: 

(7) (y-^-af = (a^ + b.vif^ (8) «»-,.)' = (..- 1)': 

(9) (9 -!)'=(!•- If: (10) (,-«)' = (»-*)■; 

(11) s.-o=H»'-»)'+i!(.«-")i: (12) !/' = ««?+«?: 

(13) ^(f + l)=la' + (^~bY: (14) J-j,i=(2o)5: 

(15) («..)»+ (S!,)I = («'-6')i: (16) (yt,f:~{,j-.v)^-l I 

(17) ifj/^ + 2a^y — aa?*— 3a',» — 3a' = 0: 

(18) .T* -\-x'y'~.^!/^~ Zas^y-i-awf + a'if = 0, 
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110. If the equation of a curve be 

it is required to prove the existence of a point of complete 
Embrassement at the origin. See the Diagram of page (326). 

111. In the curve defined by the equation 

a^y^~2aba^y = af^, 

the origin of co-ordinates is a point both of inflexion and 
osculation, commonly called a point of Osculiriflexion: re- 
quired a proof. 

112. The curve whose equation is a^ +ba;^ = a^tf, has 
at the origin of the co-ordinates a point of Rebroussement 
with a double inflexion ; required a proof. 

113. The curve defined by the equation 

(fy^ = (a-¥ b) t^ai'y - ahaf' ■{- <^,:e^y^t 
has a multiple point at the origin of co-ordinates: find its 
fiature and circumstances. 

114. The curve whose equation ia 

a'y^ — a!'hy^ + a''a^p + ^ = Oi 
has a point of Osculinfiexion at the origin : required a proof. 

115. In the curve defined by the equation if'+aa/'=ib^xy'f 
there is at the origin of coordinates a point of inflexion with 
a cusp of the first species ; required a proof. 

116. The curve defined by the equation y^±.v*+2bw^y=0, 
has at the origin of co-ordinates a triple point with a cusp of 
the first species : required a pfOof. 

117. The curve whose equation is 

has at the origin of co-ordinates a triple point with a cusp of 
the second species : required a proof, 
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llii. Tlio curve \vhoso equation is 

X' - ay' + %bi:^'ij-Jr^ViV'if — 0, 

has at the origin of co-ordinates a triple point with a point 
oi ' Embrassemeni : required a proof. 

119. The curve defined by the equation 

has at the origin of co-ordinates a triple point ivith a point 
of Embrassement : required a proof. 

120. The curve whose equation is a^'y'^ —har'y + ■v' = 0, 
has at the origin of co-ordinates a triple point with a point 
of Rebroussement : required a proof. 

J21. In the curve whose equation is af'+2d'.'v'y~' b''y'=0, 
there is at the origin of co-ordinates a triple point with a 
point of Uebrottssement : required a proof. 

122. In the curve whose equation is 

it is required to find the nature of the point corresponding 
to a? = /j. 

123. Find t!ie nature of the point corresponding to 
,^ = 1 and )/=— I, in the curve whosa equation is 

124. If a curve he defined by the equation 

it is required to find the nature of the point belonging to 

125. Find the nature of the point corresponding to 
,i'= -a in the curve whose equation is 



yGoosle 



126. llequireil the niagnitiidcH and positions of tlio great- 
and least radii -vcctores in the curve ddined by the polar 



127' rind the positions and magnitudes of the greatest 
and least radii vectores in the curve whose equation is 



128. Determine the maximum or minimum radius vector 
in the curve whose polar equation is r cos = « (l,~ cos 0). 

129- rind the magnitude and position of the maximuni. 
or minimum radius vector of the Lituus, whose equation ia 

130. Determine whether the spiral whose equation is 

admits of a mamimum or minimum radius vector, and decide 
which it is. 

131. Find the singular points of the spiral whose equa- 
tion is r = a sin 26. 

132. Determine the singular points of the polar curves 
whose equations are r' = cf cos^ 6 ±,1^ sin^ G. 

133. Find the positions and natures of the singular 
points in the curve whose polar equation is r^a(l +cps0). 

134. In the polar curve delined by the equation 

2r(sin^ Q + cos' &) =3a sin 26, 
' find the positions and natures of the sin-, 



gular points. 
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CHAP. XI. 



MISCELLANEOUS ] 



1- It is required to trace or describe the common para- 
bola whose equation is j^=!4a«. See the second Diagram of 
page (304) with the axes of x and y interchanged. 

2, Trace the parabolic curve whose equation is aif = w''. 
See the second Diagram of page (304). 

3, Determine the form of the curve defined by the equa- 
tion a'f = m^. See the Diagram of page (338). 

i. Required the form of the curve whose equation is 
a'y^a^. See the Diagram of page (303). 

5. Trace the curve defined hy the equation y'' = a',v. 
See the Diagram of page (303) reversed. 

6. Trace the curve whose equation is (y~ay—4a{x — a). 
See the second Diagram of page (304) with a new origin and 
the axes interchanged. 

7- Find the form of the figure belonging to the equation 
a(y + by = (* ~ ay. See the Diagram just referred to. 

8. The equation of a curve being a (y -~ by = (,v ~ cy, 
find its figure. See the Diagram of page (338) with a new 
origin and parallel axes. 

9. What is the form of the curve defined by the equation 
a^ (j/ — &) = ((T + ay ? See the Diagram of page (303) with 
a new origin and parallel axes. 

10. Trace the curve whose equation is .r^ —baP = v''y. See 
the Diagram of page (346) inverted. 
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11. Find the figure belonging to the equation 

See the Diagram, last referred to, reversed. 

12. Trace the curv6 defined by the equation 

4^ = ar'— 3a^ — i.i? 4- 12. 
See the first Diagram of page (302). 

13. rind the form of the curve whose equation is 

See the Diagram, just referred to, reversed. 

14. Trace the curve defined by the equation 

See the Diagram, h^t referred to, inverted. 

15. Determine the figure of the curve whose equation is 
a^y + ea? ■~a^-=0. See the second Diagram of page (302), 

16. If the equation of a curve be y' — ay' = h^is, find its 
figure. See the Diagram, last referred to', with its axes inter- 
changed. 

17. The equation of a curve being 4 (j/ — l) = iB^ {a? — 5), 
it is required to find its figure. See the first Diagram of page 
(.S04). 

18. If the equation of a curve be y*~lS^=36{(e—l), 
it is required to trace it. See the first Diagram of page (S04) 
ivith interchanged axes. 

19. The equation of a curve being 9 (^~3;) = ic*~ lOa;', 
it is required to describe it. See the first Diagram of page 
(306). 

20. The equation of a curve being 4 (^y - a?) = a? (ic^ - 5), 
it is required to determine its figure. See the Diagram, last 
referred to, inverted. 

21. If the equation of a curve be 

6 (2 jf + 1) =a^ (*' - 6a!^ -l- 11), 
it is required to find its figure. See the Diagram of page(.?07). 
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22. The equation of a curve being i/°-9j/*+g6^=24(l—ai), 
it is required to trace it. See tlie Diagram, just referred to, 
inverted. 

23. Trace the curve defined by the equation ^^2/=''^ C'^—!/)' 
See the Diagram of page (§87)- 

24. Describe the ellipse whose equation is 

y^ — a^y + 30!^ -10 a; + 12=0.. 
See the Diagram of page (291). 

25. Trace the rectangular hyperbola whose equation is 
xy = a (te + y). See the first Diagram of page (289) with 
a new origin and parallel axes. 

26. The equation of a curve being f (l+w) = af'(l~ a;), 
it is required to trace it. See the second Diagram of page 



27- if the equation of a curve be a?' — «^a^-|-<j'j/^ = o, it 
is required to trace it. See the Diagram of page (294). 

28. The equation of a curve being (^+a^)^=2«^ (y^— **)) 
it is required to trace it. See the Diagram, just referred to, 
with axes interchanged. 

29. Trace the curve whose equation is (y — 2)'= a>{w— l)*. 
See the Diagram of page (317). 

30. Trace the curve defined by the equation 

«(!,-6)'=(»-2») (,.-«)■. 
See the Diagram just referred to. 

31. Find the form of the curve whose equation is 

a^y + wib + aif = 0. 
See the Diagram of page (348) inverted. 

32- Describe the curve whose equation is a^y-^se(b -hJ?}'. 
See the Diagram, just referred to, reversed. 

33. Trace the curve belonging to the equation 
<,'» = S (!,-*)■. 
See the Diagram, last referred to, with its axes interchanged. 
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34. If k curve be defined by the equation a?y = aj^ (6 4- ^Yt 
it is required to trace it. See the Diagram of page (349) 
reversed. 

35. Trace the curve whose equation is aPy+(it^+ 6i)?)^=0. 
See the Diagram, last referred to, inverted. 

36. The equation of a curve being y^ — ti^ = a^, it is 
required to trace it. See the Diagram of page (350) reversed- 

37. If the equation of a curve be d" -i- y^ + a^ = 0, it is 
required to trace it- See the Diagram, just referred to, in- 
verted. 

38. The equation of a curve being 

(^ + 3)y + (a.- + l)(a^ + 3) = 0, 
it is required to describe it. See the Diagram of page (.S52) 
reversed. 

39. If the equation of a curve he (a! + ^)y=(x + l) {x+S), 
it is required to trace it. Sec the Diagram, just referred to, 
inverted. 

40. A cur^'G being deiined by the equation 

(l_^)3/ = ^(l+^^), 
it is required to trace it. See the Diagram of page (S5S) 
reversed. 

41. If a curve be defined by the equation y^ = ii^ — a^x, 
it is required to trace it. See the Diagram of page (354) 
reversed. 

42. Trace the curve whose equation is 

^ — 1 = {ic - 1) is/zw—ix'. 
See the Diagram of page (357). 

43. Trace the curve whose equation-is {3? + iff = a'a!y. 
See the Diagram of page (294) with its axes changed through 
half a right angle. 

44. If the equation of a curve be (l + a;) y = (l — m) w, it 
it required to trace it. See the first Diagram of page (364) 
reversed. 
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45. Trace the curve whose equation is (.v-l-l) y={at—'i) iv. 
See the Diagram, just referred to, inverted. 

46. The equation of a curve being ^svc'+aa^, it is 
required to trace it. See the second Diagram of page (304) 
reversed. 

47- If the equation o£ a curve be ^' + a^ + aa'^=0, it 
is required to trace it. See the Diagram, just referred to, 
inverted. 

48. A curve being defined by the equation 

it is required to trace it. See the first Diagram of page (365) 
with its axes interchanged. 

49. Trace the curve defined by the equation 

See the Diagram, just referred to, with its axes changed through 
half a right angle. 

50. Trace the curve whose equation is 

See the first Diagram of page (366). 

51. Trace the circle whose equation is (y ~ ay = a^ — a^, 
finding the position of its centre and the magnitude of its 
radius. 

52. Describe the equilateral hyperbola as defined by the 
ion {y-ay = w^ — a\ 

53. Trace the rectangular hyperbola as defined by the 
ion a!(a~y)=y. 

54. It is required to trace the circle as defined by the 
ion iv^ + ff = aa! + by. 

55. Trace the common parabola by means of the equations 
vy ± V ■^ = v o. 

56. Trace the common parabola whose equation is 

(j,~wy = Sy. 
57- Trace the ellipse as defined by the equation 



equat] 

5; 

equati 

5 

equati 
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58. Describe the hypevbola belonging to the equation 

59. TracD the curve defined by the equation 

^V — «'.'/* + ^^ = 0. 
€0. Trace the Cissoid of Diodes as defined by the equa- 
tion (w - y) (ai'' + f)=a(a! + yf. 

61. Trace the curve defined by the equation 



6 


2. Let it be required 


to describe the curves defined 


by the foUowing equations; 






(1) 


/(«-«) = «?: 


(2) 


«/ + «■« = «': 


(3) 


oy> = «'(6 + .): 


(•) 


«' = «y + »'!^: 


(5) 


jr' + by'^aaf'y: 


(6) 


»!,' = »'(»:-*): 


(7) 


,(!/ + »)' = «(2o-«)-: 


(8) 


(•'-«■) s' = »'; 


(9) 


^{w'+f).a(<^-f): 


(10) 


(2a-»,)y"..{«-a,)' 


(1>) 


(»■-«■)!,•.(=-»)•«■: 


(12) 


(<!+»)¥=(o'+it')»': 


(13) 


(a-a,r(^ + f) = aY 


(14) 


«»■ = («? + .•).: 


(15) 


•y = (« + .) (»-«)' 


(16) 


(«>-»') <f.(2rf'-«')> 


(17) 


«V — a?y = d': 


(18) 


(»'-3» + 2)!, = »i-S. 


(19) 


(e--l)S = 2(!-: 


(20) 


(e--l)!, = i!- + l: 


(21) 


ay — 6a;y = a?" (,)j — 6) : 


(22) 


.r' + 2aa^^ = «y: 


(23) 


*' + !/' = 2(.»!)'': 


(24) 


(«-«)!,' = (2o-»)»-; 


(25) 


(«'+!/=) !,'.(a»+6j,)': 


(2(i) 


(«+!/)■ («'+S')-4<.-«': 


(27) 


(»'±!,')" = <.'«' + i's': 


(28) 


oV + S>!/' = o'6': 


(«) 


(« + <,)j^ = ^_«.; 


(30) 


f(i,-a) = ^-tf: 


(31) 


o»«y = »<_6': 


(32) 


af (,,-«) = .•: 


(S3) 


u, = h(s' + y): 


(34) 


a's=3'(b-ai): 


(35) 


a'y = :i, (If -.,'): 


(36) 


9(«'_6') = »'(j._a)- 


(37) 


(„-,Y = af-h': 


(38) 


(!/'-l)' = (2» + 3)j?- 


(39) 


ao:y = ^-a': 


(«) 


^•y- = (^-yy: 


(«) 


(,»• -«■), = 6,,' 1 


(42) 


..•» = i.'»-6-: 
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(43) (l-^)2/==^^(l-e=^^): (44) (f--by = a'{^^-b=): 

(45) a>f:=(a;-9)(w-&y: (46) (a^ + w') y = .v^ : 

(47) a'ii^~y''y = iw^+yy: (48) (x+iyy = (w-l)a!'t 

(49) ay* = x (V + a^) : (50) a^~a^y = baf': 

(51) (a;= + /)?/ = »(<p + ;/)^: (52) ai/« +6a'^ = a6a?i/: 

(53) (»,-^)= = «^-a<*: (54) (a^-a)f = i^ + a)^: 

(55) (a! + a) 1/^ = 6= (a; + 2 a): (56) (a~a>)f=(a — 2xy a:: 

(57) ,T^ + ;/' = 2«)/=~26*=^: (58) (*y+l)==(2-a;)(.'e-l)': 

(59) y = sin ,r : (60) y == sin x ± cos at : 

(6l) 1/ = sin a; + 2 sin 2aJ : (62) y = sec /k — tan o! : 

(63) ^ = cos^' (1 — a;) : (64) y = taji'^ (a + x): 

(65) aj/ = sin^ ai : (66) y = (log ji)' : 

(67) y = e"'": ^ (68) sr = e'™~"'': 

(69) y = ha^ + (,v-a)^: (70) ?/ = 6 + ca.H (*- a)^ : 

(71) (a + ^yf = <,^l^~ia + a^y\: 

(72) (2a + *)y' = (2«-a')(ffl + a')'. 

63. Investigate the figure of the curve belonging to the 
equation ^ —^a^y^ — ^aai^ — Sa^iv^ + a^ = 0: and find the posi- 
tions and natures of all its singular points. 

64. Trace the curve defined by the equation 

and find the positions and natures of all its singular points. 

65. Determine the figure of the curve whose equation 

/yY l?^2aw + ar' , , . ,, , f ■. ■ 

IS - = - — — — - — — ; and explain the natures ot its sin- 

gular points. 

QG. Trace the curve and find its singular points when the 
equation is (^ — a^)^ = (!!a^(2a' + 3(f). 

67- Trace the curve whose equation is a"'y=a!{x — a)"", 
both when m is an oven and an odd number; and find the 
numbers imd natures of its singular points. 
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68. Investigate the form of the curve whose equation 
is j/ = 2sin2<i7 — sina;: and find after what values of a? the fonn 
of the figure recurs. 

69- Let it be required to trace the curve whose equation 
is x^ — a^y-\-hi/'^0, distinguishing particularly its singular 
points. 

70. Trace the curve belonging to the equation 
.■(!,-«)' = (,^-6)'(»'-c), 
explaining fully the natures of its singular points. 

7I- If the equation of a curve be 

a' (y - a.f = (as- by (a> - c), 
it is required to trace it, and to distinguish fully the natures of 
of its singular points. 

72. Trace the curve belonging to the equation 

a'j^ — g a6,^y = ic" ; 
and particularize the nature of it at the origin of co-ordinates. 

73. Investigate the figure of the curve belonging to the 
equation «' + a^ + ^ = 2a* (ai^ + y^) = and find the natures of 
its multiple points. 

74. Trace the curve whose equation is 

(f + aff - 6aa}f = aa^i^tP ~ a) : 
and find the natures of its singular points. 

75. Trace the curve whose equation is 

and distinguish the difterent cases depending upon the relative 
values of b and c, regarded as possible and imaginary. 

76. If the equation of a curve be .vif={a-a') (<r-6)(a;-c), 
it is required to trace it, and distinguish the various forms of 
which it admits. 

77- Investigate the figure of the curve called the Trident, 
as defined by the equation aiy = ai^-\-ba?-{-cw + e: and dis- 
tinguish the different cases originating from the forms of the 
roots of the equation aai'-\-har'-\-c!e-^e = 0. 
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78. Investigate the form of the curve expressed generally 
by the equation xy^-i-ay = b-^cx: and distinguish particularly 
the cases wherein o is positive, negative and evanescent. 

Sir Isaac Newton in his Enumeratio Lmeavum tertii 
Ordmis, designates the curve belonging to the equation last 
given, by the name of the Hyperbolism of an Hyperbola, Ellipse 
or Parabola according as c is positive, negative or evanescent ; 
and the reason he assigns for it is the following: 

Solving the equation proposed with respett to y, we have 
— « + -y/a' +4bx + ic-v'^ 

■•'= a '■ 

and if the denominator of this expression were an invariable 
quantity, it is obvious that the equation would belong to 
an hyperbola, ellipse or parabola, according as e is positive, 
negative or evanescent: whence, if such constant quantity be 
replaced by the variable quantity Zw, the conic section becomes 
hyperbolized by having in each case an infinite branch at the 
origin of its co-ordinates. 

79. Trace the curve defined by the polar equation 
r cos^ = asin S. See the second Diagram of page (304). 

80. Find the figure of the polar curve defined by the 
equation r^ cos^ Q = if sin 0. See the Diagram of page (SOS), 

81. Trace the rectangular hyperbola as defined by the 
equation r^ sin 29 = 2a^. See the first Diagram of page (28()). 

82. Investigate the figure of the curve whose equation is 
r^ cos'0 = ra* cos 20. See the Diagram of page (294), 

83. Find the figure of the curve defined by the equation 
r = a sec — 6. See the Diagram of page (312). 

84. Describe the figure of the curve whose equation is 
r'' = re° sin 20. See the Diagram of (294), with the direction 
of the fixed axis changed through half a right angle. 

85. Trace the figure of the reciprocal spiral whose 
equation is v=aQ~^. 
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86. DL'termine the figure of the logarithmic spiral whose 
equation is y = a^. 

87- Describe the lituus as defined by the equation r^B=a^. 

88. Trace the circle as defined by the equation 
r = a (cos Q — sin Q) : 
and find the values of its mafeimum and minimum radius vector. 



89. Describe the figure of the rectangular hyperbola as 
expressed by the equation r = « (coscc — sec 0). 

90. Trace out the figure of the cissoid of Diodes by 
means of the equation r cos = 2 a sin^ $. 

91- Find the form of the cardioide by means of its 
equation r=^a(l + cos 9). 

99. Required the form of the figure called the trisectrix, 
whose equation is j" = «(2 cos5+i). 

93. It is required to trace out the figure of a rectangular 
hyperbola by means of the equation r cos 90 = 3(( cos 0. 

Qi. Required to trace out the figure belonging to the 
equation r sm (a + 6) = a sin a- 

95. It is required to give graphical representations of 
the curves defined by the following equations : 



(1) r = ae: 


(2) r = «sin20: 


(3) r' = aHan&9-. 


(4) r = cf(8cc0— tang): 


(5) r = «cos0:. 


(6) r=asec0 tan'0; 


(7) r = a tan : 


(8) )- = asece: 


(9) r' = a'(tAiv'e-l): 


(10) r = «(l+2 sin-J0): 


(11) r = a log tan (45 +10): 


(12) r(e« + e-*) = 9a: 


(13) r\e^~iy = 4a'eO: 


(14) r(0^_l) = «0- 


(15) r sin20 = «sin0sin30: 


(l6) r (cos e + cote) = 2 a. 


96. Trace the curve whose 


equation is y^ — 3 axy + ,7^ = 


by assuming y = viv, and therefore ^f— -^ ■ 
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97- By means of the same assumption, determine the 
form of the curve whose equation is ^ = aai* + mse^. 

98. After the same manner it is required to trace the 
curve defined by the equation ar''-\-(fiiey — y^ = 0. 

99- Apply the same principle to the describing of the 
curve whose equation is aa? -^-xy^ •^iff' — y' = 0. 
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CHAP. XII. 



MISCELLANEOUS EXAMPLES. 

By reference to the Principles laid down and exemplified 
in Articles (2,')6)-^(282), the following Theorems and Pro- 
blems may be solved. 

1. Given u = as^ (a + yy, to find the corresponding value 
of u = (,r + ky (a + y + ft)", by means of the Theorem of 
(259). 

2. Apply the same Theorem to find the values of u when 
u = c^ log y and ii = af sin '2y. 

3. Also, to find the values of ii from the equations 
M = a'" (log y)" and M = e"' (sin «/)". 

4. Again, to determine the values of m' if M = sina;e™'', 
M = a?"' log sin e* and «=e*i'sin (ai-t-y). 

5. It is required to verify the formulse 
Article (26l), in the following instances : 



(1) 


^ + y' 


(2) 


a' + s' 


C) 




W 




(5) 


£ + y- 
a: + y 


(6) 




V) 


,, = .•.(«- + «'): 


(s) 


«-»«(^')^ 


(9) 


» = «■': 


(10) 


„..v^^ 
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(II) « = !og- 



/»■-!/■. 



(12) M=logtan f -j : 



(IS) u = x s,in y — y sin a): (14) ■u= -log-: 
(15) 11 = {sin x)™" : (l6) « = cos Jcos a; +cos yj. 

6. If M = ~, it is required to prove that 



rfw = — j^(mydx — nxdy). 



7. if« = 



v-i^ 



axtidw-'ax^dy 
(^-hy^)3 
Sxyiydx — xdy) 



.v + s/x'-f 3(yda!--.vd: 
9. If w = log — .. , then du = y z^ ^,.^^. - 



10. If 7( = tan~^ — , then will (Im = 

11. If u 



J^-y -f yd.v~My 

^ w-\-y' 



{se-Yy)'\/^y{a!-y) 



. , x , .„ , ydx — wdy 

13. If« = sm-''-, then wiW du=^-~r=^. 

y yVf-'^ 

14. li u^x'J, thea^'^ du — yw^'^dx-^x'Jlog wdy. 

15. If u = a! sin y + y sin a?, then we shall have 
du = (sin y -\-y cos ic) dic + (sin « + a? cos ^) dy. 

16. Let it be required to find the total differentials of 
the foIJowing functions of two independent valuables : 
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(1) u^ir'-Sa.vy + f: (2) u = 2y' +3.vf + ^f: 

(3) u = x + y + -s/^aiy -ff : (4) m = x'+i/^a y^^-f: 

(5) 



a.- + y 



(7) « = 



(8) 



.^-y+y/^+y^ 



V^jr^ + 1/^ "" ' wy — y/di' + y^ 

(9) M = log(a;+V^M^): (10) M=logOpj,-A/j;V-l): 

(II) M = sin^-^: (12) M = tan-'^^^: 

(13) w = cot ic^: (H) M = 



\/«' + j/ 



re-y 



(17) M=V'a;^+i/'+fl tan"' -: (18) M^siii"' (cos/c-sin »/). 

17. If M = wyx, then it is required to prove that 

du = yssdw + aizdy + wydss. 

18. If M = iCj/~a;s; + ysf, it is required to shew that 
du = {y-!s)da! + {x-<r!i)dy-{w-y) dx. 

19- If M = r— f it is required to prove that 

du= -J (yisd/;B + ^^dy- 2,vxdy -i-wydx — ^yasdz). 

20. If u= 



acc^dy-Ybansdy+hy^dw—hwydz 



' ax+b^ 



(aco + h^f 



21. IfM = \/,j;^-2^ + K^ thenrfM= ■ .--- -^^ 

22. If M = a^ (af) + hy, then rfw = a<p' {w) dai + hdy 

23. If M = w'tp (y) + cw, then will 

du= {2x<f>(y)+c] das + a?^'{y)dy. 
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24. lfu = a;{ir + x) + y(y+ x), then will 

du = (2iv + s) rfic + (2y + x)dy + (ce + y) d«. 

25. Required the total differentials of the following func- 
tions of more than two independent variables : 



w -iv.- 


(2) 


^~^ 


« »=^'^ 


(4) 


u '^^'^ ■ 


m-y^ss 


(5) » = log(«,+!,)'(!, + «1r 


C6) 


-Hi^y 


W »=^v. 


(8) 


''"J" . 



(9) „ = ^(,.,,f): (10) «"/g,^,j). 

26. If u = x'^ -{-sfly-^xi^-Yi/, it is required to prove i 
accordance with Article (272) that 
du du 
dm dy 



97- It is required to verify the same formulsE in the fol- 
lowing instances : 

(1) .. = «>■ + !/■: (a) » = (« + !,)(<.■-»■): 

ai^ — v' , , ^ — 11^ 

« "=.^^^ <^> ""(^^ 

(5) « = ^\/2'''^ ^it'- (6) w = .r — ?/-f- ^A^+V; 

(7) . = .i„v'^^ W » = .«-.>/?=?. 

"-J • +»' 

(U) ^.'=■cc^-y■^\/9.!Ky\y'^■. (l2) « = e'*tan-' (.s+J/)- 
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28. If (x + y + !«)e' = c, prove that by eliminating the 
constant quantity and exponential function we shall have 

rfa?4-rfy + diK + (^ + 2/ + «) rf« = 0. 

29. If a!!S + yt = c(y + is), it is required to prove that 
(yis + »=) da? + (»i -*«) dy + {(ey-yt) dx+{f + yss) dt = 0. 

30. If u =f (sr) and x = <p {-v, y), it is required to prove 

tjiat — : — =s — : — ; and thence to shew that the inde- 

d,v dy dx dy 
terminate function / of a determinate function z of two vari- 
ables w and y may be eliminated. 

31. If the indeterminate function be eliminated from the 

equation x= - +f(ay - l>x), it is required to prove that 

dss , dss 
a-^ + b—=\. 
dx dy 

32. If a = (^ (-) , then will i)at'\-qy = 0, where 

dx , dx 

p=—- and 9= -J-- 

d.v dy 

33. l!x = a\/.z!^+f+fp (-] , then px + qy^'a-y^+f. 

34. 11 !s = a^y + <p ('-] , then will pxx + qyx = a/y. 

35. If s: = ^ (- +logii'j , then will «p-»/,r = 0. 

36. If s;= —\ogy + <f) (— ) i then will npa>-r'mqy = a. 

37. If s: = (a; + y)'" <p(a^ — y^), then will py + qie = mx. 

38. If K= — •i'<p{xy), then will qxy=pir^ + yK 
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39- Ifzx = m(pt-\, then v/ii\ po! + qy + X! = 0. 

40. If g: = <j) ( - ' ) » then -will 2pxy + q{x^ + y'^) = 0. 

41. \iif~^^ = 9.<p {a.y+ —\ , then «j)iB-5a;sr4-a;j/ = 0. 

42. Ifd^ + 2/= + a' = ^(aa;i-fi»/ + Kf), then will 

(2/ - 6s) ^ - (a^ - as) q = bx—ay. 

43. If a;'™-' (« + ;/ -]- s;) = [-] , then will 

44. If s = e V (* - S^). then will a (p + g) = k. 

45. If a:^=a;^ + (^ (~"1 ' ^^^'^ will j)3?k + 9SS' = *'- 

46. IfiK^e^^/Ca^ + J/), then will (p-g) (« + »/) = 2r. 

47. If sin-' ..^— =logl-d>(i/' + «0l' til™ will 

^// + s= I* J 

48. If s = i'"/ [ - , - ) , then we shall have 

pai-^qy + vi = mx, uv= —. 

49. If (m - I) s + — =J!"'<p (~, '], then will 

.vy 
px + qy + vt = mx -\ . 

50. If !, = fp{(x-yy-{x + y + t), {^■-tyi.v+y+tYi, 
then wiU p (t + y) + q (t + £e) + v (m + y) = 0. 

51. If is + y + i = f(p {(xz - xy), (xy - ait)\, then 
will pa; + 9(a + + ''(2' + W=*' + y- 
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52. Required to eliminate the indeterminate function 
d) f— ^J from the equation — = (^ f-r — ^ ] . 

^ W+fl !» ■ Kaf + y^l 

53. Eliminate the indeterminate function f { — 1 from 

W + 1/V 

the equation X(^ (icy) =f [ — ^ ) : and shew what the result 

becomes when <p (a;i/) = sin wy. 

54. Eliminate the indeterminate function from the equa- 
tion - — — = f I ■ ■■ ;; ) : and find what the result becomes when 

x-a •' \y-(i) 
a = /3 = 7 = 0. 

f) (y), it is required t(i prove 



da^ 



that r,vy + Qpy = a, where r = 

56. If 3;=j_a^f +f(!v) + <p(y), it is required to shew 

that s — :i^y = 0, where - — ;— = s. 
dxdy 

57. If ^^^^Mf +-^M +^(^), it is required to 

prove that sxy + mpx~ay = 0. 

68. If ^ = W^ + y + ^y+f(y, ^) + 'p(.'V, z), it is re- 
quired to prove that s^ = «4-j/ + sf. 

59. If ^ = ^ar'y'i^ + Fi.v, y)+f(a;, t)+<p(y, t), it is 

required to prove that - — - — —=wyt, 
^ ^ dmdydt 

60. If ^ = F{y + aw)-^wf{y + aw)+<p{_y-Yha!), then 

daP ^ 'd'ff'dy ^ 'dwdy' dy^ 

61. Let it be required to eliminate both the indeterminate 
functions from the equation « = «;/ f-j +0 I -1 ■ 

Q 
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62. Eliminate the indeterminate functions from the equa- 

.„„.... ^ (I) .^/g). 

63. From the equation s; = F{y + aw)f(i/~aa!), it is 
required to eliminate the indeterminate functions F and /. 

64. Eliminate the indeterminate, exponential, &c. func- 
tions from the following equations ; 

(I) ™ = <.!/+/g); (2) «=^+/(«»,-6!,): 

(3) » = J,r'+/(y + log,.): (4) ^ = y sir,-' "^ -Hj, (g) : 

(5) »=/(!,)-. 

(7) (.v-y)^.e^'f(.v-,jy: (8) »o«=/(_^ 

(9) s'=/(Iog» + 2v's): ('") .!' = Iog-'|.'^}'-- 
(11) « = v'S^+y*/ltm-' --logV<.' + J>S : 
(18) Log«. = 4(s-««)+l'>g{/(y + «*) + <l>&-«»)!: 



,'-^: (6) logA,=/(»!,)- — : 



(IS) , 



!(»' + !/")- 



{ix^-i-6xy^-—6y^ tan~ 



(14) i> + «$=/Q: (15) ap-bq=f(ay + b.v). 

(16) p = 9/(^): (17) P+q = (p-q)fi^)-- 

(18) sr='v/^/0)+0 (*?/): (19) ^ = e''M/(2/-«*)+02/S- 

65. From the equation x = cw +f(is + y), it is required 
to prove that i^ — f = rt~^- 

66. From the equation 1 — ^+0^ = 0, it is required to 
find the values of ^ and y^ by Lagrange's Theorem. 
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67- From the same equation determine tlie values of tlie 
functions j/"™, logy, sinj/> e^ ", log(gy — l) and sin ( 1 1 . 

68. It is required to find the sum of the m."' powers 
of the roots of the equation a ~ by -\- cff = 0. 

69. From the equation 1 —y +ifz=0, find the values of 



70. Given the equation xi/" — y-i- a = 0, to find the values 
of t^, y~^, y^^f e", logy, sin y, cos~'j and tan ^' Sy. 

71- Find all the roots of the equation y^- 9y-f 28 = 0, 
by means of the Theorem of Lagrange. 

72, Given the equation 1 — »/ + a* = 0, to find the values 
of y", y~'", logy, siny and sin~' 2)/. 

73. Apply Lagrange's Theorem to deduce sin y from the 
equation y=l — cc sin y. 

74- Find the values of u, sin m and sin mu in terms 
of Q, from the equation 9~u +e sin m. 

75. Kequired the value of y from the equation 

1 + a7 sin y = tan y, 
by means of Lagrange's Theorem. 

76. Apply Lag^-angei's Theorem to find the value of k 
in terms of p, from the equation ai^ -|" s;^' ~ a^' = 0. 

afl—ef) 

'J'J. From the equation r^ , it is required to 

" ^ 1 + e cos e ' ^ 

find the values of e and log r in terms of the rest. 

78. Apply Laplace's Theorem to find the value of e^ 
from the equation y = \og (x + x sin y). 

79. If u^ = (ai-ay + (y-by + (ss — cf, it is required 
to prove that 

d-l-] d'ii) d-ll] 
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80. If M be a homogeneous functidH of x, y, .«, &c. of 
m dimensions, it is required to prove that 

(m— 1) du = xdp + ydq + &c. 
where p, q, he. are the partial differential coefficients of the 
first order relatively to x, y, he. 

81. Having given ni=f)— 2e aing+le' sin 20— j-e'sinsO, 
it is required to apply Lagrange's Theorem to prove that 

■Q = nt-\- ijte — ^iF) smnt -{-J ^ sm2nt -^-^e^ am 3nt, 
where the powers of e higher than e'^ are n 
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CHAP. XIII. 



By means of the Principles laid down and illustrated 

in Articles (^83) — (989), it is required to solve the following 
Theorems and Problems. 

1. If u = a?y + xy^ — awy, it is required to prove that 
when a) = \a and y = \a, the value of m = 0, which is a 
minimum. 

2. If w = ie'— ;Jaa^2/4-J^ then willa; = fi and j/ = arender 
u= ~ a^, a minimum : also, if .v = and y = 0, then m = 0, 
which is neither a maximum nor a mviihrmm : required a proof. 

3. It is required to prove that the function 

admits of neither a mawimum nor a minimv/m. 

4. In the equation u=a^'^ ■^ai'^ — aw'f, it is required 
to shew that m= , is a. minimum when w = \a and 



5. If M = «^ti^»/-2a*=^ + a;^y-"2«iP^»/- + 2,iry + ,T^?/=, it 
is required to prove that corresponding to ai-=-^a andj/=5«, 
the value of u is a mammum, and find it. 

6. If U!=x^y + xy^ — a'ai^ — <fif, it is required to shew 
that neither a mammum nor a mmimum can take place. 

7. If u = ai'y-\-xf — aie' — af—Saaiy + 2d\v-\-9.a^y, it 
is required to prove that corresponding to ,B = -|-<j and j/ = -g«) 
the value of u is a maa/imwrn, and find it. 
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8. Iiu=:2a^wy~3aaT'y — ay^ + afly + xy'', it is required 
to prove that when a; = | a and 1/ = ~ o, the value of w = — -f a^, 
a mimtnum : when a^ = § ra and y= — -^ «, the value oi u = ^ a*, 
a mawijmtm: when a! = 4ffl and i/ = ^», the value of u = ^a*, 
a inammwn : and when a? = ^a and i/= ~\<h the value of 



9. Given ;( = a?' + ^ — ^axtf^ it is required to shew that 
when a? = o\/i and ^ = 2'«, the value of u = -~ ia*, a 



10. If _ w s= iB J* {a — a} — yy, it is required to prove that 
when a) = \a and ^=:|a, the value of u = ^a^, amawimum. 

11. If M = a!°^(^ + 3j/' — ay, it is required to prove 
that corresponding to « = \/ — and y = \/ — , the value 
of u is a maximiMn. 

12. Given « = ?/* — 8?/^ + ISj/^— 8?/ +.# — 3*^ — 3a;, it is 
required to shew that when a'=l — v2 and ^ — 2, the value 
of u — 3 + 4- ■\/2, a maximum i and when .i' = l+v2 and 
J/ := 2 + V^) the value of m = — 6 - 4 V2^ *i rammMJB. 

13. Given u^y* - S^ + 18y^ — Sy — a^ +3^ + 3a!, it is 
required to shew that when iu = I + \/2 and y = ^, the value 
of « = lS + 4-\/2, a maximum: and when ai = l— v^ and 
y = 2 + v*i the value of m = 4 — 4 vii * mimmv/m. 

14. If M = iBw + — + -, then if a; = « and y = a, it is 
required to prove that « = 3a^ is a minimum. 

15. If M = sin ic 4- sin y -}- sin (a? + «/), it is required to 
prove that when a; = 60° and y = 6o°, the value of a = 4'V 3, 
a mawimum. 

16. If w = sina7 sin j/ sin (ai+y), it is required to shew 
that when a' = 60" and y=6(f, u = ^\^, a maximum. 

17. Find whether the function m = «V(«~2'^— 3*/)^ 
adraifs of a maximum or a minimum, and determine its value. 
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18. Determine whether the function u=ii^+ay^—ba!y+ca!. 
admits of a maximum or a minimum, and hnd its value. 



19. Given u = y/(^'a) ^r+f> +V(^-ay+f-(3^, to 
find whether m admits ol a mammum or a minimum, and 
when possible, to determine ite value 

20. Determine the difFeient masimum oi minimum -vsAaea 
of the function u = ai' ^-jf + h + V" «''—(*' — c) — y', and apply 
the criterion to decide which they are. 

21. Find what maximum or minimtim values the func- 
tion u^ n!^ +^ — a.a^y~aa)y^ -\- c^a? -^ c^if admits of, and 
decide which they are. 

22. In the equation u = a sin ce-^-h sin ?/ 4 c sin {■-■» + »/), 
it is required to deduce the equations by means of which a 
moiximwm or minimum value of u may be ascertained. 



23. If w=wy\/a'b'~cfa)^—l^y^, it is required to lind 
its maximum or minimum value, and to apply the criterion 
for deciding which it is. 

24. If u = aa:y^^ — a^y^^ — isy^si^~xy^^, it is required 
to prove that when a; = -J- a, p^ja and ^ = |(Z, the value of 



25, Given u = aie''!^!^* — ii^y"' !^ — aJ^'if ^* — a^ifx' 
rei^uired to prove that when a? = j«, y = -^^a and ar = 
value of tt : 



26. It is required to prove that the function 
u = aiK^ — bfry + cx!i: + yis, 
admits of neither a mammum nor a minvmnim. 

27- Required the values of a:, y and s, which shall render 



"(«+.»)(»+■,) (j+^) («+(.)• 
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28. It is requivetl to find the max-imum or minimum 
values of M = [ - j + ( ~ ) ' subject to the contiition expressed 
by the equation so" + y'^ = d". 

29. Find the matvimum or mvnirmtm value of 

when the equation of condition is ie-\-y = a. 

30. Required the maximuin and minimtcm values of 



when X and i/ are connected by the equation ,v — y = a- 

31. Required the maxinmm or minimum value of 

u = (ma! + n) {ny + m), 
subject to the equation of condition a'"-'b'''' = c. 

32. Find the mammum value of it=,wy^, subject to the 
condition expressed by the equation x-^y -\-x=.k. 

33. It is required to determine the maximum and 
minimum values of u in the equation 

under the condition that a;" + j^ + «" = A". 

34. Determine the maaiimum value of u = tvy^x^, when 
a!-\-m'rf-i-nsf^ = a, is the equation of condition. 

35. It is required to find the mammum value of 
u = afy^> when at, y and » are connected by the equation 
of condition x^ ■\-^y^-\-!^=-a. 



36. Required the mammum or minimum value of 
when w^' +y^ '+«(/ = /c is the equation of condition. 
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37- Pind the mawvmwm or minimum value of u^ayx, 
subject to the condition expressed by the equation a^6^c' = ft. 

3iJ. Required the maamnv/m. or minimum value of 

the equation of condition being a''b^c'=k. 

39- Determine the mawimttm or minmmm value of 
u=(a'-l) Qfi—l) (c'—l), 
when the equation of condition is a^b!'(r'=:k. 

40. It is required to find the mctwimzim or minimum 

value of u= I ) I I l— — 1 , when the equation of 

condition is a/'y^a;'' = k. 

41. What is the maximum value of the function 

when the quantities x, y, » and t are subject to the condition 
expressed by the equation a? + Sy + Sx + 4i = a ?■ 

42- If a!^y + is = ^'7r, it is required to find the value of 
M^sin X sin^ y sin' k, when it is a maximuiii or a minimutn. 

43. Find the maximum or minimum value of 

M = sin a; sin »/ + sin x sin ss + sin y sin s, 
when the equation of condition is x+y + ^ = 45". 

44. Determine whether the function x'" log y sin x, admits 
of a maximum or a minimum, when the equation of condition is 



45. In the equation 7i = a~(x^ + ^) , it is required to 
prove by the substitution of + A and + fc in the places of 
X and y, that when x = and j/ = 0, the value of m = o is 

a maximum. 
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CHAP. XIV. 



MISCELLANEOI 



By means of the Principles laid down and exemplified in 
Articles (290) — (343), the solutions of the following Theorems 
and Problems may he obtained. 

1 . If the equation of a sphere be w'' + y^ + s^ = a^, then 
will the equation to its tangent plane be w se' -r yy ■\- ss !s = 1^ : 
required a proof. 

2. Determine the inclinations of the tangent plane last 
found to each of the co-ordinate planes. 

3. Let it be required to construct the plane touching 
a sphere by means of the equation above found. 

4. To a gi^en sphere it is required to draw a tangept 
plane which shall pass through a given point, and to shew 
how far the position of such plane is indeterminate. 

5. Required the equation to a plane passing through two 
given points and touching a given sphere. 

6. Draw a tangent plane to a spheroid defined by the 
equation — -t — ^ + — = 1 : shew how it may be constructed 
and determine its inclinations to the co-ordinate planes. 

7. To the surface last mentioned it is required to draw 
tangent planes which shall pass through one and two given 
points. 

8. A conical surface whose vertex is the origin of co- 
ordinates being defined by the equation z = e^/o)^ + y^, it is 
required to prove that its tangent plane will be defined by 
the equation sss =e^ (xai' ■\-yy'). 
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9. Construct the tangent plane thus defined, and prove 
that it always passes through the origin of co-ordinates. 

10. It is required to prove that the tangent plane last 
found always cuts the axis of s at an angle whose tangent 
is e : find also the angles at which it meets the co-ordinate 
planes. 

11. The equation of an ellipsoid being — + ^^ + 3 = 1, 

it is required to prove that the sines of the inclinations of 
its tangent plane to the co-ordinate planes are 



and 



« V-+|;+'^ 6^V- + Ti + - '^V-I + Vj + T 

a b* c' a b c <P c' 

12. In the same surface, it is required to shew that the 
length of the perpendicular upon the tangent plane from the 

origin of co-ordinates is 



^ + 1 



''I1 + - 

13. In the same surface it is required to shew that the 
area of the tangent plane intercepted between the co-ordinate 

planes is represented by \/ — 7 + tt 4 — r ■ 

f t- J 2xysi a* h* c* 

14. In the same surface, it is required to prove that 
the volume of the pyramid formed by the tangent plane and 

the three co-ordinate planes is represented by . 

•^ '■ ■' Q ceyx 

15. The equation of the elliptic paraboloid being 



it is required to prove that the equation to its tangent plane is 
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16. Let it be required to construct the plane last defined : 
to find its inclinations to the co-ordinate planes : the perpen- 
dicular upon it from the origin : the area of the tangent plane, 
and the volume of the solid included between it and the co- 
ordinate planes. 

17. The equation of the hyperbolic paraboloid being 
ss= — , it is required to prove that the equation to its 

tangent plane is — a; = s. 

IB. Construct the plane \a&t determined: find its incli- 
nations to the co-ordinate planes: the perpendicular upon it 
from the origin : the area of the tangent plane, and the volume 
of the solid comprised between it and the co-ordinate planes. 

19. The hyperboloid of one sheet being defined by the 

w^ 'f ^ . . . , , , 

equation — + ji — "i =1) ^^ is required to prove that the 

. ^*' yy **' 
equation to its tangent plane is —p 4- -^ -y- =1- 

20. It is required to construct the plane last defined; 
to find its inclinations to the co-crdinate planes ; the length of 
the perpendicular upon it from the origin : the area of the tan- 
gent plane, and the vohune included between it and the co- 
ordinate planes. 

21. Of the hyperboloid of two sheets defined by 

,'»= «= !^ 

■^ + I - - = - '' 
or tr & 

it is required to prove that the equation to the tangent plane is 

lew yy ssz 

~^^'¥~~^^''^' 

22. Construct the plane just determined: find its incli- 
nations to the co-ordinate planes: the length of the perpen- 
dicular let fall upon it from the origin : the area of the tangent 
plane, and the volume of the solid included between it and the 
co-ordinate planes. 
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23. The cono-cuneiis of Wallis being defined by the 
euuation — ^^=^= -i — =1, it is required to prove that the 
equation to a plane touching it is 

bia^-^'')ai' + (_aP-!^ft/ -i-l>^^«' = a''f>^ + (»'^-^'fI/■ 
. "> y w f^ — s:^ . 

24. In the groin whose equation is — h r = j it 

aha 

is required to prove that the tangent plane wiU be defined by 
the equation 1- y 



25. It 3s requiied to construct this plane: to find its 
inclinations to the co-ordimte pi mes : the length of the perpen- 
dicular let fill upon it from the origin : the area of the tangent 
plane, and the volume of the =«hd comprised between it and the 
co-ordinate plines 

26. It a 'lUifice be dehned by the equation ivyx = a^, 

then will the eqmtion to it'- tinsent plane be ] 1 =3: 

" x y z 

I'equired i pioof 

27- Con'.truct the plane whose equation is just found: 
find its inclinations to the co ordinate planes : the length of 
the perpendicular let fiU upon it from the origin: the area 
of the tangent pkne, and the volume of the"pyramid formed 
by it and the co-ordmate planes. 

28. Determine the equation to the plane touching the 
surface whose equation is x(x' + if)='a^: construct it, find 
its area, and the volume of the pyramid formed by it with 
the co-ordinite plane-- 

29- Find the equation to the plane touching the surface 

whose equation isf-j +[t} +(~/ =^' (construct it and 

determine all its circumstances. 
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30. If A.v^ + Bf-{-C^--\-D = 0, be the equation to a 
curve surface, it is required to prove that the equation of the 
tangent plane is Axw' -{■ Byy +C!!S!S + D = 0: and thence to 
construct it, and determine all the circumstances. 

31. Draw a tangent plane to the ellipsoid at the point in 
the plane of xjcm where s = —7= , and find its inclination to the 

plane of xy. 

32. Draw a plane parallel to 'a given plane, so as to 

a}^ f US' 

touch the surface whose equation -r — 7? r, = 1- 

ar b c' 

33. Draw a tangent plane to the surface defined by the 
equation ay — 6y' + 2cK = 0, and determine all its •' 



34. Find the equation to the plane touching the surface 
defined by the equation a^ -{■■)/ + a^ = b^, and determine all 
its circumstances. 

35. Find the equation of the tangent plane to the surface 
defined by the equation 

(ax-cwf-\-{h;s-cyf = ^e{^~c){ax'~cw), 
and prove that it always passes through the same fixed point. 

36. The equation of a surface being 

(w ~a^y ■{- (^ — bisf = 9.e {w - ass), 
it is required to find the equation to its tangent plane, and 
thence to prove that it is always perpendicular to some fixed 
plane. 

37. Draw a tangent plane to the curve surface whose 
equation is a?y-~b3is ^b(^y — ca!) = e{c^ ~s^, and deter- 
mine all its circumstances. 

38. Determine all the circumstances of the plane which 
touches the curve surface defined by the equation aa:y-\-i^ss = 0. 

39. Draw a tangent plane to the surface whose equation 
is (iP — 1) (j/ — 2) (»-3) = (,T-2)(j/- 3) (*;-4), and deter- 
mine all its circumstances. 
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40. Draw a tangent plane to the surface whose equation 
is »:=/(«" + 1/*), and find the portions it cuts off from the 
co-ordinate axes. 

41. Apply the equation deduced in the last example 
to construct the plane touching at any point the surface whose 
equation is {■\/ai' + y^ — c)^ = a^ — x'^. 

42. The equation to a curve surface being 



it is required to prove that the portion of the axis of ss cut off 
by the tangent plane at any point varies inversely as «. 

43. Adapt the result of the last example to the cases 
of the ellipsoid and hyperboloids of one and two sheets. 

44. If hz~cy=f{bx — ay) be the equation of a curve 
surface, then will its tangent plane at every point be perpen- 
dicular to the same fixed plane: required a proof. 

45. The equation of a curve surface being 



it is required to draw a tangent plane to it, and to prove that 
it will always pass through the same fixed point. 

46. If log [^^-^ — ) =^(~]> ^6 the equation to a 

curve surface, it is required to prove that the plane touching 
it at any point cuts off from the axis of a a part propor- 
tional to -^^ . 

47. The square of the perpendicular let fall from the 
centre of an ellipsoid upon the tangent plane at any point, 
is equal to the sum of the squares of the projections of the 
three semi-axes upon the normal at the same point. 
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48- If the equation of a curve surface be 

»-(« + aA=+?+^ = *('). 

it is required to prove that the tangent plane cuts oiF from 
the axis of a;, a part proportioual to the distance of the point 
of contact from the origin. 

49- Find the equations of the line of greatest inclination 
in the planes touching the ellipsoid, the elliptic and hyperbolic 
paraboloids, and the hyperboloids of one and two sheets. 

60. Determine the equations of the normal to any point 
of a sphere, and prove that it always passes through the same 
iised point : find also its length. 

51. Find the equation to the normal of the spheroid 

whose equation is {-j +(-) +(")— ^- prove that it 

always passes through the same fixed line, and determine its 
length and the angles which it makes with the co-ordinate planes. 

52. Find the equations to the nornial of an ellipsoid, 
and deduce the equations for drawing a normal to it which 
shall pass through a given point. 

53. Determine the equations of the normals of the hyper- 
bolic paraboloid, the hyperboloids of one and two sheets, 
the groin and the cono-cuneus of Wallis: and find all the 
circumstances of each. 

54. Find the equations to the normal of the curve surface 
defined by the equation (iv^ + y^ -{- ss^ ~ a^f = 4<b^ (i^ + xs^), and 
determine its lengths to the co-ordinate planes, and the angles 
it makes with them, 

55. Determine the equations of the normal of the curve 
surface whose equation is y=f()e^ + y^), and find all its cir- 
cumstances. 

56. The equation of a curve surface being 

bs; — cy = f (bx — ay). 
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find the equations to its norma!, and thence deduce all its 
circumstances. 

57. Draw a normal to the curve surface whose equation is 
= 1^ j j , and determine all its circumstances. 

58. Draw a normal to the curve surfaces included in the 
general equation 

(«.-»)■ + (!,-/Sf + s? = ,fjo(»-a)+6(!/-/S) + «.J, 

and point out its peculiarities, 

59- Determine the angles which the normal to the curve 
surface whose equation is Xdai + Ydy + Zds = 0, makes with 
the co-ordinate axes. 

60. The equation of a curve surface being 

a^ + 2?/^ + Ss^ = a', 
it is required to find the equation to its normal, to determine 
its length, and to prove that it always meets the plane of xy 
in the point of intersection of the lines drawn from any two 
of the angles of the triangle AMN, to bisect the opposite sides. 

61. Determine the equation to the tangent plane and 
also to the normal of the surface defined by the equation 

ss = a tan"' I - 1 1 and point out their peculiarities. 

62. Draw a tangent plane and a normal to the curve 

surface whose equation is as = sin~' — ■ — . 1 . 

V 's/w^ + y'v 

63. Draw a tangent plane and a normal to the surface 
whose equation is (a« + 6)^ + (6a+c)^ = i»^+^^ and determine 
all their circumstances, 

64. Determine the tangent plane and the normal in the 
surface of the second order as defined by the equation 

ffliP^ + hy^ + c«^ + aic + /3;/ + 7K = 0. 
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65. Two equal paraboloids of revolution having their 
axes in the same straight line, it is required to prove tliat 
the tangent plane to either makes with the other a section 
whose projection on a plane perpendicular to the axis, is always 
of the same magnitude. 

66. Determine the radius of curvature of the section of 
an ellipsoid made by a plane passing through the axis of z, 
and bisecting the angle between the axes of x and y. 

67- In the elliptic paraboloid it is required to determine 
the radius of curvature of the section made by a plane passing 
through the axis of x, and making an angle of SO" with the 
axis of <F. 

68. In a paraboloid of revolution, it is required to find 
the radius of curvature of any section passing through the 
axis of SI. 

69. Determine the radius of curvature of a section of 
the surface whose equation is {x — ay+ (ff — by=:cx, made 
by a plane passing through the axis of « : and prove that at 
any point the sum of the curvatures of any two sections at 
right angles to each other is invariable. 

70. The hyperboloid of two sheets being defined by the 



curvature of its sections made by the planes of ,vs and ^sr 
respectively- 

71. find the normal sections of greatest and least curva- 
ture passing through the vertex of the elliptic paraboloid whose 

equation is » = — + ■- , and their radii of curvature at any 

point. 

72. Determine the same in the hyperboKc paraboloid 
defined by the equation ab!e = ba^ — ay^, and shew that the 
sections are at right angles to each other. 
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73. Required the sections of greatest and least curvature 
through the axis of » in the cooo-cuneus of Wallis, whose 

equation is — , H — = 1, and determine their radii at 

any given point. 

74. What are the sections through the axis of x, of 
greatest and least curvature in the surface defined by the 
equation wys = d\ and what are the magnitudes of their radii ? 

75. The equation of a surface being a (a?* + ^) = «', it 
is required to express the radius of curvature of any normal 
section through the axis of sf, in terms of those of the sections 
of greatest and least curvature, 

76. If the equation of a surface be -- + ~ + — = l, 

^ a'' ¥ cr 

it is required to express the radius of cuiTature of any normal 
section through the axis of z, in terms of those of the sections 
of greatest and least curvature. 

77- Express the radius of curvature of the section of 
an ellipsoid at the extremity of the axis of « made by any 
plane, in terms of the greatest and least radii of curvature 
belonging to the same point. 

78. If ^1 and ^2 be the minimum and maceimum radii 
of curvature at any point of an ellipsoid defined by the 

equation —+-- + —=], it is required to prove that they 

are the roots of the equation 

where \ is the length of the perpendicular let fall from the 
origin upon the tangent plane. 

79- It is required to shew from the last equation, that 
the sum of the greatest and least radii of curvature varies 
inversely as the length of the perpendicular upon tlie tangent 
plane, so long as the distance of the point from the centre 
remains invariable. 
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80. In the same surface, it is required to prove that 
so long as the distance of the tangent plane from the centre 
is invariable, the rectangle of the greatest and least radii of 
curvature is constant. 

81. Determine the points in the surface of an ellipsoid 
at which the curvature of every normal section is of the same 
invariable magnitude. 

82. Find the radii of greatest and least curvature at any 
point of the curve surface defined by the equation a!yx = d^. 

83. Required the same for the elliptic paraboloid whose 
equation is ar = — + — . 

84. In any curve surface, the radii of greatest and least 
curvature will become equal in sign and magnitude when the 

conditions expressed by the equations ■■ — = — ■ =. - — — , 

are fulfilled : required a proof. 

85. If the radii of greatest and least curvature, having- 
different signs, become equal in magnitude, it is required 
to prove that i\^f)t-\-{\-vf)f = 'i.pqs. 

86. It is required to prove that the> surface whose 
equation is o? -\-'t^ — {% — cf = 0, is at the same time a conical 
surface and a surface of revolution, by satisfying the general 
partial differential equation of each species of surface. 

87- The equations of the curve of double curvature 
formed by the intersection of the surface of a sphere with 
that of the cyhnder whose diameter is its radius, being 

'^ = %am~os^ and %^ = 4ia? — 2atB, 

it is required to prove that the equations to the tangent line are 

yy' -Voew =a (a? + ,r') and %s ='^fi - a{m-\-is'). 

88. Shew how the line determined in the last example 
may be constructed, and determine where it intersects each of 
the co-ordinate planes, and also the loci of these intersections. 
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89- In the same case determine the length of the tangent 
intercepted between the point of contact and the plane of xy, 
and also its inclination to that plane. 

90. The equations of the helix being 

K ,ai , s: . , y 

— = cos ' - and — = sin~' - , 
a b a b 

it is required to determine the equations of its tangent line, 
and thence to construct it and find all its circumstances. 

91- Draw a tangent line to the curve of double cur- 
vature formed by the intersection of a sphere and cylinder 
whose equations are a^ + 'if -\-!^ = ^ and (a?— cf + y^~ b^, and 
determine all its circumstances. 

92. If the axes of two cylinders whose equations are 
a^ + a* = o^ and j/^ + ^ = 6^, intersect each other at right angles, 
it is required to draw a tangent to the curve formed by their 
surfaces, and to determine all its circumstances. 

93. If the axes of two right cones whose equations are 
a + 01 = m's/^ + s^ and b-i-y^n^/o!'' +^, intersect each other 
at right angles, it is required to draw a tangent to the curve of 
double curvature thus formed, and to determine all its cir- 
cumstances. 

94. The equations of a curve of double curvature being 
jp + y'^ + s^ = a^ and tan"'— =wicos''' — , it is required to draw 
a tangent line to it, and to ascertain all its circumstances. 

95. Draw a tangent to the spiral of Pappus as defined 
by the equations 

— =cas^(p, . = sin tp and —r- ■■■... = cos <f}, 

and determine all the circumstances attending it. 

96. The equations to the screw of Archimedes being 
y^^%ax~al^ and ^ = 6vers~' -, it is required to draw a tan- 
gent line to it, and to ascertain all its circumstances- 
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97- It is required to draw a tangent line to the curve 
of double curvature defined by the equations 

i/ = V'm"-*^ and ^ =lJe*'" " +e """ "L 

and to determine ail its circumstances. 

98. Draw a tangent line to the curve of double cur- 
vature formed by the intersection of a right cone with the 
cylinder erected on the radius of the base as a diameter, and 
determine all its circumstances. 

99- Determine the equation of the normal plane to each 
of the curves of double curvature mentioned in the last twelve 
examples and construct it: 

100. rind the equation of the osculating plane in each of 
the curves of double curvature just referred to, and to its 
intersection with the normal plane. 

101. In any curve of double curvature, if a, 0, y be the 
co-ordinates of the centre of spherical curvature, it is required 
to prove that they may be determined from the three equations 

and the radius of the sphere from the equation 

S'=(„-»,)'+(/3-!,)-+(7-«y. 

102. If the proposed point of the curve be the origin 
of co-ordinates and the tangent line be considered the axis 
of a?, it is required to prove that m = 0, 

d^in d'^y 

daf dai'' 

d^y d^ss d^xd^ff' d^x d^y d^y d^ss' 

dar' dar' div' d^ da^ dor' d,v^ dar'- 
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and d^= ■■ ■,.- ■■ ,., -, 77 — ;. 

103. If the absolute centre of curvature be the point 
where the intersection of two consecutive normal planes meets 
the osculating plane, it is required to determine the co- 
ordinates of this point, and thence the absolute curvature. 

104. If the arc s of the curve be considered the principal 
variable, and a, ji, y the, co-ordinates of the centre of absolute 
curvature, it is required to shew that 

ds'' 



fi-y 



and S': 



■(sy 



a 


fi' 


+ 


m 

1 


+ 


m 



(d''y\ 



\as-j >,as'-/ \as J 

105. If the point under consideration be regarded as the 
origiu of co-ordinates and the tangent line as the axis of x, 
it is required to prove that 






^ds'/ 
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106. If the equation of a curve surface be of the form 

ldu\^ (du\^ ldu\^ 
„=/(,, ,, «)=0, and „■= (_-J + (_-) + (-J , and 

the notation of Article (397) be retained, it is required to 
1 du I du , 1 du 

prove that cos ci = - — — , cosu = - -r— and cos '/s;- -j— . 
(I d.n n ay ft ass 

107- Determine the equation to the curve traced out 
upon any of the co-ordinate planes by the intersection of 
the tangent line to a curve of double curvature whose equa- 
tions are i/' = 2ax—x^ and x^ = m(.-s^ + y^)- 

108. Prove that the differential of the area of the surface 
traced out by the ordinate x in any curve of double curvature 
= !«'\/dai''- + dy''. 

109. Trace the surface whose equation is j^ + y^ + si'^ = a^, 
and determine the positions of the tangent planes at the points 
which it cuts the co-ordinate axes. 

110. Find the form of the surface defined by the equa- 

/'« — a\= fy—iV {^-^V 1 ■ ■ , 

tion I ) + [— - — I -j- I I = 1, determining the 

natures of its principal sections. 

111. If an ellipsoid be cut by a plane passing through 
the origin perpendicular to the plane of xy, it is required to 
prove that the normals to the surface drawn from every point 
of the intersection of the plane with the ellipsoid will cut 
the plane of xy in a straight line, and to find the equation 
to that line. 

112. If the partial differential equation of a curve sur- 
face be x = a+pa! + qy, it is required to shew that there is 
some point from which all the perpendiculars, let fall upon 
the tangent plane at every point, ai'e of an invariable length. 
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113 The atiaight line joining any two points of the 
surface of an cllip'ioid is bisected by a plane passing through 
the centrL of the elhp oid and thiough the hne of mterisection 
of the t<ui£;ent plines. at those points TLquired a proof 

Hi Diaw d tangent plane ind i noimil to the curve 

surface defined by the general equition — =f I j ; 

and detemiine ill then ciiium stances 

115 The equation of a surfice being j- =1, 

it is required to prove that the surface of the nght cone dehned 
by the equation ~ + tj = ;^ will be asymptotic to it. 

116, Required the asymptotic surfaces to the hyperbolic 
paraboloid whose equation is k = — . 

117- It is required to determine the directions of the 
convexity and concavity of the curve surface defined by the 
equation aar'— bjf + ^C!S = 0, with respect to each of tlie 
co-ordinate planes. 

118. The equation to a curve surface being 

it is required to determine all its circumstances ; and to apply 
the results to the cases when a = b and a=b = c: also when 
c = and b = c = 0. 

119- Determine the conditions necessary to be fulfilled 
in order that two curves of double curvature may have with 
each other contact of any specified order : and apply the result 
to the case wherein one of them becomes a straight line. 
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CHAP. XV. 



MISCELLANEOUS EXAMPLES. 

By means of the Principles laid down and exemplified 
in the various Articles of the Work, the solutions of the fol- 
lowing Theorems and Problems may be effected. 

1. Find the sum of the areas of all the circles that can be 
inscribed in an equilateral triangle touching its sides and one 
another, and compare it with that of the triangle, 

2. If r, and r^ be the radii of two spheres inscribed in 
a right cone, so that the greater may touch the less and 
also the base of the cone : it is required to prove that the 



content of the cone will be expressed by 



3(r,-r,)r 



3. Compare the sums of the surfaces and volumes of all 
the spheres which can be inscribed in a right cone with those 
of the cone itself. 

4. Differentiate from first principles the following func- 
tions: 



M = sinmfl?, u= —. and m= tan (2a^ + a^)■ 
slna' 

5. If the sines of two arcs be always in a given ratio, 
it is required to shew that their evanescent increments are 
in the ratio of their tangents. 

6. If the ratio of the cosines of two arcs be given, what 
will be the relation between their evanescent increments ? Simi- 
larly, of the rest of the Trigonometrical functions ? 
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2(l — .vU 
7- IfM=^COS '*'— , 



required a proof. 



' { tan j; \/ - j , it is required to 

du 1 
prove that — = . 



If «= — p=t! 

\A6 



9- If M = aiK + 61og (acosa7 + 6sinai), it is required to 

du (a^ + b^) cos iv 

prove that -— = ; — : . 

a^ acosm + bsm X 

10. If M = tanieseci)? + log (tana? + sec.»), it is required 

du 
to shew that -— =2 860";^- 

d.v 

11. Find the differential coeflidents of 
. log (« + *> 



u = log {a + x)\og (a — ai) and u = 



log («-*)• 



M=;tan~^ (---;= -: ) : and tind the values of the diffe- 

rential coefScients when a; = and a; = I. 

13. Find the successive differential coefficients of m = e^°'. 



14. If M = a;'', it is required to prove that 

= _^.^ _ _(i +loga;)-{l +log,r}=}. 

15. From the following equations, sin ^ = m sin tp', 

w ^m cos d)' — cos d> and y~m — — ■ —, , 

"^ ' cos cosg!) 

it is required to find the values oi ,7!+ --— and « + -—-, , when 
' dtp' d<p' 

<p = 0. 
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16. If two distances «i and % from a fixed point be such 
that Wi«2 = a^, it is required to compare their evanescent incre- 
ments or decrements in any position. 

17. Corresponding to the extremities of the latus recin/m 
of a common parabola, it is required to find the ratio of the 
rates of increase of the abscissa and ordinate. 

18. If w= , it is required to shew that when 

a — w ^ 

ie = a, the value of u = a''''"{ — — +loffa>. 



sin mO-i-coii{n. 90" +mO) 
Q = 0, m being a whole number of the form 4// + 1 and n of 
the form iv + S. 

20. If 2y* — 3x^ + Ki^^^a'x^=0, it is required to find 
the values of — when a? = m and w = 00 . 

21. In the equation ai'y* - 9,a?a^y* + a^y^-~a^ = 0, it is 
required to find the values of -~ corresponding to io = and 

y= ^ ■ 

22. If 2/ = (« + ^*) e* + )M8ina! + Mcosa?, it is required 

d*i/ #M d^y dij . 

to prove that ^4 -^-^4 +2 ^ -2 -j^ +?/ = 0. 
^ daf dw' dw' d^ 

23. If the equation of a curve bo — = ■ 1 , it is 

J" af a" 

required to prove that a" x AT = AM"'^^, where AM = w, 
MP = y and PT is a tangent. 

24. Describe a parabola which shall touch a circle at 
a given point, and have its axis coincident with a given diameter 
of tlie circle. 

25. If 7 and -y' be the radii of curvature of a curve and 
its evolute at corresponding points, it is required to prove that 
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— = , where «, q and r are the first, second 

and third differential coefficients belonging to the point in the 

26. If q, r, s and i be the second, third, fourth and 
fifth differential coefficients, it is required to prove that in all 
curves of the second order 

9^t '-i5qrs + 4^07^ = 0. 

27. Apply Lagrange's Theorem to find a series for v 
in terms of nt as far as e^ by means of the equation 

(1 — e) tan^- = (1 -j-g) tan' — , where nt = u — e sin m. 

28. If a number a be divided into such a number of parts 

a; that the continued product of the first, the square of the 

second, the cube of the third, &c. shall be the greatest possible, 

, , io + a 

It IS reqiiired to prove that log -x = — — — - 

29. Into how many parts must a given number be 
divided, that their continued product may be the greatest pos- 
sible ? 

30. Given the three prime factors of a number, required 
the indices when the number of its divisors is the greatest 



3 1 . Given the three prime factors of a number, to find the 
indices when the sum of its divisors is the greatest possible. 

32. If m be an even number, it is required to prove that 



1 —2a; cos— 4- a^ 1 — Sipcos i-a;^ 

m m 

to ^m terras. See Article (346). 

33. Decompose ~ into a series of fractions as 

the last example, both when m is odd and even. 
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34. If / denote any function whatever, and wc have 

it is required to prove that/(A) = e'"'. See Article (348). 

35. Find the form of the function / so that we shall have 
/(.+*)-/(«-A)=/H/(4). 

36. Required the form of the function / such that 

37- Required the value of m= — '— — -^ s-whcn 

a! = a, according to the principle laid down in ArticJe (349). 

"38. Determine the arc of a given circle, when the rect- 
angle of its sine and the excess of its sine above the cosine 
is a maximum, and verify the result. 

39- In Article (351) it is required to find the straight 
line which drawn through P, shall cut oft' the segments BT 
and BV, so that their sum shall be the least possible. 

40. Retaining the same figure, find the position of the 
line TV so that the area of the triangle TBV shall be the 
least possible. 

41. Of aU triangles under a given perimeter and one 
determinate side, prove that to be the greatest in which the 
two indeterminate sides are equal. 

42. Of all triangles upon the same base and of a given 
area, it is required to prove that the isosceles triangle has the 
greatest vertical angle. 

43. Find the greatest of all triangles having equal ver- 
tical angles and equal distances between that angle and the 
bisection of the opposite side. 

44. Of all equiangular parallelograms inscribed in a 
given triangle, the greatest is that formed by the bisection 
of the sides : required a proof. 
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45. Given the difference of the angles at the base and 
the radius of the inscribed circle, to find the triangle whose 
perimeter is a maximum. 

46. Find the area of the greatest rectangle that can be 
inscribed in a given triangle, so that one of its sides is parallel 
to the base of the triangle. 

47- A circle and an ellipse having the same major axis, 
it is required to compare the areas of the greatest rectangles 
that can be inscribed in them. 

48. It is required to prove that of all triangles described 
on the same base and having equal altitudes or vertical an- 
gles, the perimeter of the isosceles is the least. 

49. Of all triangles upon the same base and of equal 
perimeters, it is required to find that which has the greatest 
area. 

50. In a given line, it is required to determine the posi- 
tion of a point at which another given line subtends the greatest 
possible angle. 

51. Find the greatest rectangle that can be inscribed in a 
given segment of a circle. 

52. Draw a tangent to an ellipse so that the part of it 
intercepted between the axes produced shall be a minimv/m. 

53. Find the shortest line which can be drawn touching 
a given ellipse and intercepted by the tangents at the extre- 
mities of its axes. 

54. Prove that the perimeter of an equilateral triangle 
inscribed in a circle is greater than the perimeter of any other 
isosceles triangle inscribed in the same circle. 

55. Find the greatest isosceles triangle that can be in- 
scribed in a given circle. 

56. Determine the points of a given ellipse in which the 
sum of the conjugate diameters is the greatest or least possible, 
and distinguish the maximum from the minimum. 
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57- Deterrnine those conjugate diameters in an ellipse 
or hyperbola whose rectangle is the greatest possible. 

58. In a given ellipse, it is required to assign the positions 
of those conjugate diameters .which include the greatest and 
least angles. 

59. It is required to determine the magnitude of the 
greatest parabola that can be made by cutting a given cone. 

60. Inscribe in a portion of a parabola cut off by a 
double ordinate the greatest possible rectangle. 

61. In a given parabola, inscribe another parabola whose 
area shall be the greatest possible, the vertex of the inscribed 
parabola being any given point in the axis of the other. 

62. Of all the straight lines which can be drawn from the 
vertex of a given ellipse to the circumference of its circum- 
scribed circle, find that of which the portion intercepted 
between the circumferences of the ellipse and circle shall be 
the greatest possible. 

63. Two circles of given radii intersect each other, find 
the longest straight line which can be drawn through either 
point of intersection, and terminated by the circumferences. 

64. In an ellipse, it is required to find the point at which 
the normal makes the greatest angle with the line drawn from 
it to the centre. 

65. If M be any point in the diameter of a circle whose 
centre is C, PMQ a chord and CP be joined ; prove that the 
chord PQ is a minimum and the angle CPQ a moAiimum, 
when PQ is perpendicular to the diameter. 

66. Perpendiculars Aa, Bh are drawn from the extre- 
mities A and B of the axis major of a given ellipse, and 
through a given point P in its circumference is drawn a 
straight line aPb intersecting them in a and h respectively: 
prove that the rectangle Aa . Bb is a ma/eimiMn. when aPb 
is a tangent to the ellipse at P. 
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67- Two given points A and B are situated on the same 
side of a given straight line : find a point P in the line such 
that AP-\-BP shall be a minimum. Also, if the straight line 
move parallel to itself, determine the locus of the point P. 

68. Given the length of a chord drawn through the 
vertex of a common parabola; find its latus rectum when 
the corresponding aica APM is the greatest possible. 

69. Find the point in the diameter of a given circle, 
through which an ordinate being drawn, the jm"" power of the 
ordinate multiplied by the w"' power of the less abscissa shall 
be a 



70. In a given ellipse it is required to find a point from 
which straight lines drawn to the extremities of the axes shall 
contain the greatest angles. 

71. If P and Q be corresponding points in an ellipse 
and the circle described upon its major axis, it is required to 
prove that the angle contained between the tangents at P 

and Q will be a maaiimum when AM=a{l — \/ ■ -> . 

72. For the same point P it is required to prove that 
CM = a\/~^, MP = b \/^^, 

CP-- \/^-^^, MT = h\/ --^, TP^-h: 
ffl + 6 ^ (( + 6' 

and if CF be drawn perpendicular to the tangent at P, 

CF=V^, TF = aa.ndPF=a-ba.ma.vimum. 

73. Prove that the area of the triangle formed by the 

tangent and the axes produced is a minimum coi-i'esponding 

.y/g — 1 I 'i,\/% — 1 
to the co-ordinates a -=— and h Sj ..Y . 

74. Through a given point in the diameter of a given 
circle it is required to draw a chord which shall form with the 

U 
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lines joining its extremities with either extremity of the diame- 
ter, the greatest possible triangle. 

75. Through a given point in the surface of a right cone 
it is required to pass a plane, so that the area of the elliptic 
section shall be the least possible, and to find the limitations of 
the problem. 

76. Determine the greatest ellipse that can be formed by 
cutting a right cone, and find the limitations to which the 
problem is subject. 

77- From the. extremity of the minor axis of an ellipse 
it is required to draw a line such that the part of it cut off by 
the periphery n\ay be the longest possible, and to determine 
the limitations of the problem. 

78. In a given straight line it is required to find the 
equation which determines a point P, such that straight lines 
PA and PB being drawn to the given points A and B on 
opposite sides of it, the sum of mxAP and nxBP shall be 
a minimum : and to compare the angles made by AP and 
BP with the proposed line. 

79. Two points are taken in a wall and joined by a string 
which passes about a corner of it, prove that this string is the 
shortest possible when the parts of it make equal angles with 
the Kne which forms the corner of the wall. 

80. A circle being given and a point without it, it is 
required to find the circle of which this point is the centre when 
the segment of it inscribed in the first circle is a maMmimi. 

81. Determine the point in a curve whose equation is 
a"""^ie = »/™, to which a line mu^t be drawn from the vertex 
making the greatest angle with the curve- 

82. If the semi-axes of an ellipse be Ste' and .»', it is 
required to find the least area the ellipse admits of, 

83. The corner of the leaf of a book being doubled back 
so as just to reach the other edge of the page, it is required 
to find where the length of the crease will be the least possible. 
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Si. Inscribe the greatest trapezium having two of ils 
sides parallel in a given parabola, and compare its area with 
that of the parabola. 

85. Find the radius of the circle, such that the versed 
sine of an arc being given, the arc itself may be a minimuvt. 

86. Two points move at the same tmie from two given 
positions at given rates in given directions, find where their dis- 
tance from each other will be the least possible. 

87 Required the triangle of a given perimeter which 
has the greatest possible area. 

88. Find the greatest triangle that can be inscribed in 
a circle of given radius. 

89- The three angles of a right-angled triangle are at 
given distances from a fixed point, find the greatest area the 
triangle can admit of. 

90. It is required to describe the greatest quadrilateral 
figure in a circle, and the least quadrilateral about it. 

91. Given one of the angles and the perimeter of a plane 
triangle, to find the sides when the area is the greatest possible. 

92. Given the three sides of a triangle, to find a point 
such that the continued product of the three perpendiculars 
let fall from it upon the sides vaay be a maa'imum. 

93. Given the four sides of a trapezium taken in order, it 
is required to find its area when the sum of the squares of the 
diagonals is a maaimum. 

94. In a given triangle it is required to determine the 
position of a point from which if perpendiculars be drawn to 
the sides, the sum of their squares shall be a minimum. 

95. To find a point within a given triangle, from which 
if lines be drawn to the angular points, the sum of their squares 
shall be the least possible. 

96. Find a point within a given trapezium from which 
perpendiculars being let fall upon the sides, their sum shall 
be of a given mjignitude and their continued product a 
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97- rind a point within a given quadrilateral from which 
lines heitig drawn to the angular points, the sum of their 
squares shall he the least possible. 

98. Required the position of the point in the line join- 
ing the centres of two given spheres, from which the sum of the 
spherical surfaces visible shall be a maximum. 

99. Required the same when the sum of the correspond- 
ing spherical segments is the greatest possible. 

100. Among all the angles contained in a given parabolic 
segment, determine that which is the greatest, 

101. Corresponding to a spherical surface of given mag- 
nitude, it is required to prove that a hemisphere is greater than 
any other segment of a sphere. 

102. Let it be required to inscribe the greatest cylinders 
in a right cone, a sphere and a paraboloid : and to compare 
their volumes in each case. 

103. Inscribe the greatest cones in a spheroid, and a 
paraboloid, the axes and vertices of the solids being coincident. 

104. Of all cones inscribed in a given sphere, determine 
that which has the greatest convex surface. 

105. In a given segment of a sphere, inscribe a para- 
boloid so that the content shall be a maxvnvum^ the vertex 
of the paraboloid coinciding with the centre of the base of 
the segment. 

106. Find the dimensions of the greatest cylinder that 
can be cut out of a solid formed by the revolution of a curve 
about its axis, of which the equation is a'"3f = y^^', and the 
length of the axis =fi. 

107. The volume of a cylinder being given, it is required 
to find whether the convex and entire surfaces admit of a 
masdmum or a minimimi. 

108. A cylindrical vessel of given thickness is required 
to be of a given capacity, find the least quantity of material 
whereof it can be made. 
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109- Describe the greatest parallelepiped in a given 
sphere, and the least parallelepiped about it; and compare 
their volumes and surfaces. 

110. The surface of a right cone being given, find its 
dimensions when the volume is the greatest possible. 

111. Given the volume of a right cone, required its 
dimensions when the whole surface is the least possible. 

112. Determine the rectangular parallelepiped of a given 
volume, which has the least possible surface, 

113. A certain quantity of material is to be formed into 
a spherical segment of given thickness, what will be its dimen- 
sions when the included volume is a mawvmum, ? 

Hi, A given sphere is to be formed into a solid com- 
posed of two equal right cones on opposite sides of a common 
base, so that the surface is a minimtmi : find the dimensions of 
the cones and compare their surfaces with that of the sphere. 

115. In a right-angled spherical triangle is given an angle 
to find the sides, when the diiFerence between the hypothenuse 
and the side adjacent to the given angle is a mamkmtm. 

116. If two sides of a spherical triangle be given, it is 
required to find when the area will be the greatest possible. 

117. If the hypothenuse of a right-angled spherical tri- 
angle be given, find its dimensions when the sum of the cosines 
of the sides is the least possible. 

118. If the sum of two sides, and the included angle of 
a spherical triangle be given, it is required to determine when 
the sum of the remaining angles will be the least possible. 

119. Determine that point in the arc of a quadrant from 
which two linos being drawn, one to the centre and the other 
bisecting the radius, the included angle shall be the greatest 
possible. 

120. Of all isoperimetrical polygons having the same 
number of sides, the greatest is that which is equilateral ; 
required a proof. 
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121. Describe the least paraboloid about a given cylinder, 
when their axes are coincident in direction. 

122. Find that point in the surface of a given paraboloid 
through which if two planes be drawn, one perpendicular to 
the axis and the other perpendicular to the generating para- 
bola and parallel to the axis, the sum of the areas of the sec- 
tions shall be the greatest possible. 

123. On a given triangle a pyramid is to be constructed 
of a given volume ; required its dimensions when the surface is 
the least possible. 

124. Find that point in the surface of a spherical tri- 
angle, from which if straight lines be drawn to the angular 
points the pyramid thus formed shall be the greatest pos- 
sible. 

125. Given the greatest and least slant sides of an oblique 
cone to find the diameter of the base, when the volume is the 
greatest possible. 

126. Required the area of the least isosceles triangle 
that can circumscribe a given circle, and compai-e their peri- 
meters. 

127. Find the content of the least cone that can cir- 
cumscribe a given sphere, and compare their surfaces. 

128. It is required to inscribe the greatest parabola in 
a given isosceles triangle, the axis of the parabola coinciding 
in direction with the line bisecting the vertical angle of the 
triangle. 

129. Find the area of the least triangle which can cir- 
cumscribe a given segment of a parabola. 

130. Determine the content of the greatest paraboloid 
that can. be inscribed in a right cone of given dimensions. 

131. Find the content of the least cone that can cir- 
cumscribe a paraboloid of given dimensions. 

132. Determine the dimensions of the least paraboloid 
that can circumscribe a given sphere. 
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133. Required the least triangle which i 
any given right segment of an ellipse. 

134. Determine the dimensions of the greatest spheroid 
and hemispheroid that can be inscribed in a given right cone. 

135. Determine the least triangle that can circumscribe 
any segment of an ellipse. 

130. Find the content of the least cone that can be cir- 
cumscribed about any right segment of a spheroid. 

137- Fiiid tli^ l^^^l^ triangle that can be circumscribed 
about an ellipse of given dimensions. 

138. Required the dimensions of the least ellipse that can 
be circumscribed about a given trapezoid. 

130. Inscribe an ellipse in a given parallelogram so that 
its area may be the greatest possible. 

140. Inscribe the greatest ellipse in a given segment of 
a' circle, one axis of the ellipse being parallel to the base of 
the segment. 

141. In a given ellipse inscribe the greatest semi-ellipse, 
the extremity of the major axis of the inscribed figure touch- 
ing the extremity of the axis minor of the given ellipse. 

142. Inscribe the greatest spheroid in a given paraboloid, 
and compare their axes and volumes. 

143. If a curve be defined by the equation a'"af = b''y'', 
where w and y are the distances of any point of it from two 
given points, it is required to draw a tangent and a normal 
to it. 

144. If *» = « = !, and the curve become a circle, it is 
required to determine the position of the tangent, and to shew 
that the noimal always passes through the same point. 

145. If the aic of a cycloid be considered a curvilineal 
abscissa and the corresponding ordinate be always equal to 
it, it is requiied to draw a tangent to the curve, and to find 
where it meets the co-ordinate axes 
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146. It is required to draw a tangent to two given circles 
whose centres are at a given distance from each other. 

147- -A-n elHpse and a circle given in magnitude and posi- 
tion have their axes in the same straight line, it is required 
to draw a straight line which shall touch them both. 

148. A given ellipse and parabola have their principal 
axes in the same straight line, it is required to draw to them a 
common tangent. 

149- If perpendiculars be drawn from any given point in 
the circumference of a circle upon the tangents, it is required 
to find the locus of their intersections. 

150. It is required to find the nature of the line traced 
out by the intersections of the tangents to a parabola with the 
perpendiculars let fall upon them from the focus. 

151. Determine the locus of the intersections of the per- 
pendiculars from the focus of an ellipse with the tangents at 
every point of it. 

152. Determine the locus of the intersection of the' tan- 
gent to an hyperbola with the perpendicular let fall upon 
it from the centre, 

153. Find the equation to the curve traced out by the 
intersections of the tangents to the conic sections with the 
perpendiculars let fall upon them from any given point. 

154. In each of the conic sections a straight line being 
drawn from the focus to any point in the curve, it is required 
to find the locus of the intersection of a perpendicular to this 
line through the focus with the tangent. 

155. Find the locus of the point from which two tan- 
gents drawn to a circle given in magnitude and position, 
shall always include the same given angle. 

156. Find the locus of the centre of a circle touching 
a given line and always passing through the same fixed point: 
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157- Determine the locus of the centre of a circle which 
shall touch a given straight line and a given circle : also when 
it touches two given circles. 

158. Required the locus of the intersection of two tan- 
gents to a given parabola, when the angle included between 
them is invariable. 

159 Required the locus of the intersection of two tan- 
gents to a parabola inclined to its axis at angles, the product 
of whose trigonometrical tangents is invariable. 

160. Determine the locus of a point from which two tan- 
gents being drawn to a given parabola, their sum or difference 
shall be invaiiable. 

161. Find the locus of a point from which two tangents 
being drawn to a given parabola, their lengths shall have 
an invariable ratio. 

162. Required the locus of the point from which the 
rectangle of two tangents, drawn to a given parabola, shall 
be of invariable magnitude. 

163. Determine the locus of the intersections of the tan- 
gents to an elhpse or hyperbola, which shall be inclined to the 
principal axes at angles, the products of whose trigonometrical 
tangents are invariable. 

164. Required the nature of the loci, when the tangents 
to the ellipse or hyperbola intersect each other at right 
angles. 

165. Find the locus of the intersections of two tangents 
to an ellipse or hyperbola, when the sum of the angles made 
by them with the principal axes, is equal to a right angle. 

166. Required the loci of the intersections of the tan- 
gents to an ellipse or hyperbola, which are parallel to conjugate 
diameters. 

167. Determine the locus of a point from which tangents 
drawn to a given ellipse, shall have an assigned ratio. 

X 
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168. Required the locus of a point, from which tangents 
being drawn to a given ellipse, they shall have an assigned 
sum or difference. 

169. Required the nature of the line which touches all 
equal circles having their centres in the same given straight 
line. 

170. Determine the nature of the line which touches all 
circles passing through a given point, and having their centres 
in the same given straight line. 

171. Of a right-angled triangle, if the sum of the sides 
including the right angle be the given magnitude a, it is 
required to prove that the curve to which the hypotheouse 
is always a tangent, will he defined by the equation 

\/w + V y = V a. 

172. Find the nature of the curve to which the hypo- 
thenuse of a right-angled triangle is always a tangent, when the 
difference of the sides including the right angle is invariable. 

173. Required the nature of the curve which a straight 
line of given length having its extremities always in two 
straight lines at right angles to each other, continually touches. 

174. If PT be a tangent to the curve AP, and AD 
be drawn perpendicular to the axis of .c through the origin, it 
is required to find the nature of the curve wherein 4'P'^AD"'. 

. 175. Required the nature of the curve formed by the 
intersections of consecutive normals to all the points of a given 
parabola. 

176. Prove that the curve which the normals to every 
point of a given cycloid perpetually touch is a similar and 
equal cycloid in any inverted position. 

177- If a, straight line be given in position, and lines 
be drawn intersecting the given line so that the perpendiculai's 
to them from the points of intersection shall pass through 
a given point, find the curve to which these lines are always 
tangents. 



y Google 



]63 

17s. In two straight lines at right angles to each other, 
two points are given in position, and two other points at equal 
distances from them are taken : it is required to find the nature 
of the curve to which the straight line joining the latter points 
is always a tangent, 

179- If normals and tangents to a parabola be always 
drawn at the extremities of any parameter, it is required to 
find tiie loci of their intersections. 

180. Determine the nature of the curve which shall in- 
clude all isosceles triangles of a given area, having their bases 
and perpendiculars coincident in directions. 

181. Two straight lines ate drawn through two given 
points whose equations are a; = m and 01 = n, perpendicular to 
the axis of a, and their rectangle is of invariable magnitude: 
it is required to find the curve to which the line joining their 
extremities is always a tangL-nt, both when they are drawn 
in the same and in opposite directions. 

182. From two given points two straight lines are drawn 
parallel to each other so that the difi^erence of their squares 
is of invariable magnitude, it is required to find the nature 
of the curve to which the straight line joining their extre- 
mities is always a tangent. 

183. Required the nature of the curve analogous to that 
of the last example, when the sum of the squares of the lines 
cut off by the tangent is invariable. 

184. Two points are assumed in two given lines and a 
straight line intersects them so that the rectangle of the dis- 
tances of its intersections from the said points is invariable: 
required the cutve to which the straight line is always a 
tangent. 

185. Three points J, B and C being given in position, 
and AB, AC being drawn, a straight line TV meeting these 
lines is so situated that the rectangle BTxCV has to the 
rectangle AVxAT an invariable ratio: required the nature 
of the curve to which this line is always a tangent. 
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18(). Required the nature of the curve which siiall cut 
all curves of a given species, so that the tangents at the points 
of intersection may pass through the same given point. 

187. Apply the result of the last example when the 
curves of given species are a series of parabolas defined Ijy 
the equation i^~-aai. 

188. Required the curve when the curves of given spe- 
cies are a series of ellipses, having one of their principal axes 
invariable. 

189. Find the nature of the curve when the curves of 
given species are a series of ellipses, having their principal 
axes in a given ratio. 

190. Determine the nature of the curve when the curves 
of given species are cissoids of Diodes, having their axes coin- 
cident in direction. 

191. Find the nature of a curve which shall cut all cui'vea. 
of a given species, so that the tangents at the points of inter- 
section may be of an invariable length : and apply the result 
when the curves proposed are a series of parabolas. 

192. Determine the nature of the curve cutting all curves 
of a given species, so that the tangents at the points of inter- 
section may touch a given circle. 

193. Determine the nature of the curve which shall bound 
a series of circles, whose respective radii are the successive ordi- 
nates of a common parabola. 

19i. Find the nature of the curve which shall touch all 
parabolas whose areas are equal, and whieh-^as^-through 'a 
giyeiL -poiiit-aHd have their extreme ordinates coincident in 
direction. 

195. If the intersection of two straight lines, which con- 
tain a given angle, he upon a line of any kind given in position, 
and one of them pass through a given point, required the 
nature of the curve to which the other is a tangent. 
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196. Apply tile result of the last example to the tJises, 
wherein the line of the proposed kind becomes a straight line 
and a circle. 

197. Let JEC, BFC and EF he three straight lines 
given in position, and from the points A, B let straight lines 
be drawn to any point in the straight line EF meeting AC in 
P and BC in Q: then it is required to find tlie nature of 
the curve to which the straight line joining P and Q is always 
a tangent. 

198. Prove that all the straight lines defined by the equa- 
tion y — c!e = a\/l + <? by assigning different values to c,' axe 
tangents to the circle whose equation is y^i/d^ — ir^. 

199. Determine the nature of a curve when its tangent 
is defined by the equation (c — l) <r — cy = — 6, whatever be 
the value of c, 

200. Find the curve to which the straight line belonging 
to the equation ^ = c(a? — «) + Jv 1 + c^ is always a tangent, 
whatever be the value of c. 

201. Required the curve to which the straight lines 
whose equations are j/ = c (a — a;) + ■s/V + c'a' are always 
tangents, whatever value be assigned to c. 

202. If the equation to a straight line be ' — h 7; =1; 

where a and /3 are subject to the equation -5 + — = — , it 

is required to prove that the curve formed by the intersections- 
of all such lines will be a circle whose equation is a^ + ^ = c^. 

203. If an infinite number of straight lines defined by the 
equation ai/ -[- /3a; = a^ be drawn, subject to the condition ex- 
pressed by the equation a" -t- jS" = c", then will the curve whose 
equation is 3?" + ' -f-j"+i = o''+', touch them all. 

304. Determine the nature of the curve which shall bound 
all the parabolas expressed by the equation y = aa7—(l -\-(^),'rP, 
whatever value be assigned to a- 
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205. Find the nature of the line which shall touth the 
curve defined by the equation f/'-' = aai — a^, whatever be the 
value of a. 

206. If any number of concentric elligses have their axes 
coincident in direction and their sum =Qa, it is required to 

shew that the curve whose equation is w^ +y^=^ ofl, will 
bound them all. 

207. If the sum of the squares of the axes of any number 
of concentric ellipses, having their axes coincident in direction, 
be invariable, it is required to prove that a straight line will 
bound them all. 

208. The equation to a series of ellipses being 

subject to the condition expressed by the equation a" + /3''=c", 
it is required to find the equation to the curve which touches 
them all. 

209. E-equired the nature of the curve which shall touch 
all the curves defined by the equation {3? ■\-y^'f = <:^^^ -\- ^'^, 
wherein a/3 is invariable. 

210. Determine the nature of the curve which shall touch 
all the curves defined by the equation y^ase — {a + '^ais^, 
whatever be the value of a. 

211. Given the focus of a parabola and a point through 
which it passes, to determine the locus of the vertex. 

212. Given the focus of a parabola and the position of 
a tangent, to determine the locus of the vertex. 

213. Find the locus of the foci of all parabolas having 
a given vertex and touching a given straight line. 

214. Given one focus of an ellipse,, a point through which 
it passes and the position of a tangent at that point, to deter- 
mine the loci of its vertices. 

215. The centre of an elhpse and its axis major being 
given, it is required to find the loci of the extremities of the 



y Google 



107 

minor axis, when the ellipse always passes through a fixed 
point. 

216, Given one focus of an ellipse, a point through which 
it passes and the magnitude of the major axis, to determine the 
locus of the vertex. 

217- Given the centre of an ellipse, a point through 
which it passes, and the position of a tangent at that point, 
to find the locus of the focus. 

218. Ellipses having a given centre and eccentricity 
touch a given hne, it is required to find the loci of the ex- 
tremities of their major axes. 

219. Given the position of the centre of an hyperbola 
and the magnitude of its major axis, to find the locus of the 
focus when it always passes through a given point, 

220. Given the position of the vertex of an hyperbola, 
a point through which it passes and the position of a tangent 
at that point, to determine the locus of the focus; 

221. Given the vertex of an hyperbola, a point through 
which it passes and the magnitude of the major axis, to deter- 
mine the locus of the focus, 

222. rind the locus of the centre of an ellipse which 
touches two given straight lines at two given points. 

223. If two sides of a triangle be divided into the same 
number of equal parts and the points of division of one side 
beginning from the base be joined with those of the other side 
beginning from the vertex, find the curve in which the inter- 
sections of every pair of consecutive lines taken in this order are 
situated. 

224. If on two sides of an isosceles triangle equal parts 
be assumed, it is required to find the curve in which the 
points of intersection of every pair of lines joining the suc- 
cessive points of division are situated. 

225. determine the locus of the vertices of the oscu- 
lating parabolas to a given curve; and prove that for the 
cubical parabola, it is a curve of the same species. 
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226. If tangents be drawn from a given point to fach 
of a givea system of curves; shew generally how to deter- 
mine the curve which is the locus of all the points of contact: 
and apply the method when tangents are drawn from a given 
point to a system of concentric similar ellipses, 

227. By means of the equation to the tractrix, it is 
required to determine the length of the catenary. 

228. Determine the length of any portion of the curve 

whose equation is (j + a?)^— (j/ — a')^ = «^, by means of the 
rectangular hyperbola referred to its asymptotes. 

229. Required the length of that part of the evolute 
of an hyperbola which is included within the branches of the 
hyperbola, and determine the angle in which the two curves 
intersect each other. 

230. Prom the equation between polar co-ordinates, it 
is required to prove that the locus of the intersections of the 
tangents to a parabola with perpendiculars upon them from 
the focus is a straight line. 

231. Find the equation to the locus of the intersection 
of the tangent to a circle with the perpendicular let fall upon 
it from any point in the circumference. 

232. Required the same when perpendiculars are drawn 
upon the tangents of a rectangular hyperbola from the centre. 

233. In the involute of a circle where the given point 
is the centre, it is required to prove that the corresponding 
locus is the spiral of Archimedes. 

234. It is required to prove that in each of the conic 
sections, the locus of the extremity of the polar subtangent 
from the focus is a straight line. 

235. Shew that the extremity of the polar subtangent 
of the logarithmic spiral traces out the involute, and that 
of the polar subnormal the evolute, of that curve. 

236. Determine the curve from every point of which per- 
pendiculars drawn to a given parabola are equal. 
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237- If several chorda be drawn through the focus of 
a conic section, and through the points where they intersect 
the curve, tangents be drawn, it is rec[uired to prove that 
the locus of the corresponding intersections is a straight line. 

238. Determine the curve from every point of which 
perpendiculars drawn to a given ellipse or hyperbola are 
equal. 

239. A straight line being drawn from the centre of an 
ellipse to meet the tangent and parallel to the distance from 
the focus, it is required to find the locus of their intersections. 

240. Inscribe an ellipse in a given triangle so as to 
touch two sides in given points. 

241. Inscribe in a triangle an ellipse of given area, so 
as to touch one side in its middle point. 

242. Among the several parabolas which may circum- 
scribe a given triangle, to determine that whose segment cut 
off by any side of the triangle, shall be the least possible. 

243. In an ellipse or hyperbola, it is required to deter- 
mine the locus of the extremity of the polar subtangent, the 
centre being assumed as the pole. 

244. A right line being given in position, it is required 
to find the points in it, from which two tangents drawn to 
a given parabola, shall contain the greatest or least possible 
angle. 

245. Find the equation of an ellipse touching the three 
sides of a given triangle, and shew how far the curve is inde- 
terminate. 

246. In the circumference of the circle described on the 
major axis of an ellipse, it is required to determine that point 
from which two tangents to the ellipse shall include the least 
possible angle. 

247. Describe the least parallelogram about a given 
ellipse, and compare the areas of the two figures. 
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248, One circle rolls upon another equal to it, it is re- 
quired to determine the locus of any point of its circumference. 

2i9- Of two ellipses having at first their vertices coin- 
cident and their axes in the same directions, one rolls upon 
the other, it is required to find the loci of the vertex and 
focus of the moveable ellipse. 

250. From the vertex of a parabola a straight line is 
drawn inclined at an angle of 45" to the tangent at every 
point: find the equation to the curve which is the locus of 
their intersections. 

231. To determine the greatest ellipse inscribable in a 
given triangle touching one of the sides at a given point, 

232. Prove that the line, joining the points of contact 
of rectangular tangents to the cardioide, passes through a fixed 
point. 

253. Determine the loctis of the intersections of rect- 
angular tangents drawn to the cardioide. 

254. If a circle be inscribed in an ellipse and a common 
ordinate to the minor axis be drawn, it is required to prove 
that the locus of the intersections of the normals at the cor- 
responding points of the elhpse and circle is a concentric circle 
whose radius is equal to the sum of the semiaxes. 

255. If about a given point D the angle BDC revolve, 
cutting the straight lines AB and AC given in position in the 
points B and C: it is required to prove that the curve which is 
always touched by the straight line BC is a conic section. 

256. If tangents be drawn making given angles with the 
axes of all conic bettions having the same given foci, it is re- 
quired to find the curve which it, the locus of tlie points of 
contact. 

257. If a and (i be two sides of a triangle subject to 
the condition expressed by the equation (i^ + a/3 = c^, it is re- 
quired to find the nature of the curve to which the third side 
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is always a tangent, when the angle included between a and /3 
is of invariable magnitude. 

258. Lines being drawn to cut the three sides of a tri- 
angle, so that the continued product of the parts estimated 
from the angles is invariable ; it is required to find the curves 
to which these lines are always tangents. 

259. A series of harmonic curves with the same co-ordinate 
axes and equal maximum ordinates, have tangents drawn to 
them at the points where they meet the axis: it is required 
to find the curve which is formed by the continual inter- 
sections of these tangents, 

260. In a given parabola, it is required to find the locus 
of a point which shall always divide the normal into two parts 
having a given ratio. 

261. Determine when one proposed function is a function 
of another involving the same principal variables. 

262. Of all sections of a paraboloid of revolution made 
by planes passing through a tangent at its base, it is required 
to find that whose area is the greatest. 

263. Inscribe in a portion of the elliptic or hyperbolic 
paraboloid cut off by a plane parallel to that of xy, the greatest 
parallelopiped. 

264. Draw a plane through a given point equidistant 
from three co-ordinate planes at right angles to one another, 
forming with them a pyramid the area of whose three faces 
shall be the least possible. 

265. A given square is placed in a spherical surface and 
four planes are drawn through the centre of the sphere and 
the sides of the square : determine the surface cut off. 

266. If X and y be the co-ordinates to any point P in 
the plane curve APQ, x + h the abscissa belonging to any 
other point Q in the curve and AP=s; prove that the sur- 
face of the solid generated by the revolution of the arc PQ 
about the axis of .v, is equal to 

d^u h^ , -, , yds 

- + &c.|, where u= —~. 
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267- Draw a plane which shall touch two spheres given 
in position and magnitude, and shall pass through a given 
point. 

268. Find the equation of the curve surface traced out 
by one of the angles of a square in constant contact with a 
spherical surface, without sliding upon the surface. 

269. If three tangent planes to an ellipsoid be mutually 
at right angles, it is required to prove that their point of 
intersection will trace out a concentric spherical surface. 

270. There is an indefinite number of spherical caps, 
having equal surfaces but different radii and a common tan- 
gent plane at their poles: it is required to determine the 
surface in which the circumferences of all their bases are 
situated. 

271. What surface will be always touched by a series 
of planes so drawn that the rectangles of the perpendiculars 
let fall upon them from two fixed points shall be invariable ? 

272. If two concentric surfaces of the second order, have 
the same foci for their principal sections, it is required to prove 
that they will every where intersect each other at right angles. 

273. If three planes mutually at right angles to each 
other, touch a plane curve of the second order, it is required 
to prove that the locus of their intersections is the surface 
of a concentric sphere, 

274. Required the nature of the surface touching a series 
of planes which cut off from a given right cone, a portion 
towards the vertex whose volume is invariable. Similarly 
of a parabola of revolution. 

275. Determine the nature of the surface which shall 
envelope all equal paraboloids of revolution passing through 
a given point and having their axes parallel to a given line. 

276. If the equation of a surface be 
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subject to tlie condition expressed by the equation 

required the equation to the surface which shall touch all 
surfaces possessing this property. 

277- Required the nature of the surface touching all 
such surfaces when the equation of condition is a^y = f?- 

278. If an oblate spheroid revolve about any one of its 
diameters, it is required to determine the nature of the sur- 
face which shall envelope it. 

279. If all possible ellipsoids be described of which the 
semiaxes a, /3, -y, are coincident in directions, and subject to the 

a -v (3 . . 
conditions expressed by — = — = — : it is required to deter- 
mine the surface which shall touch them all; and to find the 
equations of the curve in which it ia touched by any one of 
the elbpsoids, and of the curve which is the locus of the inter- 
sections of all such curves. 

280. Required the greatest possible equilateral triangle, 
which shall have its three sides passing through three points 
given in position, 

281. From two points given in position, it is required 
to draw to a point in a given plane, two straight lines whose 
sum shall be the least possible, 

282. Of a right cylinder there is given the length of 
a line drawn from the circumference of one of the ends to 
the centre of the other ; it is required to find the dimensions, 
when its volume is the greatest possible. 

283. Determine the position of a luminous point, in the 
plane passing through the centres of three given spheres, so 
that the sum of their illuminated surfaces may be the greatest 



284. Required' the shortest straight line which can he 
drawn through a given point, and terminated by two straight 
lines whose equations are given. 
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